Answers on the review of Anonymous Referee #1

The authors are grateful for the perusal and important suggestions provided by the reviewer. All
the suggestions have been taken into account and the manuscript has been changed
accordingly.

—>THE VOIGHT MODEL. In general, any use of simple models is subject to serious grounding.
Although the paper includes a lot of speculation and very good and useful arguments in favor of
the Voight model and its applicability, the narration is sometimes puzzling. The Abstract reads:
“These assumptions lead to Kelvin-Voight model of wave propagation, . . .”, which makes a
feeling that the use of this very model will be substantially grounded after. At the same time,
introduction of the model appears at p. 4 1.5 as “e.g., Kelvin-Voight model, with . . . ”, which
gives a feeling that it’s just a choice from a long row of models applicable to the problem. And
then nothing is said about other alternatives! By the way, the paper is silent about “uniform
distribution of strain” - an assumption important for applicability of the Voight model, contrary to
the Maxwell model assuming a “uniform distribution of stress”. Nothing is said about more
extended capabilities provided by the Zener model. Testing the whole set of available models is
obviously beyond the scope of a single paper, but due consideration of their basics from the
point of view of their applicability is a must. | would also encourage the authors to be more
cautious with terms: e.g. contrary to the wording from the above cited sentence of Abstract, the
Voight model is basically NOT the “wave propagation model”, but is a helpful means for
modeling viscoelasticity under certain conditions. This closing remark smoothly leads us to

The authors would like to thank you very much for the remark about “wave propagation
model”. Kelvin-Voigt model is used in this paper to analyse energy dissipation during
wave propagation. That has been changed throughout the paper. Regarding the selection
of this model instead of others, e.g. Maxwell and Zener models, the explanation has been
provided in the text, p.4. |.7.

—> THE USE OF ENGLISH. English is mostly OK except for some awkward sentences. Please
proofread and perform the grammar check carefully. Just a few examples: (i) in the last
sentence of p.1 the modifier of manner “in the presence of . . .” comes between the transitive
verb “to create” and its direct object “an effect . . .”, which makes it hard to read, (ii) “therein”
would look much better than “there” in 1.22 p.1, (iii) the use of “increasing damping” in .15 of p.1
and then in similar cases is confusing in my point of view, (iv) the sentence “Consequently, . . ..”
around 1.15 p.4 lacks any expression of necessity | would expect (otherwise, | can’t grasp the
meaning). In general, | wouldn’t recommend pricey editorial services, and encourage being
more conservative and careful with the use of English.

(i) It has been changed
(i) It has been changed
(iii) It has been changed

(iv) The word “Consequently” is needed to connect the sentence providing some
explanation why the underdamped solution is appropriate and the sentence stating that it
used for establishing the relationship between the damping coefficient and restitution
coefficient.

—> PLEASE DELETE MISPRINTS!!! E.g.: Where are derivatives in the second order differential
equation (1) and boundary conditions p.2 1.17?



The derivatives are represented by dots upon the function “x”. One and two dots show
the first and second derivatives, respectively. There has been also added a formula after
Eq. (2) showing how to transform X’ to %x and vice versa.



Answers on the review of Anonymous Referee #2

The authors are grateful for the perusal and important suggestions provided by the reviewer. All
the suggestions have been taken into account and the manuscript has been changed
accordingly.

1. Please give the estimates of wave frequencies and characteristic time of impact and define
concretely the scopes of the model.

This article covers just a topic of energy dissipation during wave propagation in an
infinite body, so no impacts are considered.

2. Kelvin — Voigt model is model of a medium, not for wave propagation. Moreover, as is
generally known, this model does not satisfy the causality condition, or the fundamental
Kramers—Kronig relations [Aki K. and Richards P.G. Quantitative Seismology. Theory and
Methods, Vol.1. W.H. Freeman, New York. 1980]. Please add a comment.

The authors would like to thank you very much for the remark about “wave propagation”.
Kelvin-Voigt model is used in this paper to analyse energy dissipation during wave
propagation. That has been changed throughout the paper.

3. Please emphasize the differences with the literature [Anagnostopoulos, S.A. Equivalent
viscous damping for modeling inelastic impacts in earthquake pounding problems. Earthquake
Engineering & Structural Dynamics, 33(8), 897-902., doi:10.1002/eqe.377, 2004], particularly
touching Eq. 14 and Fig. 2.

