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The authors gratefully acknowledge the anonymous reviewer for his/her insightful
comments and constructive suggestions that lead to the significant improvement of
the quality of this manuscript. The authors are also grateful to the editors for their
very kind help and comments. We have checked the manuscript carefully and tried
our best to address all the comments. Below boldface is used to indicate the
comments from the reviewers and editor, and italics is for the point-by-point

responses.

The main changes in the revised version are: add more detailed overview about the
GCV method in the introduction and discussion sections. The English grammar is
also checked.

Additionally, | wonder if it is possible to add a coauthor. His contribution is the more

discussion of the experiment results and the English language polish.



Comments from editor:

Both the referees have suggested a few additional changes, which they and |
consider to be minor in nature. Thus | recommend this manuscript for
publication subject to minor changes. If you choose not to implement some of
these changes, please state clearly the reasons for this decision.

Response: Thanks for your review and positive recommendation. In this revised
version, we mainly added more detailed overview about the GCV method to the

introduction and discussion sections. (P6 L7-15 and P20 L8-18)
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Comments from anonymous reviewer

General Comment:

This paper presents a new technique in estimating model error covariance
inflation factor which is necessary to arrest the divergence of the filter. This
paper relies on estimating the inflation factor from an objective function
inspired from the domain of generalized cross validation (GCV) techniques
widely used in the field of machine-learning. The author also shows that this
method, in comparison to a no-inflation based method and a spatio-temporal
uniform inflation based scheme, improves the root-mean-squared error and
enhances the influence of observations on the analysis when applied to the
Lorenz 96 model. The author also performs a series of sensitivity experiments to
claim the superiority of his method. The computational cost involved in the new
method is shown to be marginally larger than the existing methods.

Response: Thanks for your review and positive recommendation.

However, since this method is imported from a different field, it will be nice to
present a little more detailed overview of the new method including its
properties for the benefit of the data assimilation community at large. It will be
good to highlight the limitations of this method, if any, as well.

Response: Thanks for your constructive comments. We added more detailed
overview about GCV method to the introduction and discussion sections in the
revised version as follows. (P6 L7-15 and P20 L8-18)

Actually the GCV criterion is based on a predictive mean-square error criterion
that attempts to obtain a best estimate (Wahba et al. 1995). It has a rotation-invariant
property that is relative to the orthogonal transformation of the observations and is a
consistent estimate of the relative loss (Gu 2002). For the inverse problems in such
fields as meteorological data assimilation, GCV method can choose parameters
systematically by minimizing a given objective function that will improve the

inversion results. It can particularly select parameters that reflect not only
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measurement accuracies from different sources but also model capability (Krakauer
et al. 2004).

It can be applied in inverse problems in such fields as meteorological data
assimilation (Wahba et al. 1995). Specifically, GCV provides a well-characterized
method, which can select a regularization parameter by minimizing the predictive
data errors with rotation-invariant in a least squares solution (MacCarthy et al.
2011). In data assimilation research fields, observation data such as in-situ
observation and remote sensing data are usually from different sources. GCV is
particularly useful for choosing relative parameters that reflect not only
measurement accuracies from different sources but also model capability (Krakauer
et al. 2004). Apparently, GCV method requires calculating the trace of a large matrix,
which may be commonly computationally prohibitive for large inverse problems

(MacCarthy et al. 2011).

It is understandable that English is not the native language of the author.
However through multiple iterations the paper has come to a much better shape
and needs some minor language corrections. | recommend publications after
minor changes.

Response: Thanks for your comments. The manuscript language has been checked

again in the revised version.

Specific Comment:

1) The author claims that the GCV has many favorable properties but didn't
mention any except the rotation-invariant property. It will be nice to put down
some of the properties and how it advantage to the field of data assimilation.
Response: Thanks for your comments. The more detailed overview about GCV
method are added to the introduction and discussion sections in the revised version

(P6 L7-15 and P20 L8-18). Please see the reply to the general comment.
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2) P6 L6: It will be nice to elaborate on the claims made by the author since this
technique is new to the data assimilation community.

Response: Thanks for your comments. For the data assimilation research fields,
GCV method can choose parameters systematically by minimizing a given objective
function that will improve the assimilation results. It can particularly select
parameters that reflect not only measurement accuracies from different sources but
also model capability. We have added this explanation to the revised version (P6

L10-15).

3) In Fig 1, there are two “N”. One stands for the number of time-steps and the
other for “NO”. It will be good to remove this confusion.

Response: Sorry for this confusion. It has been revised in Figure 1.

