Final Author’s Response to Reviewers #1 and #2 for the article
“Variational modelling of extreme waves through oblique
interaction of solitary waves: application to Mach reflection”

I. Response to Reviewer #1’s comments

Reviewer’s comments:

The paper re-examines the problem of oblique interaction of a plane soliton with a
rigid boundary. This problem is known as the Mach reflection and has been studied within
the framework of the unidirectional Kadomtsev-Petviashvili (KP) equation. In the
reviewed paper a variational approach is used to derive a more general the bidirectional
Benney-Luke (BL) set of equations which represent a shallow-water asymptotic equiv-
alent of the three-dimensional set of hydrodynamic equations for water waves. Within the
derived BL set equations one can study wave propagation in two horizontal direc-tions,
whereas for unidirectional wave propagation the set reduces to the conventional KP
equation. The set of equations is solved numerically to obtain a solution for the Mach stem
through the intersection of two obliquely incident solitary waves. It is shown that for a
given range of incident angles and amplitudes of solitons, the Mach stem grows linearly in
length and amplitude, reaching up to four times the amplitude of the incident solitary
waves. Such a big grows of amplitude makes the stem wave a good candidate for the rogue
waves on shallow water.

The paper is topical and interesting for a wide audience. It is well written and
contains valuable results. It is a pleasure to see it published. I would only advise to make
minor stylistical corrections in the section titles:

1) 2.2 From Luke’s variational principle to Benney-Luke set of equation;
2) 2.3 From Benney-Luke set of equations to the Kadomtsev-Petviashvili equation.

Author’s response:

Thank you for your helpful comments and suggestions. We have accommodated
the following section-title changes in our manuscript:
1) 2.2 From Luke’s variational principle to Benney-Luke set of equations;
2) 2.3 From Benney-Luke set of equations to the Kadomtsev-Petviashvili equation.

II. Response to Reviewer #2’s comments

* Reviewer’s comment: This paper is about the reflection of obliquely incident solitary
waves on vertical walls. This is a well studied problem and it is known that at small
angles a Mach stem is observed which can lead to large amplitudes (up to 4 times the
incident wave). The main goal of the paper is to devise a finite element numerical
scheme that can be used to solve the Benney-Luke equation - an equation which
encompasses previous studies using the KP equation.

Author’s response: Thank you for commenting our article. Below is the point-by-
point response to your helpful comments and suggestions.

* Reviewer’s comment: The paper is well written but probably spends too many pages
re-deriving BL and KP (albeit using variational methods).

Author’s response: Given that we require a variational formulation underpins our
numerical technique, we feel that our presentation is currently of the correct length
to facilitate understanding of our work by the readership.



* Reviewer’s comment: The name Benney-Luke was unfortunately seldom used in the
literature (to my knowledge it reappears in Milewski & Keller 1996 and Pego &
Quintero 1999) and, although I am not aware of any, I wonder if are any studies of
Mach reflection using “three-dimensional Boussineq” (which is essentially what Benney-
Luke is) models in the literature.

Author’s response: Thank you for this remark; we have now inserted the reference
to Milewski and Keller (1996).

* Reviewer’s comment: | would note that recently Kodama and Yeh have claimed that
the KP order is insufficient to capture the large amplitude Mach stem and that better
results are obtained using higher order corrections to KP. These would be out of the
range of the present BL equation. However, given how BL performs here one may
wonder whether this claim is correct.

Author’s response: As we derive our initial BL condition from the KP equation, we
actually include a higher order correction to our interaction parameter in Eq.(39),
following the remark from Yeh et al. (2010). This leads to a much better agreement
between our numerical results and the theoretical expectations, which confirms
Kodama and Yeh’s claim.

* Reviewer’s comment: Note that the “extreme wave” claim for such cross wave
constructions in shallow water is not new (see Peterson et al).

Author’s response: Indeed, and in the paper you refer to, Peterson et al. also
explained under which conditions extreme waves may occur in real conditions,
which may complete our note about ‘green water’. Thank you for this remark; we
have added this reference to our paper.

* Reviewer’s comment: | also believe the title is a bit too broad. It should probably
mention the oblique reflection of a solitary wave with a wall. (perhaps keep the same
title and add “: application to Mach reflection.”)

Author’s response: We have extended the title.

* Reviewer’'s comment: | am happy to recommend this paper for publication.
Incidentally 1 do not find the way the actual waves are presented (Figures 9 & 10)
particularly informative - a larger version of the top view (i.e. the bottom right panel)
only would be better.

Author’s response: Thank you for this suggestion. We have extended and improved
these figures. They now contain a larger version of the top view of the numerical
results, as well as a scheme of the expected behaviour of the stem and reflected
waves for comparison. We also increased the size of the side view in order to
highlight the difference between the stem and incident waves’ amplitudes. We have
removed the front view, which indeed did not add any complementary information.

III. Changes in the manuscript
Changes accruing from the Reviewers’ comments:

1) We have accommodated changes in sections 2.2 and 2.3’s titles;
2) We have added references to the following papers:



a. Milewski, P. and Keller, ]J.: Three-Dimensional Water Waves, Studies in
Applied Mathematics, 97, 149-166, 1996.

b. Peterson, P., Soomere, T. Engelbrecht, ], and van Groesen, E.: Soliton
interaction as a possible model for extreme waves in shallow water,
Nonlinear Processes in Geophysics, 10, 503-510, 2003.

3) We have extended the article’s title;
4) We have improved Fig. 9 and Fig. 10.

Other changes:

1) We have corrected some typos and improved the grammar;

2) We have added references to the following paper:
Kalogirou, A. and Bokhove, 0.: Mathematical and numerical modelling of wave
impact on wave-energy buoys, in: Proceedings of the ASME 2016 35th
International Conference on Ocean, Offshore and Arctic Engineering, 2016.

3) We have added Dr. Anna Kalogirou as a co-author following her initial and
continuing contributions.

All of the changes summarized above are highlighted in the following revised
manuscript.
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Variational modelling of extreme waves through oblique interaction
of solitary waves: application to Mach reflection

Floriane Gidel ', Onno Bokhove !, and Anna Kalogirou '
ISchool of Mathematics, University of Leeds, LS2 9JT Leeds, United Kingdom
Correspondence to: Floriane Gidel (mmfg @leeds.ac.uk); Onno Bokhove (O.Bokhove @leeds.ac.uk)

Abstract. In this work, we model extreme waves that occur due to Mach reflection through the intersection of two obliquely
incident solitary waves. For a given range of incident angles and amplitudes, the Mach stem wave grows linearly in length
and amplitude, reaching up to four times the amplitude of the incident waves. A variational approach is used to derive the
bidirectional Benney-Luke equations, an asymptotic equivalent of the three-dimensional potential-flow equations modelling
water waves. This nonlinear and weakly dispersive model has the advantage of allowing wave propagation in two horizontal
directions, which is not the case with the unidirectional Kadomtsev-Petviashvili (KP) equation used in most previous studies.
A variational Galerkin finite element method is applied to solve the system numerically in Firedrake with a second-order
Stermer-Verlet-Stormer- Verlet temporal integration scheme, in order to obtain stable simulations that conserve the overall
mass and energy of the system. Using this approach, we are able to get close to the fourfold amplitude amplification predicted

by Miles.

1 Introduction

Offshore structures such as wind turbines, ships and platforms are designed to resist loads and stresses applied by winds,
currents and water waves. These three factors can cause damage or destroy these structures when their effect is underestimated.
Designers and engineers must take into account the effect of not only each of these phenomena separately but also their
interaction, which can increase their adverse effects. In this work, we focus on the impact of extreme waves created from
the propagation of an obliquely incident solitary wave along the side of a ship (a wave-structure interaction), or its impact
with another identical obliquely incident wave (a wave-wave interaction). These two cases are mathematically equivalent since
reflection at a rigid wall (represented here by the ship’s side) is modelled through the boundary condition of no normal flow
at the wall, which is equivalent to the intersection of two identical waves travelling in opposite directions, in which case a
virtual wall is formed. The study of extreme, freak or rogue waves resulting from reflection at a wall or interaction of waves
has spawned different theories in the last 50 years, some of which are new-subsequently reviewed.