The main difference from the cited paper is that in our model, loss of energy occurs only
at the neutral point; therefore, the equivalent linear damping function can be used only
for times considerably higher than the period of free vibrations. On the other hand, in the
cited article damping happens constantly during the impact of two bodies and each
impact can be represented by an equivalent viscous damping.

4. There is no necessity to give all the solutions of Eq. (8). The first equation of Eq. (9) is
sufficient.

They were included for completeness.

5. I would recommend the authors to pay attention to the problems concerning the correct
accounting of the energy dissipation at impacts as in [Hunt, K. H., & Crossley, F. R. E. (1975).
Coefficient of Restitution Interpreted as Damping in Vibroimpact. Journal of Applied Mechanics,
42, 440

Yes, we calculate the loss of energy by the same operation and the Eq. (16) covers all
impacts simultaneously.
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Abstract. Energy dissipation during wave propagation in fragmented geomaterials can be caused by independent movement
of fragments leading to energy loss on their impact. By considering a pair of impacting fragments at times much greater than
the period of their oscillations we show that at large time scale, the dynamics of the pair can be described by a linear viscous
model with damping coefficient expressed through the restitution coefficient representing energy loss on impact. Wave
propagation in fragmented geomaterials is also considered at the large time scale assuming that the wavelengths are much
larger than the fragment sizes such that the attenuation associated with wave scattering on the fragment interfaces can be

neglected. These assumptions lead to Kelvin-Voigt model of damping during wave propagation, which allows the

determination of dispersion relationship. As the attenuation and dispersion are not related to the rate dependence of rock
deformation, but rather to the interaction of fragments the increased energying-damping-and dispersion at low frequencies
can be seen as an indication of fragmented nature of the geomaterial and the capacity of the fragments for independent

movement.

1 Introduction

Geomaterials are often fragmented with the fragments covering different scales. This makes it important to understand the
properties of wave propagation in such geomaterials. Fragmented materials are characterised by three major features. First is
the bilinear nature of contacts when stiffness in compression is considerably higher than stiffness in tension. Bilinear
oscillators feature multiple resonances, both multi-harmonic and sub-harmonic (see Dyskin et al., 2007; Dyskin et al., 2010;
Dyskin et al., 2012d and literature cited therein). Furthermore, chains of bilinear oscillators possess a rich structure of main
resonances also accompanied by multi-harmonic and sub-harmonic ones (Shufrin et al., 2012; Dyskin et al., 2014). This
structure of resonances may give an explanation to the observed spectral peaks in oscillations of blocky media (Kurlenya et
al., 1996a; Kurlenya et al., 1996b; Kurlenya et al., 1996c). The effect of bilinearity on wave propagation was analysed by
Kuznetsova et al. (2016).

Second is the possibility of block rotations. The bending between fragments leads to elbowing of the neighbouring fragments

in the course of their mutual rotations (Pasternak et al., 2006) as well as the dependence of bending stiffness on the moments
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(Pasternak et al., 2012; Shufrin et al., 2014). Furthermore, non-sphericity of fragments ecreates—in the presence of

compression creates an effect of apparent negative stiffness (Dyskin and Pasternak, 2012a; Dyskin and Pasternak, 2012b;

Dyskin and Pasternak, 2012c). The resulting negative Cosserat shear modulus and its influence on wave propagation were
analysed by Pasternak et al. (2016). It was shown that such a medium does not possess a critical frequency; subsequently the
twist wave and both shear rotational waves of all frequencies can propagate.

Third is the energy dissipation associated with impact of blocks characterised by low restitution. The main feature of this
type of dissipation is that it acts only at the neutral position of the oscillators formed by pairs of adjacent blocks. In this paper
we consider only this special type of energy dissipation and its influence on P- and S-wave propagation assuming that
otherwise the fragmented medium is unimodulus (the same stiffness in compression and tension) and neglecting the effect of
rotations. We assume that the wave length is considerably larger than the fragment sizes such that energy dissipation

associated with scattering over interfaces can be neglected.