4) P18 L7-9: The author claims that a 30-member ensemble is necessary to
estimate statistically robust result. However, this study is true only for
Lorenz-96 model and should not be generalized for other systems. A system in
which the errors grow in multiple directions (>30 ) will need more ensembles to
produce statistically robust results.

Response: Thank you for point out this. In the revised version, we have added this

explanation. (P18 L14-15)

Technical Comment:
1) P4 L8: “may be missed in...” may be changed to “may not have been captured
by ...”.

Response: The phrase has been changed.

2) P4 LL12: “by inflation factor ...” may be changed to “by an inflation factor...”.

Response: The phrase has been changed.
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3) P4 L16: “It also seems ...”. This sentence is not clear and should be
restructured.

Response: The sentence has changed to “It is not appropriate to ... ”.

4) P4 L.20: “the inflation factor can be...” may be changed to “the inflation factor

is b

Response: The word has been changed.

5) P8 L17: “(observation minus forecast residual)” may be changed to
“(observation minus forecast residual in observation space)”.

Response: The phrase has been changed.

6) P13 L15: “...was well defined...” should be changed to “... is well defined...”.

Response: The word has been changed.

7) P16 L16: “The variety of the analysis RMSE ...”. It is not clear what the

author wants to convey.

Response: This confused sentence has been deleted, without affect the meaning of
this paragraph.

Again, thanks for your thorough review and constructive comments.

The references in this reply are listed below.

Gu, C., 2002: Smoothing Spline ANOVA Models. Springer-Verlag, 289 pp.

Krakauer, N. Y., T. Schneider, J. T. Randerson, and S. C. Olsen, 2004: Using generalized
cross-validation to select parameters in inversions for regional carbon fluxes. Geophysical Research
Letters, 31.

MacCarthy, J. K., B. Borchers, and R. C. Aster, 2011: Efficient stochastic estimation of the model
resolution matrix diagonal and generalized cross—validation for large geophysical inverse problems.
Journal of Geophysical Research, 116.

Wahba, G., D. R. Johnson, F. Gao, and J. Gong, 1995: Adaptive tuning of numerical weather prediction
models randomized GCV in three- and four-dimensional data assimilation. Monthly Weather Review,
123, 3358-3369.
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Abstract

The Ensemble Kalman Filter is a widely used ensemble-based assimilation
method, which estimates the forecast error covariance matrix using a Monte Carlo
approach that involves an ensemble of short-term forecasts. While the accuracy of the
forecast error covariance matrix is crucial for achieving accurate forecasts, the
estimate given by the EnKF needs to be improved using inflation techniques.
Otherwise, the sampling covariance matrix of perturbed forecast states will
underestimate the true forecast error covariance matrix because of the limited
ensemble size and large model errors, which may eventually result in the divergence
of the filter.

In this study, the forecast error covariance inflation factor is estimated using a
generalized cross-validation technique. The improved EnKF assimilation scheme is
tested on the atmosphere-like Lorenz-96 model with spatially correlated observations,
and is shown to reduce the analysis error and increase its sensitivity to the
observations.

Key words: data assimilation; ensemble Kalman filter; forecast error inflation;

analysis sensitivity; cross validation
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1. Introduction

For state variables in geophysical research fields, a common assumption is that
systems have “true” underlying states. Data assimilation is a powerful mechanism for
estimating the true trajectory based on the effective combination of a dynamic
forecast system (such as a numerical model) and observations (Miller et al. 1994).
Data assimilation provides an analysis state that is usually a better estimate of the
state variable because it considers all of the information provided by the model
forecasts and observations. In fact, the analysis state can generally be treated as the
weighted average of the model forecasts and observations, while the weights are
approximately proportional to the inverse of the corresponding covariance matrices
(Talagrand 1997). Therefore, the performance of a data assimilation method relies
significantly on whether the error covariance matrices are estimated accurately. If this
is the case, the assimilation can be accomplished with the rapid development of
supercomputers (Reichle 2008), although finding the appropriate analysis state is a
much difficult problem when the models are nonlinear.

The ensemble Kalman filter (EnKF) is a practical ensemble-based assimilation
scheme that estimates the forecast error covariance matrix using a Monte Carlo
method with the short-term ensemble forecast states (Burgers et al. 1998; Evensen
1994). Because of the limited ensemble size and large model errors, the sampling
covariance matrix of the ensemble forecast states usually underestimates the true

forecast error covariance matrix. This finding indicates that the filter is over reliant on
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the model forecasts and excludes the observations. It can eventually result in the
divergence of the filter (Anderson and Anderson 1999; Constantinescu et al. 2007;
Wu et al. 2014).