The objective of the present work is to apply a theory first introduced in-by Miles (1977a, b) and based on experiments
from Perroud (1957), where he described analytically the behaviour of an incident solitary wave interacting with a wall. For

a specific range of angle of incidence ¢, and scaled amplitude a; of the wave, the reflection of the soliton may result in three
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wave fronts: the incident and reflected waves (of respective amplitudes a; and a,.), as well as a Mach stem wave (of amplitude
a,,) propagating along the wall with an increasing length (see Fig. 1).
This theory holds in the case of small-but-finite wave *s-amplitude, shallow-but-finite water depth, and weak nonlinearity,

that is
p; <O0(e),  a;=0(), forany e<O(1), e

and is based on an interaction parameter, first defined as

K= J% @)

that enables ene-te—predict-the-the prediction of the amplitude and direction of propagation of each wave front. The most

important observation is the transition at £ = 1 from a regular reflection (x > 1) to a Mach reflection (x < 1), which has led to

the following definition of the stem-wave amplification:

4
fork > 1,

=4 THVI=R 3

(1+5)2, for k < 1,

so that aw, = a,,/a; is the quotient of the stem wave and incident wave amplitudes. Equation (3) shows that at the transition
point where x = 1 the stem wave may grow up to four times the amplitude of the incident wave, leading to extreme loading on
offshore structures. The aim of the present study is to develop a (numerical) model that can accurately simulate the evolution
of the stem wave so that the distance and direction of propagation required to reach the fourfold amplitude can be estimated.
A challenging aspect is that it takes a long time and large distance of propagation before the stem wave has reached it-its
maximum amplitude, which was a limit-limiting factor in previous experimental and numerical studies. Kodama et al. (2009)
extended Miles’ theory to the Kadomtsev-Petviashvili (KP) limit, in which the assumptions are
2

2 e, <Ij;’> <€, tan’g; <e, e<O(1), 4)
where Hy, ag and )\ are the water depth, the wave amplitude and wavelength, respectively. While the KP-limit still considers
shallow-but-finite depth and small-but-finite amplitudes, the main difference with Miles’ theory concerns the condition on
the angle ;. Yeh et al. (2010) explained that, eontrary-in contrast to Miles’ theory, wherein the soliton propagates in one-
direction only (the KdV-limit), the KP-limit assumes a quasi-two dimensional approximation, and therefore the condition
tan? p; < O(e) cannot be simplified to ¢? < O(¢) as in Miles’ assumptions. The quasi-two dimensional KP soliton is not
solution of the KdV equation but it can be transformed to an asymptotic KdV soliton via some manipulations detailed in Yeh

et al. (2010). However, the width of the obtained KdV soliton is proportional to

aKp
= 5)
cos? @;

with ai p the scaled amplitude of the initial KP soliton, and it therefore depends on the angle ;. This is physically unrealistic

since the KdV soliton should have the same shape whatever its direction of propagation. For this reason, Yeh et al. (2010)
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brought a "high-order correction” to the solution, setting the amplitude of the KdV soliton to be

GK P

(6)

so that its width depends on its amplitude a4y, but not on any angle. Taking this into account, they slightly modified the
definition (2) of the interaction parameter ~ to

tany; 7
K= ———,
cos piv/3a;

where a; = axqyv /Hy is the scaled amplitude of the incident wave, leading to what we will hereafter identify as the "modified-

Miles’ theory" for the expected stem wave amplification:

4
— forrx>1, ‘
ay={ 1+VI-r=? with = A0%i .
(1+ )2, for k < 1, cos iv/3a;

Using this modified interaction parameter in Eq. (3-7), they found much better agreement between previous numerical simu-
lations (Funakoshi, 1980; Tanaka, 1993) and modified-Miles’ theory. Moreover, Kodama et al. (2009) showed that the stem
wave resulting from the interaction of two solitary waves with small incident angles is an exact solution of the KP equation.
Solving this KP equation, they could describe the exact solution depending on the angle of incidence and the amplitude of
the initial waves, and validate their theory with numerical simulations (Kodama et al., 2009; Li et al., 2011). Both the ampli-
tude and length of the stem wave indeed followed their predictions in the case of regular and Mach reflection. The numerical
scheme could not simulate the highest amplitudes that Miles predicts for x ~ 1. Recently, Ablowitz and Curtis (2013) studied
Mach reflection for the Benney-Luke approximation, showing that, in that case, modified-Miles’ theory applies asymptotically,
leading to amplifications of up to 3.9.

The purpose of the present work is to derive and apply a stable numerical scheme able to estimate the solution over a long
distance of propagation, in order to model high-amplitude waves and to confirm the transition from regular to Mach reflection
happening for x ~ 1. We develop a model similar to the one of Benney and Luke (1964), which is an asymptotic approximation
of the potential-flow equations for small-amplitude and long waves. Whilst it has the advantage of conserving both the nonlinear
and dispersive properties of the waves (essential to the modelling of a freak wave, for instance), it does not require a mesh
moving vertically with the free surface since the model is reduced to the horizontal plane. Pego and Quintero (1999) derived
these modified Benney-Luke equations and Bokhove and Kalogirou (2016) recently used them to simulate a soliton splash
resulting from a wave running in a restricted channel. Their simulations were in reasenablereasonably good agreement with

experiments, which confirms that the Benney-Luke approximation is an accurate model of water waves. The present approaches

are necessary to determine how, in future work, we can impose the line-solitons on the wave makers to generate a fourfold
amplified wave in the middle of a wave basin and measure its impact on offshore structures. The variational technique used
in the present approach enables to express the equations as a Hamiltonian system on which robust time integrators can be
applied (Gagarina-etal;26+6)(Hairer et al., 2006; Gagarina et al., 2016). The space and time Galerkin finite element method
used to discretise the present model ensures the overall conservation of mass, energy and momentum, which are essential in

the high-amplitude and long-distance propagating waves studied here.
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The remainder of this paper is organised as follows: the modified Benney-Luke-type-Benney-Luke-type model is derived
from the variational principle for an inviscid and incompressible fluid (Luke, 1967) in the potential-flow-potential-flow approxi-
mation, using the small-amplitude and small-dispersion scaling of Pego and Quintero (1999). In order to apply modified-Miles’
theory and verify our numerical results against Kodama’s exact solution, the KP limit is obtained from the Benney-Luke ap-
proximation, leading to a new variational principle for KP. A careful scaling is then defined to obtain an asymptotic soliton

solution of our present model, based on the exact solution of the KP equation from Kodama et al. (2009). The corresponding

interaction parameter is consequently derived, leading to another version of modified-Miles’ theory (3-7), later used to com-

pare our numerical simulations with respect to Miles’ expectatlons The pfeseﬂ%appfeaehes—afeﬂee%&afy—teﬂetefmm&hew%e

is-impaet-on-offshore-struetures—Thefinite element method is then used to discretise the equations in space together with the

second-order Stormer-Verlet temporal scheme that ensures stable simulations. Results are finally discussed and compared to

the expectations.

2 Water-wave model
2.1 Introduction

Our water-wave model is derived frem-using a variational approach that ensures conservation of mass, momentum and energy.
In a basic sea state with extreme waves, these conservation properties are essential given the different length scales involved.
Starting from Luke’s variational principle for an inviscid fluid with a free surface (Luke, 1967), a model similar to the one
derived by Benney and Luke (1964) for small-amplitude and long waves is obtained. The (numerical) method developed by
Bokhove and Kalogirou (2016) is used to derive the relevant variational principle for our Benney-Luke model. This asymptotic
model conserves the ron-tinearnonlinear and dispersive properties of the sea waves, which enables comparison with the

Kadomtsev-Petviashvili’s (KP) model for which the modified Miles’ theory Eq. (3-7) applies.
2.2 From Luke’s variational principle to the Benney-Luke set of equations

Water-wave equations are often adequately described by the potential-flow approximation. In the absence of vorticity, the fluid

u = (ug, Uy, u;) can be expressed as the gradient of the so-called velocity potential ¢(x,y, z), such
that #=V¢ou = V(;S The deviation from the surface at rest Hy is defined by n(z,y,t) so that the total depth h(z,y,t) can

velocity

be expressed as h(x,y,t) = Hyo + n(x,y,t) (cf. Fig. 2). We consider a flat sea bed lying at z = 0, with vertical walls at 9,
where ), is the horizontal plane of the bed coordinates Q, = {0 <2 < L,,0<y < Ly}. Luke (1967) described an inviscid
and incompressible fluid with a free surface in the petential-potential-flow approximation through the following variational
principle:

T Ho+n(z,y,t)

1]

0 Q

1 1
06+ 5| Vidl + 5 (0:0)° + g(2 — Ho) | dzddydt, ®)
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where g is the acceleration of gravity. The subseri notes-the-horizontal-plane-ofthe-bed inates-sachthat-v OOy

radient V is defined on , only, such that V = (9,.,9,)7 is the horizontal gradient. The velocity at the walls and sea bed are
assumed to be zero, that is iy—V5==0-1y - V¢ = 0 on 0€2, with ny, the outward horizontal normal, and 0,¢ =0 at z = 0.

The boundary conditions at the free surface z = h and the equations of motion in the domain 2 are obtained from Eq. (8) as

Vilp+0..6=0 in Q, (9a)
O +Veo-Vn—0.0=0 atz=h, (9b)
at¢+%|v9¢|2+%(az¢)2+gn:o atz=h, (9¢)
n, - V=0 on 0, (9d)
d,0=0 at z =0. (9e)

The amplitude parameter € = a/Hy < 1, with a the amplitude of the waves, and the small dispersion parameter 11 = (Hy/)\g)? <
1, with )\ the horizontal wave length, have been introduced by Milewski and Keller (1996) and Pego and Quintero (1999) to
scale Eq. (8). The scaled variational principle is

T  1+eh

o2 1 . 1 A
025// / {ea£¢+€2|v¢|2+26(82¢)2 4+ 50 di dj i, (10)
0Q, O a
where
.V e 1 ~ VgHop .1 ) VE
b= V=g e H, " =gy ad ¢ EHquﬁ (11)

This scaling focusses on small-amplitude long waves. From now on, the hats on the variables introduced in Eq. (11) are omitted.