2 A pair of fragments with impact damping

Mathematically, the basic dynamic element involved in the process of wave propagation through fragmented geomaterials is
a pair of neighbouring fragments, which can be modelled as a free undamped oscillator consisting of a single mass on
undamped spring complimented by a condition that velocity decreases each time the system passes through the neutral point,

a second order differential equation (1) is analysed. Herein, the velocity reduction is governed by a restitution coefficient

ae[01].

{mng:o, x(0) =%, v(0)=X(0)=v, (1)

V(t +0)=a-v(t;—0) at x(t)=0

Introducing dimensionless groups X =

X X v :
1= at, X, :TO, Vv, :|—° , EQ. (1) can be rewritten as:
2

{xux:o, X (0)=X,, V(0)=X"(0)=Vy. )

V(T,+0)=aV(T,-0) at X(T,)=0
dX 1.dx_ 1

where X'= = —=—X
dz @l dt al

The solution of Eq. (2) prior to the first impact is a commonplace:

X (7)=X,-cos(z)+V,-sin(z)=A-sin(z+¢), A3)

where A=[X?+V,?, p = arctan% . 4)

0
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Analysing the second form of the solution, it is easy to determine the time of the first impact:

ﬁ—arctané, if &20

V
T, = « 0 X° . (5)
—arctan—2, if —2<0
v, v,

After the first impact, the velocity of oscillations reduces by restitution coefficient « . Thus, a subsequent solution has the

following form:

X (£)= [ A-cos(z + p)dz = " Asin(r + ) ®

where H (t) is the Heaviside function.

In this system, each next impact starting from the second occurs after time 7 from the previous impact decreasing stepwise

the amplitude by « ; therefore, the general solution of the system is

H (T1+m7[
X (Z') H(r Ty J+H (r—~(Ty+7))+.. +H(z=(Ty+n7) )+... . A-sin (T+(0) _ 0{% A'Sin(T-l-(D) . (7)

It should be noted that the analysed problem is somewhat similar to a problem of a bilinear oscillator with an infinite
stiffness in one direction (Dyskin et al., 2012d; Dyskin et al., 2013; Guzek et al., 2016) or a ball bouncing off a solid wall
(Luck& Mehta, 1993; Anagnostopoulos, 2004; Jankowski, 2006), with the same coefficient of restitution, in terms of the
amplitude. The main difference is that, described by Eq. (1), the range of « for the former type of a problem lies in a
negative region, between -1 and 0, which leads to function X being only in a positive domain. As a result, for equal and
physically admissible boundary conditions and absolute values « , the odd half cycles of the solutions for those two types of
problems are identical and the even half cycles are symmetrical about the axis X =0. Both of these types of problems are

demonstrated in Fig. 1.

20 Figure 1: Vibrations for fragmented media (red solid line) and impact oscillator (blue dashed line) for absolute values of a« = 0.9

and initial conditions X, =0.5and V, =1.0.
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3 Equivalent linear damping

Although the analysed model is relatively simple to describe, its implementation for energy dissipation during wave

propagation problems is challenging, the reason being that the boundaries of the time intervals where the system behaves
linearly are not known a priori as they are influenced by incomplete restitution and hence need to be determined step by step.
Therefore, an equivalent continuous damping model-e-g——Kehvin-\oigtmedel; with effective coefficients should be chosen
selected and the relationship between it and the original model should be established.

Here, viscous damping, i.e. the Kelvin-Voigt model, is chosen due to its simplicity and popularity. Kehvin-\eigtThis model

represents a free oscillation of a mass with damping that can be characterised in a dimensionless form by the damping

coefficient £ >0:
Y"+2-¢-Y'+Y =0, Y (0)=X,, Y'(0)=V,. (8)
Equation (8) has three different types of solutions, depending on the value of ¢, which are overdamped (¢ >1), critically

damped (£ =1) or underdamped (0< ¢ <1):

exp(—;rzyAz.sin(rz,fl—gz+¢2), if0<¢ <1

Y (z,)=1exp(-7,)- (X, + (X, +Vy)7,), if £ =1 , 9)
1 V,+¢X 2 Vot+¢g X 2 ;