The covariance inflation technique is used to mitigate filter divergence by
inflating the empirical covariance in EnKF, and it can increase the weight of the
observations in the analysis state (Xu et al. 2013). In reality, this method will perturb
the subspace spanned by the ensemble vectors and better capture the sub-growing
directions that may not have been captured by the original ensemble (Yang et al.
2015). Therefore, using the inflation technique to enhance the estimate accuracy of
the forecast error covariance matrix is increasingly important.

A widely used inflation technique involves multiplying the forecast error matrix
by an inflation factor, which must be chosen appropriately. In early studies,
researchers usually tuned the inflation factor by repeated assimilation experiments
and selected the estimated inflation factor according to their experience and prior
knowledge (Anderson and Anderson 1999). However, such methods are very
empirical and subjective. It is not appropriate to use the same inflation factor during
all the assimilation procedure. Too small or too large an inflation factor will cause the
analysis state to over rely on the model forecasts or observations, and can seriously
undermine the accuracy and stability of the filter.

In later studies, the inflation factor is estimated online based on the innovation
statistic (observation-minus-forecast; (Dee 1995; Dee and Silva 1999)) with different

conditions. Moment estimation can facilitate the calculation by solving an equation of
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the innovation statistic and its realization (Li et al. 2009; Miyoshi 2011; Wang and
Bishop 2003). Maximum likelihood approach can obtain a better estimate of the
inflation factor than moment approach, although it must calculate a high dimensional
matrix determinant (Liang et al. 2012; Zheng 2009). Bayesian approach assumes a
prior distribution for the inflation factor but is limited by spatially independent
observational errors (Anderson 2007, 2009). This study seeks to address the
estimation of the inflation factor from the perspective of cross validation (CV).

The concept of CV was first introduced for linear regressions (Allen 1974) and
spline smoothing (Wahba and Wold 1975), and it represents a common approach that
can be applied to estimate tuning parameters in generalized additive models,
nonparametric regressions and kernel smoothing (Eubank 1999; Gentle et al. 2004;
Green and Silverman. 1994; Wand and Jones 1995). Usually, the data are divided into
subsets some of which are used for modelling and analysis while others for
verification and validation. The most widely used technigue removes only one data
point and uses the remainder to estimate the value at this point to test the estimation
accuracy, which is also called the leave-one-out cross validation (Gu and Wahba
1991).

The basic motivation behind CV is to minimize the prediction error at the
sampling points. The generalised cross validation (GCV) is a modified form of
ordinary CV, that has been found to possess several favourable properties and is more
popular for selecting tuning parameters (Craven and Wahba 1979). For instance, Gu

and Wahba (1991) applied the Newton’s method to optimize the GCV score with

11



10

11

12

13

14

15

16

17

18

19

20

21

22

multiple smoothing parameters in a smoothing spline model. Wahba (1995) briefly
reviewed the properties of the GCV and conducted an experiment to choose
smoothing parameters in the context of variational data assimilation schemes with
numerical weather prediction models. Zheng and Basher (1995) also applied the GCV
in a thin-plate smoothing spline model of spatial climate data to deal with South
Pacific rainfalls.

Actually, the GCV criterion is based on a predictive mean-square error criterion
that attempts to obtain a best estimate (Wahba et al. 1995). It has a rotation-invariant
property that is relative to the orthogonal transformation of the observations and is a
consistent estimate of the relative loss (Gu 2002). For the inverse problems in such
fields as meteorological data assimilation, GCV method can choose parameters
systematically by minimizing a given objective function that will improve the
assimilation results. It can particularly select parameters that reflect not only
measurement accuracies from different sources but also model capability (Krakauer
et al. 2004).

This study proposes a new method for choosing the inflation factor using GCV
method. The suitability of this choice is assessed using a statistic known as the
analysis sensitivity, which apportions uncertainty in the output to different sources of
uncertainty in the input (Saltelli et al. 2004; Saltelli et al. 2008). In the context of
statistical data assimilation, this quantity describes the sensitivity of the analysis to
the observations, which is complementary to the sensitivity of the analysis to model

forecasts (Cardinali et al. 2004; Liu et al. 2009).
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This study focuses on a methodology that can be potentially applied to
geophysical applications of data assimilation in the near future. This paper consists of
four sections. The conventional EnKF scheme is summarized and the improved EnKF
with GCV inflation scheme is proposed in Section 2; the verification and validation
processes are conducted on an idealized model in Section 3; the discussions are

presented in Section 4 and conclusions are given in Section 5.