To derive the Benney-Luke model, the petential-flow—velocity potential ¢ is expanded in terms of the sea-bed potential
¢(z,y,0,t) = ®(x,y,t) and the dispersion parameter 1 ;-as in Bokhove and Kalogirou (2016):

P(z,y,2,t) = @(2,y,t) + pu®1 (z,y,2,t) + > Po(2,y, 2,) + -+ . (12)

Combining this expansion with the system of equations (9) and retaining terms up to second order, Eq. (12) becomes (see

Bokhove and Kalogirou (2016) for details)
p 5
¢5:<I>—522A<I>+ﬂz2A2<I>+O(u3). (13)

Substituting Eq. (13) into the variational principle (10) ;-ene—gets—yields the variational principle under the Benney-Luke

approximation
r 1
1
0— 5// 10+ 500V 4 2 (1 ) [VOP + 5 (A®)? 4 2o | ddy . (14)
0 Qb
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Arbitrary variations in both ¢ and 7, together with boundary conditions a—V$®-=0-andn-AV®=0n-V® =0andn - AV® =0

at 0§, with nn the normal pointing outward, lead to the Benney-Luke equations
: K € 2,
on: 8t<I>—§8tA<I>+§\V<I>| +n=0, (15a)
2
5P : 8m—g8tAn+V~((1+en)VfI>)—§MA2<I>:0. (15b)

These-equations-Equations (15) will be solved numerically as explained in Sec. 4. However, to test our Benney-Luke model
on modified Miles’ theory (3-7), it must first be compared to the KP theory for which Kodama et al. (2009) have shown that
modified Miles’ theory holds.

2.3 From Benney-Luke set of equations to the Kadomtsev-Petviashvili equation

The Kadomtsev-Petviashvili equation for small-amplitude solitons can be derived from the Benney-Luke variational principle

(14) and Egs. (15) through the transformations

€ € € €
X=,/—(x—-1), Y =—y, T=¢€,/—t, U=,/—-0 and n=n. (16)
\fu( ) N V Vit =

Substituting scalings (16) into Eq. (15a), n can be expressed from ¥ as
2 2 3 3

€ € € € €
—(Ux)? — —(%)HEWTXX— S Uxvy + 5 ¥ryy. (17)

€
=Ux—eV,—-U -
n X —€ 5 XXX 5 5

Substituting Eq. (16) into the transformed variational principle (14) yields

T
2
€ €
0= / / [n(ewf W) S (W~ Wx) + G (W — Uy
0 O

agben) (04 e(0)?) 5 (0 € (0yy)?) 4 22| axavar a8)

Subsequent elimination of 7 using Eq. (17) and truncation to O(€?) gives the variational principle for KP in terms of n ~ U x:

T
1 1 1
0:65// [\I:X\I/T+2(\IJX)3 - 6(\I/XX)2+2(\IJY)2} dX dY dr (19a)
0 Q
i 1
:e//a\P |:—2\I/XT—3\I/X\IJXX - E\IJXXXX —\I/yy:| dXdY dr. (19b)
0 Qb

Note that we consider an infinite plane, with ¥ vanishing at the boundaries |X,Y| — oo, such that the boundary terms arising
from the integrations-by-partintegration by parts vanish in Eq. (19b). Since dV is arbitrary, the variational principle (19) yields

the following equation for the leading-order scaled potential W:

1
20, +3UxUxx + g\IjXXXX +¥yy =0. (20)
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From Egq. (17), at leading order in O(€), ) can be expressed as n = ¥ x and, therefore, taking the partial derivative of Eq. (20)
with respect to X leads to the KP equation for 7:
1
27 +3mx + gnxxx | +nyy =0. 2D
b'e
The-A solution of the KP equation (21) is found by substituting the following Ansatzansatz soliton solution, the form inspired
by Yeh et al. (2010) Eq. (9), into (21):

n(X,Y,7) = Asech® [B(X + Y tany — C7)], (22)

where ¢ is the angle of incidence, A is the amplitude of the soliton, and B and C ar-are coefficients to be determined via direct

substitution. The KP soliton is then found to be

\/%A(X—FYtantp— CT)

1 1
with C = §A + itan2 @, B=+4/3A/4 and A the prescribed amplitude. Using Eq. (17) at leading order, i.e. n = ¥, the

solution for ¥ thus becomes
4 3
U(X,)Y,7) =1/ §A {tanh (\ / ZA(X—FYtangp - CT)) + 1} . (24)

3 Comparison with modified Miles’ theory and Kodama’s exact solution

n(X,Y,7) = Asech? : (23)

3.1 Introduction to Kodama’s exact solution

Kodama et al. (2009) have studied the reflection pattern for a-"symmetric V-shape initial waves consisting of two semi-infinite

line solitons with the same amplitude", in a system of coordinates (X' Y, 7) related to our system of coordinates (16) (X,Y,7)

via
1/3 2/3 4/3
- 3 - 3 1/ 3
X=[(= X, y=[-"2 Y, == —= ., and 7F=v2r. 25
(%) () =i(m) @
They solved the KP equation
477 + 6l + 75 3 5] % + 30y =0, (26)

for which the surface deviation solution 7} is given by

fj = Asech® \/é(XJrYtancﬁfC’%) , 27

- ~ -1 -
where A is the amplitude of the soliton, ¢ is the angle of incidence at the wall, and C' is a constant defined as C' = §A+
3
1 tan? . They showed that in this specific case, the transition from regular to Mach reflection occurs when
tang = V2A. (28)
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Moreover, Kodama et al. (2009) defined exactly the incident, reflected and stem solitons resulting from the interaction as
a O-type soliton in the case where tanp > \/ﬁ, and a (3142)-type soliton in the case where tan¢ < \/ﬁ The O-type
soliton consists of two line-solitons travelling in the x—direettonz—direction, each having a specific amplitude and angle with
respect to the y—axis-y—axis (see Fig. 3). The (3142)-type soliton consists of two other line—solitons, also travelling in the
x—direetion-r—direction with their own amplitudes and angles with respect to the y—axisy—axis, but this soliton also has the
property to be non-stationary, i.e. that while it propagates along the x—axisz—axis, a new line—soliton is progressively created
and grows parallel to the y—axis—y—axis at the intersection of the two initial line—solitons. In the case of both O-type and
(3142)—type solitons, one can-indeed-assoetate-one-of the line—soliton can be associated to the incident solitary wave presented
in the introduction, the second line—soliton-line—solitons to the reflected wave (with a different amplitude and angle), and
the intersection of the two line—solitons as the stem wave, growing in length only when the angle of the incident wave is
smaller than the critical angle (28). These two solitons are represented in Fig. 3, obtained from Kodama et al. (2009). A
comparison between these theoretical solitons and those obtained numerically from the V—shape initial soliton showed very
good agreement, confirming that the incident, reflected and stem waves described by Miles are indeed asymptotically equivalent
to the O—type and (3412)-type solitons, depending on the initial angles. In the case of a symmetric initial pattern, that is for
two initial line—solitons of equal amplitude and angle of incidence, Kodama et al. (2009) gave the expression of the maximal

amplitude of the intersection wave, as

1 = =
§(tan<ﬁ +V24)?  for tanp < V24,

4A _
Omax = = for tangb >V 2A. 29)
(144/1- —5=)
tan?

Since the condition tan @ = /24 is equivalent to Miles’ condition x = 1, we can define the interaction parameter correspond-

ing to the KP equation (26) as

jo ane (30)
24

Substitution of the interaction parameter (30) into the amplification expectations (29) indeed yields Miles’ predictions (3) for

Oy = ama.’r/le-
3.2 Application to the present Benney-Luke model

In Sec. 2.3, the Benney-Luke model was reduced to the KP equation (21). This equation for the surface deviation 7 is slightly
different from the one used by Kodama et al. (2009), and introduced in Eq. (26). In order to compare our numerical solutions to
Kodama et al. (2009)’s results (29)—(30), our KP equation (21) is (re)scaled using the coefficients introduced in Eq. (25), which
yields Eq. (26) used by Kodama et al. (2009). Sinece-we know-that-the KP-soliton-defined-in-Using the same transformations
Eqg. (25) in the KP soliton solution Eq. (27)is-a-selution-of-the-, we can obtain a solution for our KP equation (26) we-may

AN AA RN AN AN AN AR AANAANAAAAS

transform-it-back-to-the-initial-in terms of the original variables (X,Y,7,7) introduced in Eq. (16)to-get-the-exact-sotutionef
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the above solution (27)+-31) and E-are-given-by-

3 ,4/3~ 4 ]/3~ 3 1/3
A=3( — A, C=|-= C, tany = [ — tan @,
(5) A o=(3) & wme-(5) we

the previously presented solution (23) can be established by applying the following transformations

in Eq.(31)becomes-
n = Asech? \/ZA(X+YtangafCT) (23)
3\ Y3 AN /3 3\3

1 1
with C' = §A + 3 tan? ¢, which is indeed the solution (23) derived in Sec. 2.3. Therefore, applying scaling (32) to the critical
condition (28) yields the critical condition for Eq. (21) and solution (23)as-, given by

tany = V3A. (33)

When-we-We then apply scaling (16) to transform solution (23) for 7 back to the original Benney-Luke approximation Eq. (15)
used in our simulationstusing-sealing(+6));-, in which case the asymptotic solutions for n and ¥-® become