=-exp(—¢7,)- {Xﬁ%]-exp 7,7 -1 +{Xo—%]-exp —Tza,M -1 ] if £>1

2 [ /é’ -1 ( ) /4, 1 ( )

where A, = JX°2 +Vy' +2X°V°§, o, :arctanxo— 1-¢*

1-¢7? V,+ X, &

Among those three solution types, only the underdamped solution is physically admissible for a comparison with the

proposed model because the other two types do not intersect the axis X =0. Consequently, the relationship between the
damping coefficient and restitution coefficient is carried out using the underdamped solution.
Comparing the expressions inside the sin functions in (6) and (9) one can see that:

T

In the discrete model, the initial conditions consist of zero displacement and given initial velocity. So, hereafter, the initial

(10)

T, =

displacement X, is set as 0, which leadsto T, =x.
Thus, using Eq. (10) for the Kelvin-Voigt model, it is possible to find a relation between X (z-) and Y (z-z). For the former

system, after a number of cycles N, with the passing time 7 =2Nr , the solution becomes:

X (r)=a® V, -sin(2N ) (11)
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On the other hand, for the Kelvin-Voigt model, using Eq. (10) one has:
y T _exp| - 2Nz 2| Vv,
’1_412 \/1_412 \/1_412

As long as the third terms in Egs. (11) and (12) are identical, the relationship between the damping parameters can be

-sin(2N7x). (12)

determined by comparison of the amplitudes of the systems:

a= (1—42)ﬁ ~exp{— i J . (13)

B-¢2

The first term of the right side in Eq. (13) goes rapidly to unity even for significant values of £ . Thus, for a purpose of

homogenisation of the proposed model, this term can be substituted by unity, Fig. 2:

azexp[— it ] (14)

N

ald)

0.2 0.4 0.6 0.8 1.0

Figure 2: Relationship (14) between « and ¢.

It is seen from Eq. (14) that as £ =0, a =1 (the left boundary) and when ¢ —1, @ — 0 (the right boundary). The left
boundary proves that the solutions for undamped oscillations (Eq. (8), ¢ =0) and oscillations with full restitution (Eq. (2),

a =1) are identical. The right boundary can be interpreted as that zero restitution can be modelled by this relationship as a

system with the critical damping (£ =1) intersects X =0 as time tends to infinity. Also, Eq. (14) shows that the relationship
between the damping parameters does not depend on the initial velocity of the systems or on the current time for all ¢

within the range of the underdamped oscillations. Hence, taking into consideration the previous statements, Eq. (14) should
be applied for 0<a<1. As a result, systems with both damping and incomplete restitution can be analysed by using

equivalent viscous damping, reducing the complexity of the discrete problem.
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When both types of energy dissipation take place, the restitution coefficient should be replaced by a damping coefficient;
therefore, a reverse relationship is also important to define. It can be found relatively easy from Eq. (14), selecting only

positive roots.

2 -1/2
{zln(£j~[ﬂ2+(ln(ljj J : (15)
o o
In order to analyse the accuracy of Eq. (14), an example of vibration amplitudes of an oscillator representing fragmented

media, X (r) with different « and vibrations of an equivalent Kelvin-Voigt model, Y (%J is presented in Fig. 3.
1

The initial conditions for both cases are X, =0.0 and V, =1.0.

It is seen that between the impacts, the functions can be quite different even for high values of « . Indeed, the energy
dissipation in the original system occurs at discrete times. Replacing the discrete system with a time-continuous system is
equivalent to using the time scale considerably larger than the period. At this scale, the resulting damping is the same as in
the original discrete system.

T

X(7).7(

vi-¢*

1.0}

Figure 3: Vibrations for fragmented media (solid lines) and equivalent Kelvin-Voigt model (dashed lines) for @ = 0.9 (red),
a = 0.6 (blue), @ = 0.3 (green) and initial conditions X,=0.0 and V, = 1.0.

The dissipated energy of vibrations with the same parameters are given for both cases by the following equations, where W,
is the energy dissipation function for the discrete model and W, is the same function for equivalent Kelvin-Voigt model.

These dependencies are shown in Fig. 4.

W, (7) :%[iazm -H (T—mﬂ')-Vozj : (16)

YRR AT

6
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The dissipated energy W, (2') cannot be approximated by W, [%J between impacts, especially for small restitution
1

coefficients, because here a continuous function is approximated by a stepwise function. Nevertheless, they approach the
same values at impacts; therefore, the proposed function and the equivalent continuous function (linear damping) can be

used as an approximation of the discrete one for times considerably higher than the period of free vibrations.