2. Methodology

2.1. EnKF algorithm
For consistency, a nonlinear discrete-time dynamical forecast model and linear

observation system can be expressed as follows (Ide et al. 1997):

X; = Mi—l(X?—1)+’7i , 1)
yi =Hx; +g, @
T
where i represents the time index; xfz{xfyl,x}yz,...,xi‘yn} represents the

T
. . . . . a _ |ya a a
n-dimensional true state vector at the i-th time step; XH—{XHVl,Xi,lyz,---,xi,l,n}
represents the n-dimensional analysis state vector, which is an estimate of Xitfl;
M., represents a nonlinear dynamical forecast operator such as a numerical weather
- - 0] 0 0 0 T - - -
prediction model; Y; ={yi’1,yi]2,...,yi,pi} represents a P;-dimensional observation
vector; H. represents the observation operator matrix; and 1; and € represent

the forecast and observation error vectors, which are assumed to be time-uncorrelated,
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statistically independent of each other and have mean zero and covariance matrices
P. and R;, respectively. The EnKF assimilation result is a series of analysis states
X' that is an accurate estimate of the corresponding true states Xit based on the
information provided by M. and V..

Suppose the perturbed analysis state at a previous time step Xiafjl) has been
estimated (1< J<m and m is the ensemble size), the detailed EnKF assimilation
procedure is summarized as the following forecast step and analysis step (Burgers et
al. 1998; Evensen 1994).

Step 1. Forecast step.

The perturbed forecast states are generated by running dynamical model
forward:

X =M, (x9). ®)
The forecast state Xif is defined as the ensemble mean of Xif(j), and the forecast
error covariance matrix is initially estimated as the sampling covariance matrix of

perturbed forecast states:
P = Li(x{@ —x! )(xif“) —X! )T . (4)
Step 2. Analysis step.
The analysis state is estimated by minimizing the following cost function:
J(X) = (x—x{ )T P (x—xif )+(yi° — Hix)T R (yf - Hix) , (5)
which has the analytic form
X =X +PH (HPH +R,) d,, (6)

where
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d;=y; _Hixif ()
is the innovation statistic (observation-minus-forecast residual in observation space).
To complete the ensemble forecast, the perturbed analysis states are calculated using
perturbed observations (Burgers et al. 1998):

X0 =x0 +PH! (HPH +R,) (d,+£2), ®)
where 8}0) Is a normally distributed random variable with mean zero and covariance
matrix R, . Here, (HiPiHiT +Ri)71 can be easily calculated using the
Sherman-Morrison-Woodbury formula (Golub and Loan 1996; Liang et al. 2012;
Tippett et al. 2003). Finally, set i =i+1, return to Step 1 for the model forecast at

the next time step and repeat until the model reaches the last time step N .

2.2. Influence matrix and forecast error inflation

The forecast error inflation procedure should be added to any ensemble-based
assimilation scheme to prevent the filter from diverging (Anderson and Anderson
1999; Constantinescu et al. 2007). Multiplicative inflation is one of the commonly
used inflation techniques, and it adjusts the initially estimated forecast error
covariance matrix P, to AP, after estimating the inflation factors A properly.

In this study, a new procedure for estimating multiplicative inflation factors A

is proposed based on the following GCV function (Craven and Wahba 1979)
1 dTR—l/Z I A /1 2 R—1/2d
PR B ( o i( )) i i

GCV;(4) = i 2
[;Tr(l )= A (/1))}

, ©)

where |pi is the identity matrix with dimension P, xp;; Ri’”2 is the square root
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matrix of R, ;and
A ) =1, -RY(HAPHT +R,) R (10)
is the influence matrix (see Appendix for details).

The inflation factor A is estimated by minimizing the GCV (Eg. (9)) as an
objective function, and it is implemented between Steps 1 and 2 in Section 2.1. Then,
the perturbed analysis states are modified to

X0 =x0 1 APHT (HAPH! +R,) " (d, +£0). (12)
The flowchart of the EnKF equipped with the proposed forecast error inflation based

on the GCV method is shown in Figure 1.

2.3. Analysis sensitivity
In the EnKF, the analysis state (Eq. (6)) is a weighted average of the observation
and forecast. That is:

Xi =Ky +(1,-KH,)X; (12)
where K, :PiHiT(HiPiHiT+Ri)71 is the Kalman gain matrix and |_ is the identity
matrix with dimension nxn. Then, the normalized analysis vector can be expressed
as follows:

yi =RPHKR + R (1, ~HK )R] (13)
where ¥/ =R7“’Hx' is the normalized projection of the forecast on the

observation space. The sensitivities of the analysis to the observation and forecast are

defined by Eq. (14) and (15), respectively:

S ‘g; =R"KIHIR™, (14)

16



10

11

12

13

14

15

16

17

18

19

20

21

S! :ayT;z R?’Z(lpi —KIHI)R;”Z, (15)

2

which satisfy S7+S] = l, .