3
n(z,y,t) = Asech® |, / ﬁA (x —zo+Ve(y —yo)tanp+ (t —to) (1 — C’e)) , (34a)
i 3e
O(z,y,t) = B—A tanh 4—A(x—x0+ﬁ(y—yo)tan<p+(t—to)(l—Ce)) +1], (34b)
€ 2
where the soliton has been localised around the position (zg, o) at time ¢ = ¢¢. Finally, by setting
A 1 1
a; = A, tan; = v/etan, and C= iai + 2—tan2 Vi, (35)
- €
the solutions (34) of the Benney-Luke equations can be rewritten as
5 3e A
n(x,y,t) = a; sech % x—x0+ (y—yo)tanp; + (t —t9)(1—Ce) | |, (36a)
i
4u 3e R
D(z,y,t) = 3¢ % tanh W (m—xo—l—(y—yo)tan(pi—i—(t—to) (1—Ce)) +11. (36b)
€ i
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This solution is used as initial condition at time ¢ = 0 in the simulations. Condition (33) defines the following relation between

i, a; and € in our Benney-Luke scaling, for Eq. (15):

tanp; = v/ 3ea;. 37
This condition is equivalent to Miles’ condition £ = 1 and therefore we can define our Benney-Luke interaction parameter as
tany;

KBL = . 38

BL= e (38)
Notehowever-, however, that taking into account the remark from Kodama (2010) about the quasi two-dimensionality of the
KP limit, as explained in introduction, the interaction parameter defined in Eq. (38) must be corrected to

taney;

p z (39)

L= coscp“/?)eai’
in order to satisfy Miles’ predictions (3). One-can-see-from-As _shown in the potential-flow equations (9) for the Benney-

Luke approximation, that-the small amplitude parameter € is defined as e=-a/hge = a/Hy. Therefore, in the specific case
where a; = 1 and e=-¢axqv/hoe = aggy /Hy, the interaction parameter (7) is recovered. The diagram in Fig. 4 summarizes
summarises the equations and solutions derived thus far, in each scaling. In the next section, we explain how the Benney-Luke

system of equations are diseretized-discretised in both space and time in order to be solved numerically.

4 Numerical implementation

As a first step in the computational solution, the Benney-Luke model needs to be diseretized-discretised in space and time, on

a meshed domain. This section explains the methods used to diseretize-discretise the domain and the equations.
4.1 Space diseretizationdiscretisation: Finite Element Method (FEM)

A continuous Galerkin finite element method is used to diseretize-discretise the solutions in space. The variables 1 and ¢-® are

approximated by the finite element expansion-
m(z,y,t) = nit)ei(z,y),

expansions

where the subscript & denotes the diseretized-discretised form of the solutions with basis functions ¢;(x,y), and i, j € [1, N]
with 2N unknowns. The Einstein notation for the implicit summation of repeated indices is used. Substituting-expansions<40)

0= 5/ / {‘Pj'/j@icbi + %T/j(in\Pj Vi + 5(1 +€pn; )@V - Vo + §<1>7:<I>jA997:Asaj + 5 ieinim; | A dt,
0 Qb

10
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T
. . 2
0= /6(1)1’/ {— 551 = 515V Vit (L+enjo;) 2V Vi + Squ’.iﬁsﬁ.jAw} Sy

0 Qb

. A . €
+6m; / |:‘Pi‘79jq’j + %V%Vw(ﬁj + §9oi<l>,7<1>zV<ij<pz + me]} Ay dt.
Qp

To avoid the second-order derivative in the fourth term of the variational principle Eq. (14), the auxiliary variable
2
q(l’,y,t) = —§A¢($7y7t)7

is introduced, so that, in the variational principle Eq. (14) --the term %(A(I))Q can be written as

SUIRS

(AD)? =p <§(A<I>)2 - ;(A@)Q) =pu <—§VA<I> Vo — i(zA@F) =pu <Vq Vo — ti) ,

which leads to the variational principle

=i/

0

dQy dt.

1 3 1
N0y ® + gvn 0, Ve+5(1 +en)|[ VO + (Vq Vo — 4612) + 5772

In keeping with Eq. (40), second-order Galerkin expansion for ¢ is now expressed as

an(z,y,t) = ¢i(t)pi(,y).

(41)

(42)

(43)

(44)

Substitation-of-the-Substituting expansions (40) and (44) into the variational principle (43) yields the diseretized-variational

prineiple—its-variations with-0$;{0)-=0$;{F)—bead to the-weak formulations in-matrix-form-as space_discrete variational
principle
T
o 1
OZ&//[@jnj@iq)i“ranq)iVQDj'V@i‘f'2(1+€<Pj77j)¢’iq)lv§0i'v§0l
0 Q RS

3 1
+u (%“I’jv% “Vp; — 4%‘%%%’) + 2%‘%'771'773} dQy dt,

11

(45)



with @,

the time derivative of ®;. Its variation with temporal end-

T -
. .
0=/5<I>i/ —TIjSOj%'—277jV<Pj'Vsoi+(1+€7Ij90j)q’zvsﬂiv<ﬁz+ﬂqgv%'V%}dﬁb
0 QT S N A A A A A A A A A A A A A A A A A A A A AN A A AN AN AN AN AN AN AN AN AN AN

A AN

[ . n . €
+5m/ 0i0i i+ GVeiVe; i+ S0i®; ®iVe; Vi + nj@i@j] dSh,
Q P A A A A A A A A A A A A A A A A A A A A A A A A A AT

[ 3
+5qz‘/ M‘I’jV<Pi'V<Pj—§Qj%@j Ay dt. (46)
T R e

5 A matrix form of Eq. (46) can be found in Bokhove and Kalogirou (2016). Rather than using this matrix form directly, we enly

accommodate-the-spatial-diseretization-accommodate only the spatial discretisation using Firedrake (Rathgeber et al., 2016;
Balay et al., 2016, 1997; Dalcin et al., 2011; Hendrickson and Leland, 1995), "an automated system for the portable solution
of partial differential equations using the finite element method (FEM)". This automated system uses the finite element method

to solve partial differential equations, and requires specification of the following:

10

the domain in which the equations are solved, and the kind of mesh to use (e.g., quadilaterals, the spatial dimension,

etc.);

the order and type of polynomials used;

the type of expansion for the unknowns (e.g., continuous Galerkin, Lagrange polynomials etc.);

the function space of the unknowns and test functions:-and;finatly, and;

15

the weak formulations diseretized-discretised in time.

In the present case ;the domain is defined as a horizontal channel ending in an oblique wall, and quadrilaterals are used for its
diseretization-discretisation (see details in Sec. 5.1.2). Here, we chose to use quadratic polynomials to expand ®, ¢ and 7. The
resulting weak formulations implemented in Firedrake in terms of ®;,, q; and n;, are the following:

T
5<bh : 0:// l—@tnh&bh— gv&tnh-Vﬁ)h—k(l—kenh)Vd@h~V<I>h—quh~V5<I>h dedt, (4721)

0 Qp

T
3
20 dqp: 0= //u [théqh — Vg - Vo, | dQy dt, (47b)
0 Qp

T
677h . 0= // [5nhat@h + %Vénh Vo, Py, + T]h5?7h + §6nth>h -V®,, | dQ, dt. 47¢)

0 Qp

12
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The forms given in Eq. (47) are convenient since they highlight the unknowns ®;, ¢;, and 7;, as well as the test funetion

functions 6®y,, dgy, and d77,. The final step is to diseretize-discretise the equations in time, with a second-order Stormer—Verlet

Stormer-Verlet scheme, as explained in the next section.

4.2 Time diseretizationdiscretisation: second-order Stormer-Verlet-Stormer-Verlet scheme

The-space-diseretized-After incorporating the FEM-expansions, the space discretised form of the variational principle (+443)

can be written in the Hamiltonian form
r d
0:5/ Mij—FBA,‘j @iﬁ—H(Qi,rh) dt,
~ 2~ dt
0

where

, ' Iz
M;; = / {«mw + §V%¢'V@j] dxdy,
2

and-the Hamiltonian-0,;; and A, are the mass and stiffness matrices, respectively defined as

M;; = /cp,;goj dz dy and Ay = /V(pi-Vgpj dzxdy,
Q &

and the Hamiltonian is

1

1 3
H(¢i,m;) = 5(1 +eng)®i®;Sijr + 1 (%’(I)inj - 4QinMij) + 277i77jMij7

where

Siij/sOkV%'V%de-
Q

Gagarina et al. (2016) have shown that, for a generic Hamiltonian system in the form

T
SL(P,Q,t) = 5/ (P‘iiff2 - H(RQ)) dt,
0

(48)

(49)

(50)

(5D

(52)

robust variational time integrators conserving the overall mass and energy can be apptiedformulated. To derive these time

schemes, P and (Q are diseretized-discretised on each time interval [t",#" 1] as the approximated momentum P and coordi-

nate Q" s-and expanded with coefficients P? and ) and linear continuous basis functions «-and+2¢™ and )™;

PT=QMp!™ (1), QT =QY(1).