Wx(z). W (

1-¢

0.3

04

03

02

0.1

20 25 30

LA
—
=
—
(¥

Figure 4: Dissipated energy of vibrations for fragmented media (solid line) and equivalent Kelvin-Voigt model (dashed line) for
a=0.9 (red), « = 0.6 (blue), « = 0.3 (green) and initial conditions X,=0.0 and V, = 1.0.

4 Wave propagation in isotropic medium with equivalent damping

Now, after establishing the large time scale equivalence of the discrete and continuous dynamics of a pair of fragments,
energy loss during the wave propagation in fragmented geomaterials can be modelled by replacing the fragmented
geomaterial with a visco-elastic continuum where-the-energy-dissipation-on-tmpact-is-described by a Kelvin-Voigt model.

The P-wave velocity C,, and coefficient of absorption a, are expressed by the following equations (White, 1983) and are

shown in Fig. 5 for different o

-1
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where € is the P-wave velocity without damping and @, is wave frequency.
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5 Figure 5: Velocity characteristics of a p-wave propagating in fragmented media: phase velocity (solid line) and coefficient of
absorption (dashed line) for @ = 0.9 (red), @ = 0.6 (blue), « = 0.3 (green).

It is seen that both the wave velocity and absorption increase with frequency, however the increase in the wave velocity

becomes weaker as the restitution coefficient increases. Subsequently, the dispersion vanishes as the restitution coefficient

tends to 1, i.e. the impacts are not accompanied by energy loss. It is also noteworthy that these formulae can be implemented
10 for S-wave as well.

Conclusion

A possible mechanism of wave attenuation in fragmented geomaterials with fragment sizes much smaller than the
wavelengths is the energy loss on impact of the contacting fragment to each other. The energy loss is characterised by the

restitution coefficient. It is shown that energy loss during the wave propagation in such a discrete material can be modelled

15| by wave-propagation-in-an equivalent visco-elastic continuum if the characteristic times involved are considerably greater
than the periods of oscillations of all neighbouring pairs of fragments. The attenuation is modelled by Kelvin-Voigt model;
its equivalent damping being expressed through the restitution coefficient and the period of oscillations of contacting
fragments averaged over all pairs. For all restitution coefficients smaller than 1, the wave velocity shows dispersion
relationship, which is the stronger the smaller the restitution is. The attenuation and dispersion are not related to rate

20 dependent rock deformation, but rather to the interaction of fragments. For that reason the effect is long-wave. Therefore,

8
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increasing damping and dispersion at low frequencies can be seen as an indication of fragmented nature of the geomaterial

and the capacity of the fragments for independent movement.
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Abstract. Energy dissipation during wave propagation in fragmented geomaterials can be caused by independent movement
of fragments leading to energy loss on their impact. By considering a pair of impacting fragments at times much greater than
the period of their oscillations we show that at large time scale, the dynamics of the pair can be described by a linear viscous
model with damping coefficient expressed through the restitution coefficient representing energy loss on impact. Wave
propagation in fragmented geomaterials is also considered at the large time scale assuming that the wavelengths are much
larger than the fragment sizes such that the attenuation associated with wave scattering on the fragment interfaces can be
neglected. These assumptions lead to the Kelvin-Voigt model of damping during wave propagation, which allows the
determination of dispersion relationship. As the attenuation and dispersion are not related to the rate dependence of rock
deformation, but rather to the interaction of fragments the increased energy dispersion at low frequencies can be seen as an

indication of fragmented nature of the geomaterial and the capacity of the fragments for independent movement.

1 Introduction

Geomaterials are often fragmented with the fragments covering different scales. This makes it important to understand the
properties of wave propagation in such geomaterials. Fragmented materials are characterised by three major features. First is
the bilinear nature of contacts when stiffness in compression is considerably higher than stiffness in tension. Bilinear
oscillators feature multiple resonances, both multi-harmonic and sub-harmonic (see Dyskin et al., 2007; Dyskin et al., 2010;
Dyskin et al., 2012d and literature cited therein). Furthermore, chains of bilinear oscillators possess a rich structure of main
resonances also accompanied by multi-harmonic and sub-harmonic ones (Shufrin et al., 2012; Dyskin et al., 2014). This
structure of resonances may give an explanation to the observed spectral peaks in oscillations of blocky media (Kurlenya et
al., 1996a; Kurlenya et al., 1996b; Kurlenya et al., 1996c). The effect of bilinearity on wave propagation was analysed by
Kuznetsova et al. (2016).

