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In this supplementary note, we detail the computations that lead to the main Section 2 results.

I. ORNSTEIN-UHLENBECK PROCESSES AS A FORECAST MODEL CHANGE

We consider two Ornstein-Uhlenbeck processes supposedly representing the reality z(7) and its forecast model y(7)
obeying the following equations:

=N &+ Ky + Qqu &(7) (S1)
Y=—Ayy+ Ky +Qy&(7) (52)
where £, and &, are white noise processes such that
(€a(7)) = (&y(7)) =0
(€a(T) &alr")) = 0(r = 7')
(y(7) &(7')) = o(r — 7'
(€a(T) &(7")) =0

These dynamics are thus uncorrelated Ornstein-Uhlenbeck processes with noise amplitudes @, and Q.

A change of the model y(7) toward a model §(7) is then considered, possibly improving or degrading the forecast
performances:

j= Ay G+ Ky + Qy&y(7) + Uy (7) (S3)
where
U, (1) =—k (5K +6Q fy(T)) (S4)

with 6K = K, — K, and 0Q = @, — Q.. It can represent for example a better parameterization of subgrid-scale
processes. Note that if kK = 1, the correction is perfect.

A post-processing scheme constructed before the model change, and then applied after it, would give a deteriorated
correction. Therefore, a post-processing scheme is in general recomputed after such a change. The object of the present
note is to show that response theory can correct the prior post-processing scheme and gives thus an approximation

to the one computed after the change. Moreover, in the present case involving Ornstein-Uhlenbeck processes, this
correction is exact. First, this post-processing scheme is described.

A. The post-processing of x

We consider an EVMOS [4] post-processing of the variable z :

zo(r) = a(t) + 8(7) - y(7) (S5)

The coeflicient a and 3 are given by the equations:




with
2(r) = ((@(r) = (@()?) (58)
o2(r) = ((y(r) = (w(r))*) (59)

where the average is taken over initial conditions of the x process. Indeed, both the forecast models y and ¢ are
initialized with the initial conditions of x. The corrected quantity z¢ depends thus on the lead time 7.

B. Post-processing before and after the model change

Before the model change, ¥, (7) = 0, and a direct computation gives:

(a(r) = (al0)) €7+ 3E (1= ) (s10)

(y(r)) = (@(0)) e ™7 + i;’ (1—e™7) (S11)
and

P2 =020 7 4 T (1 o) (s12)

oy (r) =03 (0) e 7 + fi (1—e2™7) (S13)

since the model is initialized with the same initial conditions as the reality:

((0)) = (z(0)) ,  0p(0)=02(0) . (514)
These equations allow us to compute the post-processing coefficients at every lead time 7:

a(r) = (z(7)) = B(7) (y(7)) (S15)

o3(7)
ﬂ ) = x 816
0)=\/70 (516)
It is easy to extend these results when model change V¥ is incorporated:
N . Ky—riK oy
(@) = (@(O) 7+ LR (1) (517)
y
and
_ 2
o3(r) = 02(0) 27 4 B BIQN (1 manmy (518)
Y 2y
with

&(r) = (a(r)) = B(r) (G(r)) (S19)

B =% (320)

The variation of the moments of the dynamics are then

kOK

(9(1)) = (y(7)) — N (1—e™7) (S21)
oi(t) =0o.(1) + % (K?0Q* — 2K Qy 0Q) (1 —e 2M7) (S22)

and it implies the following variation of the bias a:

da(r) = a(r) — (1) = B(7) (y(r)) = B(7) (3(7)) (523)



The ratio between the biases § is given by

02— S24
50—\ o20) 520
For 7> max(1/\;,1/),), we note that this ratio tend to
Blr) 1
= S25
5~ 1-w0Q/Q, 529
and the asymptotic limit for the variation of « is given by

K, |[1-kéK/K

da(r) = —B(1) T~ ROR/Ry ) (S26)

A, |1-£K0Q/Q,

C. (Non-Stationary) Response theory

The post-processing problem is typically a non-stationary initial value problem, since the initial conditions of the
model equations (S2) and (S3) are typically chosen close to the reality (S1). As a consequence, the model actual
averages relax toward the stationary response in the long-time limit, but the stationary response theory [3, 5] cannot
provide us the short-time relaxation behaviors. We thus consider the short-time evolution of the averages. Therefore,
the Ruelle time-dependent response theory should be used [2].