13
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The linear basis functions ¢-and+-¢™ and 1™ are continuous within each time interval, but admit discontinuities at the
interface between two time slots. Therefore, to diseretize-discretise Eq. (52), the notion of jumps [[.]] and average-averages

{{.}}7 for a timedependent-time-dependent function d(t) must be introduced (Gagarina et al., 2016):

[[d]]

L =dbT—dvt, and  {{d}}]

Lyt =ad"™ + ﬁdn’-i_. (54)

The coefficients v and /3 are real numbers defined such that o+ 8 =1 and «, 8 > 0. The notation d™* denotes the left and
right traces of d(t) at time #7¢", that is

d™* =limd(t," +e). (535)

e—0
Diseretization-Discretisation of the variational principle Eq. (52) then yields (Gagarina et al., 2016)

N-1

SLT(P7,Q7,t) [Z / ( dQ—H(QT,PT)>dt—Z[[QT]]{{PT}}Q

n=-—1

e | (56)

where N-1V is the number of finite time intervals f75t7=F[¢",¢" 1] that divide the time domain [0,7]. Gagarina et al. (2016)
showed that to obain a second-order Stormer—Verlet-Stormer-Verlet scheme, P and () must be diseretized-with-a-discretised

with trapezoidal and mid-point rules respectively, that is:

tn+1 n t—t" 1
PT = P" prraT 57
AL AL ) (37
2At=t") pusrjz | AT - ot
T _ n o 58
Q A g LA 2o, (58)
Substituting Eq. (57-58) into the diseretized-discretised variational principle (56) yields (Gagarina et al., 2016)
N-1 At
SLT(PT.Q7.1) =0 l 3 ((an+ £ PILT) QU - Q) = S (H(PM Q) 4 H(PMT, Q) )
n=0
N-1
_ Z (2Qn+1/2 _ Qn,—‘r _ Qn—i-l,—i-) (aPn-‘rl,— + 6P'n+1,+)‘| . (59)
n=-—1

Its-variations-with- The variational principle, when augmented by end-point conditions §(2Q /2 — Q~1%) := §Q%~ =0 and

oP%™ =0QN* = 6PN+ =0, andtogether with conditions [[P]];, =0 and Q" =e@™*+5Q-Q" = aQ™ ' + SQ™ ",
with @ € [0.5,1] and 8 =1— « (Gagarina et al., 2016), yields the following second-order Stermer—Verlet-Stormer-Verlet

scheme:

g 8H(P”+1/2, Qn)

n+l/2  _ n
P P2 50 7 (60a)
At aH(Pn-i-l/Q Qn) aH(Pn—i-l/Q Qn—i—l)

n+1 _ n_ = ’ ’

Q = Q"+ 9 ( opn+1/2 opPnt1/2 ) (60b)

At aH(Pn+1/2 Qn+1)

n+l n+1/2 =Y )

P P . o , (60c)

14
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with the stability condition
wAt| <2, 1)

with-where w the-waves™frequeney-is_the (maximum) frequency of the discrete waves. Setting the vectors P = {®;} and
Q="1m1Q =1 | Mi; + B A )\ , the variational principle (48) for Benney-Luke equations can therefore be diseretized

discretised as in (60), leading to Eq. (A1) in Appendix A. Since the space diseetization-discetisation is performed internally
within Firedrake, the weak formulations (A1) can be implemented with the full form of the variables ®, ¢; and 7;, and test

functions 6®y,, dg_and dny, yielding
Wﬁﬁﬁ%ﬁ%ﬂ%&%ﬁmﬁdﬁ%ﬂ&%ﬁm@g\g@m of Eq. (47), namely

n n t n n
0= / (@h““ - @g) S+ gv(snh v (<1>,f”2 - <I>;;) +5 [nganh + ganhv%“/? : V<1>h“/2} o, (62a)
Qp
0= / ( 2 s — 7V5qh Vet 2) A, (62b)
Qp

0= /(n;;+1 — i) 001+ EV0®, -V (1 — ) —A;[((Heng)va@h-wz““—w 2 vea),)
Qp

+ ((1 F etV - VO — vt V(S(bh)} sy, (62¢)

0= / (@3t =@ ) omn+ S Vom, - 9 (077 — 0 t2) + % [ o+ Soma Ve vt aay. 62a)
Qp

Timesteps (62a), (62b) and (62c) are implicit, while step (62d) is explicit. Although the equations are nonlinear, ene-can-see
that-the steps (62b), (62c) and (62d) are linear with respect to the unknowns, qhH/ 2, n,’f“ and (IJZ“,Nrespectively. Therefore,
linear solvers are used to solve these-the three weak formulations +-(62b,c,d), which reduces the running-time-computational
cost by assembling the Jacobian matrix only once instead of computing it at each time step. The implementation of these-linear
and-non-linear-such linear and nonlinear solvers is straightforward in Firedrake, since functions that solve weak formulations
for specific unknown and test functions already exist (Rathgeber et al., 2016; Balay et al., 1997, 2016; Hendrickson and Leland,
1995; Dalcin et al., 2011).

5 Numerical results

In this section, the domain is specified and diseretized-discretised in order to evaluate ® and 7 numerically. The numerical
evolution of the stem-wave’s-stem-wave amplitude is compared to the expeetations-predictions from our modified-Miles theory

Eq. (3) and Eq. (39). Finally, the angle of propagation of the reflected and stem waves are measured and compared to the

expectationsvalues predicted by theory.
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5.1 Definition of the domain
5.1.1 Orientation of the channel

The interaction of two solitary waves can be modelled using either two obliquely intersecting channels, with incident solitons
propagating along each channel (see scheme (a) in Fig. 5), or from the reflection of a soliton at a wall with the no-normal flow
condition at the wall (see scheme (b) in Fig. 5). While the first case (a) is more relevant to the theme of this paper, we choose
to model the case (b) to reduce the size of the domain by half and thus to reduce the simulation-timecomputational cost. Since
the cases (a) and (b) are mathematically equivalent, the results and conclusions obtained with half of the domain will also be
valid for the intersection of two oblique channels.

The domain is described by the length of the wall L,,, the length of the channel L., and the angle of incidence ;. The
channel needs-te-should be long enough, compared to the wavelength of the incident wave, in order that-the-boundaries-are-for
the boundaries to be far enough from the initial soliton to be considered as being atinfinityinfinitely distant. From Eq. (34), the
width of the initial soliton depends on \/?m/Tu and since p is set to 0.02 for every simulation, the width of the soliton varies
with € -from 2.5 (when € = 0.20) to 4 (when € = 0.12). We set L. = 5 to leave enough space between the extremities of the
soliton and the boundary of the channel for every case, for the extremities to be considered infinitely distant from the soliton
boundaries. To allow the stem wave to grow and reach its maximal amplitude, the wall also needs to be long compared to the
wavelength. This constraint was a limit in previous numerical and experimental studies (Tanaka, 1993; Li et al., 2011) ;-since
it requires robust and stable numerical schemes and large wave basins. We set the wall length to 200 < L,, < 600 depending
on the value of € s-that is, more than 100 times the ineident-wave-incident-wave width. When considering half of the domain
as-represented in Fig. 5b, we ean—chose to set the wall in the x—er—y-direetionz—direction, in which case the initial soliton
must propagate in an oblique direction and is therefore equivalent to a KP soliton, as defined in Eq. (36);-or-. Alternatively,
we can let the initial soliton propagate in the x—er-y-direetionz—direction, in which case the wall is oblique and the expression
of the KP-type soliton (36) can be simplified to a KdV-type soliton propagating in the x—(ery—)-direction;-as-r—direction, as

RARARTERAN
Drazin and Johnson, 1989)

n(x,y,t) = a;sech? [Mi;ai (xx0+(tt0) (lé’e)) , (63a)
_ e 3€ (s _ ¢
D(x,y,t) = \/; [tanh( 4Maz (x 2o+ (t —to) (1 C’e) )) +1]. (63b)

The behaviour of the incident and stem waves in the ease-cases of an oblique incident soliton (36) and a soliton propagating in
the z-direction only (63) are compared in Fig. 6. The initial solitons have amplitude a; = 1.0, smat-amplitude-small-amplitude
parameter € = 0.14 and small-dispersion-small-dispersion parameter ;¢ = 0.02. The angle between the direction of propagation
of the solitons and the wall is ¢; = 7/6 in both cases. The dashed lines represent the evolution of the interpolated amplitude
of incident solitons with time. While the initial amplitude was a; = 1.0 in both cases, we observe that both amplitudes first
increase before decreasing to an asymptotic value ;-slightly smaller than 1.0 (a; = 0.93). This behaviour is not expected for

solitonssinee-they-, which should keep a permanent shape. However, we solve here the Benney-Luke equations for which the
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KP soliton is only an asymptotic (and hence not exact) solution —We-because we recall that the transformation (16) from
the Benney-Luke model to the KP theory is not exact since it requires a trunctation to O(e?). In the numerical simulations
represented in Fig. 6, ¢ = 0.14 so the condition € < O(1) is respected only asymptoticallywhich-might-beresponsible-for-this

; this is a possible explanation of the observed variation of amplitude. One-can-hewever-see-from-FigFigure. 6 shows that
the incident KP and KdV-type solitons (36) and (63) converge, and that both do so to the same surface deviation, a; = 0.93.