Second is the possibility of block rotations. The bending between fragments leads to elbowing of the neighbouring fragments
in the course of their mutual rotations (Pasternak et al., 2006) as well as the dependence of bending stiffness on the moments

(Pasternak et al., 2012; Shufrin et al., 2014). Furthermore, non-sphericity of fragments in the presence of compression



10

15

20

creates an effect of apparent negative stiffness (Dyskin and Pasternak, 2012a; Dyskin and Pasternak, 2012b; Dyskin and
Pasternak, 2012c). The resulting negative Cosserat shear modulus and its influence on wave propagation were analysed by
Pasternak et al. (2016). It was shown that such a medium does not possess a critical frequency; subsequently the twist wave
and both shear rotational waves of all frequencies can propagate.

Third is the energy dissipation associated with impact of blocks characterised by low restitution. The main feature of this
type of dissipation is that it acts only at the neutral position of the oscillators formed by pairs of adjacent blocks. In this paper
we consider only this special type of energy dissipation and its influence on P- and S-wave propagation assuming that
otherwise the fragmented medium is unimodulus (the same stiffness in compression and tension) and neglecting the effect of
rotations. We assume that the wave length is considerably larger than the fragment sizes such that energy dissipation

associated with scattering over interfaces can be neglected.

2 A pair of fragments with impact damping

Mathematically, the basic dynamic element involved in the process of wave propagation through fragmented geomaterials is
a pair of neighbouring fragments, which can be modelled as a free undamped oscillator consisting of a single mass on
undamped spring complimented by a condition that velocity decreases each time the system passes through the neutral point,

a second order differential equation (1) is analysed. Herein, the velocity reduction is governed by a restitution coefficient

ae[01].

{mng:o, x(0)=%, v(0)=%(0)=v,_ )

V(t +0)=a-v(t;—0) at x(t)=0

Introducing dimensionless groups X =—, r=apt, X, =

— =

X v, .
TO, Vv, :|—° , EQ. (1) can be rewritten as:
2)

{xux:o, X(0)=X,, V(0)=X'(0) =V, ()

V(T,+0)=a-V(T,—-0) at X(T;)=0
where X’:d—xzi%:ix
dr gl dt )l

The solution of Eq. (2) prior to the first impact is a commonplace:

X (7)=X,-cos(z)+V,-sin(z) = A-sin(z+¢), (3)

where A= JXOZ +V,72, o= arctané . (4)

0

Analysing the second form of the solution, it is easy to determine the time of the first impact:
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T, = 0 0 . (5)

;z—arctan&, if &20
Y/
! X

X .
—arctan—2, if —2<0
VO VO
After the first impact, the velocity of oscillations reduces by restitution coefficient « . Thus, a subsequent solution has the

following form:

X(z)=[a""" - A-cos(z+p)dr =" Assin(z+ ), ©

where H (t) is the Heaviside function.

In this system, each next impact starting from the second occurs after time 7 from the previous impact decreasing stepwise

the amplitude by o ; therefore, the general solution of the system is

3 H(r—(Ty+mz))
X (z_):aH(r—T1)+H(r—(T1+7r))+..,+H(r—(T1+n/r))+.,. . A’Sin(T‘F@):a; . A’Siﬂ(T"‘@) . (7)

It should be noted that the analysed problem is somewhat similar to a problem of a bilinear oscillator with an infinite
stiffness in one direction (Dyskin et al., 2012d; Dyskin et al., 2013; Guzek et al., 2016) or a ball bouncing off a solid wall
(Luck& Mehta, 1993; Anagnostopoulos, 2004; Jankowski, 2006), with the same coefficient of restitution, in terms of the
amplitude. The main difference is that, described by Eq. (1), the range of « for the former type of a problem lies in a
negative region, between -1 and 0, which leads to function X being only in a positive domain. As a result, for equal and
physically admissible boundary conditions and absolute values « , the odd half cycles of the solutions for those two types of
problems are identical and the even half cycles are symmetrical about the axis X =0. Both of these types of problems are

demonstrated in Fig. 1.