After the model change, the model is ruled by Eq. (S3):
j/ ==y G+ Ky + Qy&y(1) + Uy (7) (527)
with
Wy (r) = —r (0K +6Q¢,(7)) (S28)
Given an observable A, its average after the model change can then be related to it’s average before by
(A(1))g = (A(T))y + 6(A(T))y + 8*(A(T))y + ... (529)
If the perturbations (S28) is small, then the response theory states that the first order is given by:
S, = [ a7 [ duosols) (97 Vo AT W)) (530)
where p, ¢ is the initial distribution with which the model is initialized. As indicated by Eq. (S14), in the post-
processing framework, it is typically taken as the initial distribution of the reality p, . We have also (-) which denotes

the average over the realization of the stochastic process [1], and also the mapping f7 is the stochastic “flow” of the
unperturbed system (S2):

frly)=ye M7 —l—/ dr’ e (=" [Qy &(T) + K, (S31)
0

1. First order
a. First moment: First the response for the shift of the mean of y(7) due to the perturbation is evaluated:
O{y(r)) = —x / ar’ / dy pyo(y) { [0K +0Q&,(7)] Vo 7)) (832)
0

With

Vi £ W) =V 770 f7 (y) =M (933)



/dypy,o(y) =1

and (&, (7)) = 0 for all 7/, we get:

5<y(7)>=—m/ Ar'SK e (=)
0

and thus:

and the exact relation (S21) is recovered.
b. Second moment: We now turn to the computation of

sty == [ ar' [dupal) (35 +5Q6,00] ¥y W)?)

- /T dr /dy’)y*’(*y) ([6K +6Q&, ()] ) @) Vet T W))

=—2m/ ar' [y pyal) {[5K +6Q6,()] - W) o) W)

which gives, using the formula (S31):

o{y(T) :72/€5K/ dr’ /dypyo { AT oAy (T=T) L Y oAy (T

Y

725@3} 5@ </0 dT e~ (r— T)Sy( /)/O dT// 67)\1,(7'77'") éy(T”)>

= —2K0K |:1 <y(0)> e_)\yT (1 — 6_)\3/7-) —+ £2y (1 — e_)‘y"')2:|
Ay A2

7256@ Qy / dTl 672 )\y(Tf-,—’)
0

where we have used (&,(7) &, (7)) = 6(7 — 7'). Therefore, we finally get:
0K

) = =265 () (1) = £60Q, (1)

)‘y
which gives
o w(7) & (y(r)%) + 8(y(r)%) = ((y(7)) + 8(y(7)))*
= 02(7) + 8(y(7)*) — 2(y(7)) 6(y()) — (3(y(7)))*

Il
Q
[\v]

Y

F20y(P)o Aiy SK (1—eM7) — ¥

2 K —2X,T
:Uy(T)—)\—y(;QQy (176 )f)\5

which does not match Eq. (S22) and thus the second order terms should be computed.

2. Second order

The second order response for an observable A is given by:

:/0 dr’ // dr” /dypy,o(y) <\Ilw(7") Vi () Oy (77) - Vo A

=)
25K2( )

K2 (1— e M)

T)—2kK W (y(r) (L—eM7) — i 5@ Q, (1— e 2M7)
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Since here the perturbations do not depend on the state variable y

PN = [ ar [ [awpn) (V00T ) iy AL W) (546)
and applied to the first moment of the y(7) dynamics, it leads to
6 (y(r)) = 0 (847)
since thanks to the Eq. (S33)
VitV wl W) =0 (548)

The computation of the derivatives for the second moments leads to

T 2 _ T T
Vir @) Vi wy UMW) =2V ) ST W)V o) £7(0)
— 26—)\y(r—7’/) e—>\y(T—7‘//) , (849)
and thus the correction to the second moment of y(7) can be obtained by computing

8 (y(r)*) =2K° /T dr’ /T dr” <(6K +0Q &,(r) e (6K +6Q &,(r")) e_)‘y(T_T”)> (S50)
0 T’/

which thanks to the averaging properties of &, gives

T 2 T T
52<y(7_)2> _ H2 5K2 |:/O dr’ eky(‘r‘r'):| + 2/432 5Q2 /0 dr’ // dr" <£y(7_/)) ef)\y(‘rf‘r') gy(,r/l) ef)\y(rfT”)>

T 2 T
= K2 OK? [/ dr’ e_)‘y(T_T/)} + K2 5Q? / dr’ e~ (=) (S51)
0 0
2 (SKQ 2 K} 2
== e (- )+ KQ)\Q (1—e7>7) (552)
y y

3. Final result

By aggregating the two orders, we get:
K

(W ))s = () + 8u(r) = () = 3- 0K (1=e77) (853)
A1) % 03(r) = £ 0QQy (1= e7) - ig‘”@ (1= )’

g (m e S e (s54)

— o2(r) — Aiy 5QQy (1—e2M7) 4 “22‘;?2 (1= e 22) (S55)

These approximations are in fact exact for any time 7, even for the transient short-time 7 < 1/A, and gives back the
post-processing results of the section I B of the present note.
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