This same limit shows that the approximation error from Benney-Luke to the KP soliton is asymptotically the same as from
Benney-Luke to KdV. The stem-waves-stem-wave amplitudes (solid lines in Fig. 6) resulting from the interaction of the KP-
type (36) and KdV-type (63) initial solitons with the wall evolve-in-exaethy-the-same-way-are both amplified at the same speed
and with the same amplification factor, which confirms that the KP-type and KdV-type initial solitons (36) and (63) give the
same results. The small variations in the curves are due to the mesh resolution which is not fine enough to seeure-resolve a
regular amplitude. However, this-the computed approximation is sufficiently accurate to provide an estimate of the asymptotic
amplitude of the stem wave. Since we have demonstrated that the two types of initial solitons (36) and (63) evolve similarly
to give the same results, subsequent simulations will be conducted using only a unidirectional soliton, as defined by Eq. (63),

which is a solution of both the KP and KdV equations.
5.1.2 Mesh

In order to evaluate ® and 7 at ap-arbitrary-timeany position in the channel, the domain is discretised using quadrilaterals. This
is done using the mesh generator Gmsh (Geuzaine and Remacle, 2009). Since the domain is large, we define a heterogeneous
mesh within-which-with areas of higher refinement along the wall, where the solution needs to be more accurate. Moreover,
the end of the domain is truncated with a blunt wall instead of the sharp angle, to avoid boundary quadrilaterals having internal
angles that are too acute. The final domain comprising different mesh refinements is represented-presented in Fig. 7, in which

the insets show the aforementioned refined mesh and right-hand boundary quadrilateral elements.
5.2 Amplification of the stem wave

The numerical amplification of the stem wave is compared with the predictions of modified-Miles’ theory applied to our

Benney-Luke model (3) and (39), namely

4
— fork>1,
ap =14 1+V1—k2 3)
(1+ k)2, fork < 1,
with g = PP (39)

cos ;+/3€a; '

The interaction parameter defined in Eq. (39) depends on three parameters: the scaled amplitude of the incident soliton a;, its
angle of incidence ;, and the small-amplitude-small-amplitude parameter e. From Miles’ theory, a change in these parameters

will modify the behaviour of the reflected and stem waves. Figure 8 shows a comparison between predictions (3) and (39)
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and numerical simulations for the maximal amplification of the stem wave. The amplitude and angle of incidence of the initial
soliton are the same for each of the simulations, with values a; = 1.0 for the amplitude and ¢; = 30° for the angle of incidence.
Only the small-amplitude parameter € changes in the different cases, taking values from 0.12 to 0.20, which leads to different
interaction parameters and thus different evolutions of the stem and reflected waves. Fhis-Variation of € is an alternative choice
than the one made in the work of Ablowitz and Curtis (2013) where, for a specific €, they run—compute simulations with
varying amplitude and angle of incidence—This—; this enabled them to show that the small-amplitude parameter € has only a
weak impact on the amplification of the stem wave for x < 1 but limits the amplification, with a decrease of O(e) close to the
resonant case k = 1, leadingfer-instanee-, for example, to a maximal wave amplification of 3.9 when epsilon = 0.1. Despite
this asymptotic limitation in the wave amplification, the purpose of the present simulations is to model wave amplification in
various sea statestates, with various depth-depths of water and characteristic wave heights, and we do so by using different
values of ¢, sinee—wereeall-recalling that the small-amplitude parameter € is the quotient between the characteristic wave
height and the water depth. This-Modelling various sea-states will allow the maritime industry to test waves ~impact on a
wider range of structures, since different structures are used in different sea states. Moreover, the ineident-wave-incident-wave
amplitude varies slightly when propagating along the basin—This-ehange-, which has a high impact on the predictions;sinee
. Indeed, a small change of order O(1072) in the ineident-wave-incident-wave amplitude implies a change of order O(1072)
in the interaction parameter, which can lead to a prediction variation of up to O(10~!) near the transition case x ~ 1sinee-,
where the expected amplification varies dramaticallyin-this-area. The amplification a,,/a; is also affected by a change in the
incident amplitude a;. It is therefore necessary to use the accurate value for the incident amplitude. To-ebtain-In performing the
computations required for Fig. 8, we defined the maximal amplification as follows: when the stem wave reaches its maximal
amplitude a,,,,,,, we measure the amplitude of the incident wave a; at the same x-pesition—This-z—position. The new incident
amplitude a; is used to adjust the interaction parameter -and to compute the amplification of the stem wave o, = ay,,, ., /a;.
The 1

grid refinement is 0.25 x 0.25 in the finest
area (e.g. at the wall), and 0.4 x 1.5 elsewhere. The numerics follow the theoretical curve, but a slight difference between the
present results and those expected from modified-Miles is noticeable. As alluded to beforehand, we assume that this is due
to the fact that the soliton used as an incident wave is an asymptotic but not an exact solution of the Benney-Luke equations.
The scaling from Benney-Luke to KP is not exact but asymptotic, with a truncation at second order, which leads to a slight
difference in the final wave amplification. This observation agrees with the conclusions of Ablowitz and Curtis (2013) on
the asymptotic amplification of the stem-wave-stem-wave in the case of the Benney-Luke model. The shift is probably also
increased by the mesh resolutionthat-, which could be optimised to get a better estimate of the ineident-wave’s-amplitude-and
incident-wave amplitude in order to limit the error caused by its approximation. New simulations with higher mesh resolution
are expected to verify the current results. However, the present Benney-Luke model still predicts very-well-the evolution of the
stem-wave-amplitade-stem-wave amplitude very well, enabling it to reach up to 3.6 times the initial amplitude. The stem-wave
maximal amplification is reached for x = 0.9733, marginally smaller than the x = 1.0 predicted by Miles. While the model
from Kodama et al. (2009) eoutd-prediet-perfectty—is expected to predict the evolution of the stem wave based on the KP

equation perfectly, they were unable to reach more than 3.2 times the initial amplitude in their numerical simulations.
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5.3 Angle of the stem and reflected waves

Miles’ s-theory also predicts different directions of propagation of the stem and reflected waves in the cases of regular and

Mach reflections. While in the first case, characterised by x > 1, the angle of the reflected wave ¢, is expected to be equal to

the-ene-that of the incident soliton ¢;, it should become larger than ; in the case of Mach reflection, i.e. when x < 1:
or=; for kK>1

(64)
wr >, for k<1

Moreover, in the case of regular reflection, the stem wave is expected to propagate along the wall with a constant length, while

for Mach reflection, its length should increase linearly to-make-a-pesitive-while propagating with a non-zero angle ¢, with the

wall:

=0 for xk>1 65)
Y >0 for k<1.

Predictions (64) and (65) are-new-being-checkednumerically-were checked numerically as discussed next.

5.3.1 Regular reflection

Figure 9 shows numerical results and expeetationsfor-the-speeifie-predictions for the case where x = 1.12 > 1. The wall makes
an angle of 30° with the direction of propagation of the initial solitary wave, hence ¢;equals-30°-On-; = 30°. In the bottom-
right plot of Fig. 9, ene-ecan-measure-there is an angle of 60° between the reflected and stem waves which means that the angle
@, between the reflected wave and the line perpendicular to the wall is equal to 30°, that is, equal to ;. This observation holds
at any time and therefore the expectations (64) for the reflected waves are satisfied in the case of regular reflection. The stem
wave propagates along the wall without increasing in length, and therefore no angle can be measured between the stem wave
and the wall —i.e., ¢, = 0, as predicted in (65) for regular reflection. These results, together with Fig. 8 for the amplification

of the stem wave, confirm modified-Miles’ theory in the case x > 1 +for both the reflected and stem waves.
5.3.2 Mach reflection

Figure 10 shows numerical results and schematic expectations for the propagation of the reflected and stem wave for xk =

0.58 < 1. In the bettom-right-plot-ene-can-first-measure-bottom-right sub-figure, the angle between the incident and reflected
waves can be measured, as represented in the top-right-seheme—top-right sub-figure, in order to check that ¢, is larger than
;. The total angle ¢, + ¢; measures 70°, with the initial incident angle set to ; = 30°. Therefore, ¢, measures-is 40°and-,
which is indeed larger than ;, which-eorresponds-to-the-thereby agreeing with our predictions. The top-right-seheme-top-right
sub-figure of Fig. 10 also shows that the stem-wave-stem-wave length should increase linearly to form an angle ¢,, with the
wall. In the bettem—right-bottom-right figure, a top view of the numerical results at different times from ¢ = 0.28 to ¢ = 1.12

highlights the increase of the stem-wave’s length as it propagates along the wall. The dashed orange line that connects the

solutions s-eonfirming-confirms that the wavelength increases in-a-tinear-waylinearly.
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6 Conclusions and discussions