Figure 1: Vibrations for fragmented media (red solid line) and impact oscillator (blue dashed line) for absolute values of « = 0.9
and initial conditions X, =0.5and V, =1.0.
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3 Equivalent linear damping

Although the analysed model is relatively simple to describe, its implementation for energy dissipation during wave
propagation is a challenging problem, the reason being that the boundaries of the time intervals where the system behaves
linearly are not known a priori as they are influenced by incomplete restitution and hence need to be determined step by step.
Therefore, an equivalent continuous damping model with effective coefficients should be selected and the relationship
between it and the original model should be established.

Here, viscous damping governed by the Kelvin-Voigt model is chosen due to its simplicity and popularity. This model
represents a free oscillation of a mass with damping that can be characterised in a dimensionless form by the damping

coefficient £ >0:
Y"+2-¢-Y'+Y =0, Y (0)=X,, Y'(0)=V,. (8)
Equation (8) has three different types of solutions, depending on the value of ¢, which are overdamped (¢ >1), critically

damped (£ =1) or underdamped (0 < ¢ <1):

exp(—;rz)-Az-sin(fz,/l-gz+¢2), if0<¢ <1
Y (r,)=1exp(-7,)- (X, +(Xo +Vy)7,), if & =1 , )

1 _ ) Vo+8 X, | 7 Vot X, | 3 7 it
5 exp(—¢t,) HXM—WJ exp(r2 4 1)+{x0 —\/77_1] exp( rza,/./; 1)J,| ¢>1

2 2 /_ 2
where A, = X, +V +§X°V°§, o, :arctanu.
1-¢ V,+ Xo&

Among those three solution types, only the underdamped solution is physically admissible for a comparison with the

proposed model because the other two types do not intersect the axis X =0. Consequently, the relationship between the
damping coefficient and restitution coefficient is carried out using the underdamped solution.
Comparing the expressions inside the sin functions in (6) and (9) one can see that:

T

In the discrete model, the initial conditions consist of zero displacement and given initial velocity. So, hereafter, the initial

(10)

T, =

displacement X, is set as 0, which leadsto T, =x.
Thus, using Eq. (10) for the Kelvin-Voigt model, it is possible to find a relation between X (z-) and Y (z-z). For the former

system, after a number of cycles N, with the passing time 7 =2Nr , the solution becomes:

X (r)=a® V, -sin(2N ) (11)
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On the other hand, for the Kelvin-Voigt model, using Eq. (10) one has:
y T _exp| - 2Nz 2| Vv,
’1_412 \/1_412 \/1_412

As long as the third terms in Egs. (11) and (12) are identical, the relationship between the damping parameters can be

-sin(2N7x). (12)

determined by comparison of the amplitudes of the systems:

a= (1—42)ﬁ ~exp{— i J . (13)

B-¢2

The first term of the right side in Eq. (13) goes rapidly to unity even for significant values of £ . Thus, for a purpose of

homogenisation of the proposed model, this term can be substituted by unity, Fig. 2:

azexp[— it ] (14)

N

ald)

0.2 0.4 0.6 0.8 1.0

Figure 2: Relationship (14) between « and ¢.

It is seen from Eq. (14) that as £ =0, a =1 (the left boundary) and when ¢ —1, @ — 0 (the right boundary). The left
boundary proves that the solutions for undamped oscillations (Eq. (8), ¢ =0) and oscillations with full restitution (Eq. (2),

a =1) are identical. The right boundary can be interpreted as that zero restitution can be modelled by this relationship as a

system with the critical damping (£ =1) intersects X =0 as time tends to infinity. Also, Eq. (14) shows that the relationship
between the damping parameters does not depend on the initial velocity of the systems or on the current time for all ¢

within the range of the underdamped oscillations. Hence, taking into consideration the previous statements, Eq. (14) should
be applied for 0<a<1. As a result, systems with both damping and incomplete restitution can be analysed by using

equivalent viscous damping, reducing the complexity of the discrete problem.
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When both types of energy dissipation take place, the restitution coefficient should be replaced by a damping coefficient;
therefore, a reverse relationship is also important to define. It can be found relatively easy from Eq. (14), selecting only

positive roots.

2 -1/2
{zln(£j~[ﬂ2+(ln(ljj J : (15)
o o
In order to analyse the accuracy of Eq. (14), an example of vibration amplitudes of an oscillator representing fragmented

media, X (r) with different « and vibrations of an equivalent Kelvin-Voigt model, Y (%J is presented in Fig. 3.
1

The initial conditions for both cases are X, =0.0 and V, =1.0.

It is seen that between the impacts, the functions can be quite different even for high values of « . Indeed, the energy
dissipation in the original system occurs at discrete times. Replacing the discrete system with a time-continuous system is
equivalent to using the time scale considerably larger than the period. At this scale, the resulting damping is the same as in
the original discrete system.

T

X(7).7(

vi-¢*

1.0}

Figure 3: Vibrations for fragmented media (solid lines) and equivalent Kelvin-Voigt model (dashed lines) for @ = 0.9 (red),
a = 0.6 (blue), @ = 0.3 (green) and initial conditions X,=0.0 and V, = 1.0.

The dissipated energy of vibrations with the same parameters are given for both cases by the following equations, where W,
is the energy dissipation function for the discrete model and W, is the same function for equivalent Kelvin-Voigt model.

These dependencies are shown in Fig. 4.

W, (7) :%[iazm -H (T—mﬂ')-Vozj : (16)

YRR AT

6



10

The dissipated energy W, (2') cannot be approximated by W, [%J between impacts, especially for small restitution
1

coefficients, because here a continuous function is approximated by a stepwise function. Nevertheless, they approach the
same values at impacts; therefore, the proposed function and the equivalent continuous function (linear damping) can be

used as an approximation of the discrete one for times considerably higher than the period of free vibrations.

Wx(z). W (

1-¢

0.3

04

03

02

0.1

20 25 30

LA
—
=
—
(¥

Figure 4: Dissipated energy of vibrations for fragmented media (solid line) and equivalent Kelvin-Voigt model (dashed line) for
a=0.9 (red), « = 0.6 (blue), « = 0.3 (green) and initial conditions X,=0.0 and V, = 1.0.

4 Wave propagation in isotropic medium with equivalent damping

Now, after establishing the large time scale equivalence of the discrete and continuous dynamics of a pair of fragments, the

energy loss during wave propagation in fragmented geomaterials can be modelled by replacing the fragmented geomaterial

with a visco-elastic continuum described by a Kelvin-Voigt model. The P-wave velocity C,, and coefficient of absorption

a, are expressed by the following equations (White, 1983) and are shown in Fig. 5 for different «

(C_pjz 214 L@ 14 s Lnul , (16)
e

oo PG| [2en ) ]| [zanl) ||| [ 2enl)
o) L) LG (o)

. @7
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where € is the P-wave velocity without damping and @, is wave frequency.

T ———
- -
- -
= o

Figure 5: Velocity characteristics of a p-wave propagating in fragmented media: phase velocity (solid line) and coefficient of
absorption (dashed line) for @ = 0.9 (red), @ = 0.6 (blue), @ = 0.3 (green).

It is seen that both the wave velocity and absorption increase with frequency, however the increase in the wave velocity
becomes weaker as the restitution coefficient increases. Subsequently, the dispersion vanishes as the restitution coefficient
tends to 1, i.e. the impacts are not accompanied by energy loss. It is also noteworthy that these formulae can be implemented
for S-wave as well.

Conclusion

A possible mechanism of wave attenuation in fragmented geomaterials with fragment sizes much smaller than the
wavelengths is the energy loss on impact of the contacting fragment to each other. The energy loss is characterised by the
restitution coefficient. It is shown that the energy loss wave propagation in such a discrete material can be modelled by an
equivalent visco-elastic continuum if the characteristic times involved are considerably greater than the periods of
oscillations of all neighbouring pairs of fragments. The attenuation is modelled by Kelvin-Voigt model; its equivalent
damping being expressed through the restitution coefficient and the period of oscillations of contacting fragments averaged
over all pairs. For all restitution coefficients smaller than 1, the wave velocity shows dispersion relationship, which is the
stronger the smaller the restitution is. The attenuation and dispersion are not related to rate dependent rock deformation, but
rather to the interaction of fragments. For that reason the effect is long-wave. Therefore, increasing damping and dispersion
at low frequencies can be seen as an indication of fragmented nature of the geomaterial and the capacity of the fragments for

independent movement.
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