The present model Eq. (15), together with the new scaled interaction parameter (39), shows good agreement, with the predic-
tions from-Milesconcerning-of Miles, regarding the amplification of the stem wave and the angles of the reflected and stem
waves. S ifer imes-Two different regimes can be observed in the numerical results, with differ-
ent behaviours of the waves in the case of Mach and regular reflections—Fhis-, which confirms the conclusions obtained by
Ablowitz and Curtis (2013) concerning the ability of the Benney-Luke model to predict reflection of obliquely incident solitary
waves. Presenthy;-our-Our simulations do not allow determination of the exact value of the interaction parameter at the transi-
tion from Mach to regular reflection, but currently the maximal amplification is reached at x = 0.9733, which is very close to
the predicted maximal amplification at x = 1.0. The maximal amplification obtained atthe-momentherein is «,, = 3.6 which
is higher than the amplifications obtained with most previous models and experiments (Kodama et al., 2009; Li et al., 2011;
Tanaka, 1993; Funakoshi, 1980), but still slightly lower than the expected 3.9 amplification from Ablowitz and Curtis (2013).
This agrees with the conclusion of Ablowitz and Curtis (2013) concerning the impact of € on the amplification near xk = 1.
While he-they obtained the maximal amplification ¢, = 3.9 for € = 0.10, our amplification a,, = 3.6 is obtained for € = 0.17,
which is larger than 0.1 and thus leads to a larger difference with Miles’ prediction of o, ~ 4. Moreover, thanks to the robust

schemeus

-, which ensures stable simulations over the large domain despite the
different length scales involved, eur—present-used to derive and discretise our equations, our model is the first model able to
describe numerically the dynamic development of the stem wave up to such high amplitudes. Previous studies (Kodama et al.,
2009; Li et al., 2011; Tanaka, 1993; Funakoshi, 1980) eeuld-net-were not able to attain such high amplifications because of
numerical limitations such as expensive computational time. Ablowitz and Curtis (2013) obtained the highest numerical am-
plification v, = 3.9 by considering the final stateinitialised-immediately-yet, initialised asymptotically using the KP two-line
solution. This last approach gives an accurate understanding of the asymptotic maximal amplification of the stem wave with
the BL model, but does not describe the development of the stem wave along the wall. The description and understanding
of the wave propagation along the wall is however fundamental for application purposes. The present results, although cur-
rently limited-by-thenot optimal in terms of computational time, are therefore a necessary improvement for the application of
obliquely interacting solitary waves in maritime engineering. More advanced simulations should enable determination of the
value of « at the transition from Mach to regular reflection, and to reach higher amplification of the stem wave.
One-can-point-out-There are some limits to the current model. As already concluded in previous studies, the wave needs to
propagate over a long distance (relative to its wavelength) in order to reach its maximal amplitude. Consequently, the numerical
domain needs to be large, and the mesh fine enough to estimate the waves-wave crests accurately. This numerical requirement
increases the computational time. One-must-therefore-find-a-A compromise between the accuracy of the simulations and the
running time is_therefore needed. This constraint is all the more important in that near the transition from Mach to regular
reflection a slight change in the incident wave’s amplitude modifies dramatically the interaction parameter and consequently

the predictions of the stem and reflected waves. One-must-therefore-be-eareful-when-analysing Therefore, a careful analysis of
the numerical results must be made. For the same reason, simulations for x ~ 1 and large amplifications «,, ~ 4 are extremely
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difficult to obtain, since a slight change in the initial settings (a;, €...) modifies completely the behaviour of the resulting
waves. Ei : ¢ Indeed, Li et al. (2011) conjectured that the transition between Mach and regular reflection in
the neighbourhood of x = 1 might be-gradual-appear gradually and not as abrupt-abruptly as expected from Miles’ predictions

ar The likeliness with which solitary waves would
undergo reflection in an open ocean is interesting to investigate. Interaction of obliquely incident waves on the wall-sides of
ships leads to an increasing wave amplitude near the sidesides, sometimes reaching the deck. This phenomenon is called “green
water~ green water’, and has been studied experimentally and numerically by the Maritime Research Institute Netherlands
(MARIN) to limit the damage caused by the-waves-en-the-waves on ships (Buchner et al., 2014). A-comparison-between-our

ship moving downwind, the effective ship length increases leaving more time for the stem wave to develop to its maximum
amplitude. Peterson et al. (2003) also studied the formation of extreme waves in shallow water and explained under which
conditions they are likely to occur and threaten ships. Kalogirou and Bokhove (2016) developed a numerical model of waves

impacting upon a buoy. An extension of these simulations to wave interactions with ships may be an interesting application
of our present work. The present model can alse-be-be also used to predict the impact of extreme waves;sueh-as(i.e. freak or

roguewaves;-) waves on structures.
Indeed, when the stem wave reaches more than twice the amplitude of the incident wave, it can then-be viewed as a freak

wave since it has similar properties in terms of nonlinearity, dispersivity and high amplitude. Table 1 shows the distance

neededrequired by the stem wave to reach more than twice the ineident-wave’s-amplitudein-differentcases(depending-onthe

value-incident-wave amplitude in several cases parameterised by different values of ). For each value of the small-amplitude
parameter €, the numerical (dimensionless) distance L,, needed to reach at least twice the amplitude of the initial wave has

been measured from the simulations. Then, the definition of the small-amplitude parameter € = ag/Hj and the choice of a sea
state with characteristic wave height ag = 3m enables computation of the corresponding water depth Hy. The real-physical
distance L, needed by the wave to propagate in this sea state up to twice the characteristic wave height can then be obtained
from scaling (11), with-fermula-using L, = L,, x Hy/,/j1. The value of the small-dispersion parameter . is set to 0.02 as in the
results section. Finally, the wavelength )\ can be obtained from the definition of the small-dispersion parameter p = (Hg /Ao )?.
In a wave tank where waves can be generated from-in different directions, one-can-define-the angle of propagation and initial
profile of two solitary waves can be defined from the asymptotically exact solution Eq. (36) of our model Eqs (15), so that their
interaction will lead to a stem wave. The evolution of the stem wave can be predicted from the present model, so an offshore
structure such as a scaled ship or a wind turbine can be placed at a position where the stem wave will reach more than twice the
initial amplitude of the solitary waves. A scaling of 1/10 fron-between values in Table 1 to-and experiments leads to achievable

ineident-waves amplitades-and-distanee-incident-wave amplitudes and distances of propagation in MARIN’s shallew—water
basin—By-knewing-shallow-water basin. From the amplitude of the stem wave at a given position, ene-can-estimate-the impact

of the wave on structures and-validate-the-predictions-with-sueh-modeltestscan be estimated and the predictions yielded by the
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model tests can be validated. The model can thus-help-the-help the maritime industry to design safer offshore structures that
can resist extreme-waves-extreme-wave impacts.
The-Finally, the present work can also be used as a starting point for the modelling of the interaction of three obliquely

incident line-solitons, which should lead to a ninefold-amplified resulting wave that can also be generated in wave tanks. '

7 Data availability

The Firedrake-implementation of our discretisation of the Benny-Ltke-Benney-Luke equations is an example in Firedrake,
www.firedrake.org (Bokhove and Kalogirou, 2016). In addition, the expanded program we used-to-do-our-simulation-use is

freely available there.

Appendix A: Time-diseretization-Time-discretisation of the present Benney-Luke model

The Stormer-Verlet scheme (60) is applied to the variational principle (4847) for Benney-Luke, with %{@Hﬁm&@%ﬁz—@:wuw

and P = {2,}, leading to

At €
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0. Bokhove suggested this calculation to Prof. Y. Kodama, personal communication, who performed the calculation using the KP equation at the interna-

tional workshop "Rogue waves" held at the Max Planck Institute in 2011, Dresden, Germany.

22


https://bitbucket.org/Floriane_Gidel/bl-model-for-obliquely-reflecting-solitary-wave

10

{ Do+ — 5nth>"“/2 W”“”} A,

OZ/ (‘1’2“/2 ")5nh+ Von, - v( ot/ @;;)er

2

0= [ ) o+ Ev0w v () - 5

2
L4+ en?)Vody, - VO /2 4 ZA5D, - ADTTY/2
h N 5 "

2
<(1 + e tVED, - VO 4 SHAID, - AP 2> Sy,

' n n At n n n
0:/ (25 - @] +1/2)6nh+ Vom, v (@ - )+ S 5 [ P+ Som Ve e dudy.

Competing interests. The authors declare that they have no conflict of interest.

Acknowledgements. The research was funded by the Marie-Curie Fellowship, as part of the European Industry Doctorate (EID) Surf-
sUp project. The Firedrake implementation of our discretisation of the Beﬂﬂy-huk&Wequatlons is an example in Firedrake,

www.firedrake.org;

ion;-a basic code as well as the expanded

program we-used to do our stmulaﬁeﬁ—l%—ffeely—&vaﬂab}& resent simulations are freely available there. We finally express our sincere grati-

tude to Prof. Mark Kelmanson (Leeds) and Geert Kapsenberg (MARIN) for their comments, suggestions and corrections that considerably

improved this paper.

23


https://Floriane_Gidel@bitbucket.org/Floriane_Gidel/bl-model-for-obliquely-reflecting-solitary-wave.git

10

15

20

25

30

35

References

Ablowitz, M. J. and Curtis, C. W.: Conservation Laws and Web-Solutions for the Benney—Luke Equation, Proc. Roy. Soc. A, 469, 2013.

Balay, S., Gropp, W. D., Mclnnes, L. C., and Smith, B. F.: Efficient Management of Parallelism in Object Oriented Numerical Software
Libraries, in: Modern Software Tools in Scientific Computing, edited by Arge, E., Bruaset, A. M., and Langtangen, H. P., pp. 163-202,
Birkhéduser Press, 1997.

Balay, S., Abhyankar, S., Adams, M. F., Brown, J., Brune, P., Buschelman, K., Dalcin, L., Eijkhout, V., Gropp, W. D., Kaushik, D., Knepley,
M. G., Mclnnes, L. C., Rupp, K., Smith, B. F., Zampini, S., Zhang, H., and Zhang, H.: PETSc Users Manual, Tech. Rep. ANL-95/11 -
Revision 3.7, Argonne National Laboratory, http://www.mcs.anl.gov/petsc, 2016.

Benney, D. and Luke, J.: On the interactions of permanent waves of finite amplitude., J. Math. Phys., 43, 309-313, 1964.

Bokhove, O. and Kalogirou, A.: Variational water wave modelling: from continuum to experiment, in: Lectures on the theory of water waves,
edited by Bridges, T. J., Groves, M. D., and Nicholls, D. P., vol. 426 of LMS Lecture Note Series, pp. 226-260, Cambridge University
Press, 2016.

Buchner, B., den Berg, J. V., Helder, J., and Bunnik, T.: Non-linear wave runup along the side of ships causing green water problems:
experiments and first CFD calculations, in: ASME 2014 33rd Int. Conf. on Ocean, Offshore and Arctic Engineering, vol. 1A: Offshore
Technology, 2014.

Dalcin, L. D., Paz, R. R., Kler, P. A., and Cosimo, A.: Parallel distributed computing using Python, Advances in Water Resources, 34,
1124-1139, 2011.

Drazin, P. and Johnson, R.: Solitons, an introduction, Press Syndicate of the University of Cambridge, 1989.

Funakoshi, M.: Reflection of obliquely incident solitary waves, J. Phys. Soc., 49, 2371-2379, 1980.

Gagarina, E., Ambati, V., Nurijanyan, S., van der Vegt, J., and Bokhove, O.: On variational and symplectic time integrators for Hamiltonian
systems, Journal of Computational Physics, 306, 370-389, 2016.

Geuzaine, C. and Remacle, J.: Gmsh: a three-dimensional finite element mesh generator with built-in pre- and post-processing facilities,
International Journal for Numerical Methods in Engineering, 79, 1309-1331, 2009.

Hairer, E., Lubich, C., and Wanner, G.: Geometric Numerical Integration, Springer, 2006.

Hendrickson, B. and Leland, R.: A multilevel algorithm for partitioning graphs, in: Supercomputing *95: Proceedings of the 1995 ACM/IEEE
Conference on Supercomputing (CDROM), p. 28, ACM Press, New York, 1995.

Kalogirou, A. and Bokhove, O.: Mathematical and numerical modelling of wave impact on wave-energy buoys, in: Proceedings of the ASME
2016 35th International Conference on Ocean, Offshore and Arctic Engineering, 2016.

Kodama, Y.: KP solitons in shallow water, Journal of Physics A: Mathematical and Theoretical, 43, 434484, 2010.

Kodama, Y., Oikawa, M., and Tsuji, H.: Soliton solutions of the KP equation with V-shape initial waves, Journal Physics A: Mathematical
and Theoretical, 49, 312-321, 2009.

Li, W., Yeh, H., and Kodama, Y.: On the Mach reflection of a solitary wave: revisited, J. Fluid Mech., 672, 326-357, 2011.

Luke, J.: A variational principle for a fluid with a free surface, J. Fluid Mech., 27, 395-397, 1967.

Miles, J.: Resonantly interacting solitary waves., J. Fluid Mech., 79, 171-179, 1977a.

Miles, J. W.: Obliquely interacting solitary waves, J. Fluid Mech., 79, 157-169, 1977b.

Milewski, P. and Keller, J.: Three-Dimensional Water Waves, Studies in Applied Mathematics, 97, 149-166, 1996.

Pego, R. L. and Quintero, J. R.: Two-dimensional solitary waves for a Benney-Luke equation, Physica D, 132, 476-496, 1999.

24


http://www.mcs.anl.gov/petsc

Perroud, P.: The solitary wave reflection along a straight vertical wall at oblique incidence., Tech. rep., University of California, Berkley,
1957.

Peterson, P., Soomere, T., Engelbrecht, J., and van Groesen, E.: Soliton interaction as a possible model for extreme waves in shallow water,
Nonlinear Processes in Geophysics, 10, 503-510, 2003.

Rathgeber, F., Ham, D. A., Mitchell, L., Lange, M., Luporini, F., McRae, A. T. T., Bercea, G., Markall, G. R., and Kelly, P. H. J.: Firedrake:
automating the finite element method by composing abstractions, To appear in ACM TOMS, http://arxiv.org/abs/1501.01809, 2016.

Tanaka, M.: Mach reflection of a large-amplitude solitary wave., J. Fluid Mech., 248, 637-661, 1993.

Yeh, H., Li, W., and Kodama, Y.: Mach Reflection and KP Solitons in Shallow Water, European Physical Journal, 85, 97-111, 2010.

25


http://arxiv.org/abs/1501.01809

incident

—»

]

)
\ [incident
e

~ stem

Figure 1. Top: top view of a channel containing an incident solitary wave propagating in the #—direetion-z-direction with amplitude a;. The
side wall is oblique and makes an angle ¢; with the #—direetionz-direction. Bottom: top view of the reflection pattern when the incident
wave impacts upon the wall. The pattern is composed of three waves: 1) the incident wave, 2) a reflected wave of amplitude a,- that forms an
angle ¢, with the angle perpendicular to the wall, and 3) a Mach stem wave propagating along the wall with amplitude a., and an angle ¢,

with the wall.
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Figure 2. Three-dimensional water-wave domain with depth-of-rest-rest-depth Ho. We aim to estimate the potential ¢(z,y,2,t) and the

free-surface deviation n(x,y,t) from the rest depth.
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Figure 3. O-type and (3142)-type solitons as represented by Kodama et al. (2009). Top: evolution (from left to right) of the O-type soliton,
consisting of two line-solitons with different amplitudes and angles with respect to the y—axisy—axis. As it propagates, the shape of this
soliton is-keptremains unchanged. Bottom: evolution (from left to right) of the (3142)-type soliton, consisting of two line—solitons travelling
in the x—direetionr—direction with different angles and amplitudes. As the soliton propagates, a new line—soliton is created at the intersection

of the two initial line—solitons, leading to a stem wave. Figure obtained from Kodama et al. (2009).
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Figure 4. Eink-Schematic plan showing the link between the ¢scaling of the »-three system of equations involved in the derivation of the exact

solution and critical condition for which Miles’ and Kodama’s predictions hold in the Benney-Luke approximation.
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Figure 5. Definition of the domain-domains in the two cases described in the text: a) intersection of two channels, with two obliquely incident
solitons interacting at a virtual wall, and b) half of the domain with a soliton propagating in one channel and colliding with an oblique wall.
This wall is either-in the x— or4—direction (in which case the soliton has a two-dimensional propagation of direction) or oblique, in which

case the incident soliton propagates in &the one-dimensional direction (zet+4).
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Comparison of surface deviations of KP and KdV solitons
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Figure 6. Results-Soliton surface deviations obtained for an initial amplitude a; = 1.0, and angle ¢; = 7/6 rad. Blue: behaviour of the
incident and stem wave-waves when the incident soliton propagates in an oblique direction; Redred: behaviour of the incident and stem wave

waves when the incident soliton propagates in one direction.
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Truncation of the domain
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Numerical amplification of the stem wave
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Figure 8. Comparison between the expected amplification (solid line) from Miles (3) and our numerical results (symbols) for different values
of the interaction parameter x, namely: x ~ 1.1265 (¢ = 0.12), kK = 1.0526 (¢ = 0.14), k =~ 1.0077 (e = 0.15), k =~ 0.9989 (¢ = 0.16),
Kk~ 0.9733 (¢ =0.17), kK = 0.9345 (¢ = 0.18), k =~ 0.8692 (¢ = 0.20).
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Figure 9. Numerical results and predictions for the reflected and stem waves in the case of regular reflection, i.e. £ > 1 . Top left: top view

of the numerical evolution of the incident, reflected and stem waves. Top right: top view of the expected evolution of the stem and reflected

waves at two different times ¢1 and t2 with ¢; < t2. The stem wave should propagate along the wall with constant length. The angle ¢, of

the reflected wave is expected to be constant and equal to the incident-wave angle ;. Bottom centre: side view of the time evolution of the

incident, reflected and stem waves, highlighting the amplification of the stem-wave amplitude compared to the initial solitary-wave height.
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Figure 10. Numerical results and predictions for the reflected and stem waves in the case of Mach reflection, i.e. & < 1.. Top left: schematic.
plan view of the numerical evolution of the incident, reflected and stem waves. Top right: top view scheme of the predicted evolution of the
stem and reflected waves at two different times ¢ and ¢; with ¢ < ?2. The stem wave should grow linearly in length, leading to an angle
‘w >0 with the wall, The angle o, of the reflected wave is expected to be constant and larger than the incident-waye angle ¢;. Bottom
centre: side view of the time evolution of the incident, reflected and stem waves, highlighting the amplification of the stem-wave amplitude
compared to the initial solitary-wave height.
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0.12 0.14 0.15 0.16 0.17 0.18 0.20

Numerical distance L., 5.8 5.5 5.5 7.8 7.7 8.0 8.0
Water depth Hp (m) 2500 2143 20.00 18.75 17.65 16.67 15.00
Real distance L, (m) 1025 833 778 1028 965 940 846
Wave length Ag (m) 176.78 151.52 14142 13258 12478 117.85 106.07

Table 1. Prediction of the minimal distance needed by the stem wave to reach at least twice its initial amplitude in a sea state with charac-
teristic wave “s-height ag = 3 m. The dispersion parameter p is set to 0.02 while the small-amplitude parameter e varies from 0.12 to 0.20,
leading to different wave evolutions. The numerical distance needed to reach more than twice the inetdent-wave’s-incident-wave ampitude is
measured from the numerical simulations. The corresponding water depth, real distance of propagation and wavelength are computed from

the definition of €, u, and scaling (11). These values are approximate.
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