The elements of the matrix S reflect the sensitivity of the normalized analysis
state to the normalized observations; its diagonal elements are the analysis
self-sensitivities and the off-diagonal elements are the cross-sensitivities. On the
other hand, the elements of the matrix S{ reflect the sensitivity of the normalized
analysis state to the normalized forecast state. The two quantities are complementary,
and the GCV function can be interpreted as minimizing the normalized forecast
sensitivity because the inflation scheme will increase the observation weight
appropriately.

In fact, the sensitivity matrix S; is equal to the influence matrix A, (see
Appendix B for detailed proof), whose trace can be used to measure the “equivalent
number of parameters” or “degrees of freedom for the signal” (Gu 2002; Pena and
Yohai 1991). Similarly, the sensitivity matrix S’ can be interpreted as a
measurement of the amount of information extracted from the observations (Ellison
et al. 2009). Trace diagnostics can be used to analyse the sensitivities to observations
or forecast vectors (Cardinali et al. 2004). The Global Average Influence (GAI) at the

i-th time step is defined as the globally averaged observation influence:

_Tr(S7)
p

GAl (16)

where P; is the total number of observations at the i-th time step.

In the conventional EnKF, the forecast error covariance matrix P, is initially
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estimated using a Monte Carlo method with short-term ensemble forecast states.
However, because of the limited ensemble size and large model errors, the sampling
covariance matrix of perturbed forecast states usually underestimate the true forecast
error covariance matrix. This will cause the analysis to over rely on the forecast state
and exclude useful information from the observations. This is captured by the fact
that the GAI values are rather small for the conventional EnKF scheme. Adjusting the
inflation of the forecast error covariance matrix alleviates this problem to some extent,

as will be shown in the following simulations.

2.4 Forecast ensemble spread and analysis RMSE

The spread of the forecast ensemble at the i-th step is defined as follows:

1 < 2
Spread=\/n(m_l)éux{yj—x{” , (17)

Roughly speaking, the forecast ensemble spread is usually underestimated for the
conventional EnKF, which also dramatically decreases until the observations
ultimately have an irrelevant impact on the analysis states. The inflation technique
can effectively compensate for the underestimation of the forecast ensemble spread,
and thereby can improve the assimilation results.

In the following experiments, the “true” state Xit is non-dimensional and can
be obtained by a numerical solution of partial differential equations. In this case, the
distance of the analysis state to the true state can be defined as the analysis
root-mean-square error (RMSE), which is used to evaluate the accuracy of the

assimilation results. The RMSE at the i-th time step is defined as follows:
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RMSE = \/1 n (2 —x, ) (18)

k=1

where X{, and X;, are the k-th components of the analysis state and true state at
the i-th time step. In principle, a smaller RMSE indicates a better performance of the

assimilation scheme.

3. Numerical Experiments

The proposed data assimilation scheme was tested using the Lorenz-96 model
(Lorenz 1996) with model errors and a linear observation system as a test bed. The
performances of the assimilation schemes described in Section 2 were evaluated via

the following experiments.

3.1. Dynamical forecast model and observation systems

The Lorenz-96 model (Lorenz 1996) is a quadratic nonlinear dynamical system
that has properties relevant to realistic forecast problems and is governed by the
equation:

dX
d_tk:(xk+l_xk—2)xk—l_xk +F ) (19)

where k=1,2,---,40. The cyclic boundary conditions X_, =X, ,, X,=X,, and
X =X, were applied to ensure that Eq. (19) is well defined for all values of k.

The Lorenz-96 model is “atmosphere-like” because the three terms on the right-hand
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side of Eqg. (19) are analogous to a nonlinear advection-like term, a damping term,
and an external forcing term, respectively. The model can be considered
representative of an atmospheric quantity (e.g., zonal wind speed) distributed on a
latitude circle. Therefore, the Lorenz-96 model has been widely used as a test bed to
evaluate the performance of assimilation schemes in many studies (Wu et al. 2013).

The true state is derived by a fourth-order Runge-Kutta time integration scheme
(Butcher 2003). The time step for generating the numerical solution was set at 0.05
non-dimensional units, which is roughly equivalent to 6 hours in real time assuming
that the characteristic time-scale of the dissipation in the atmosphere is 5 days
(Lorenz 1996). The forcing term was set as F = 8, so that the leading Lyapunov
exponent implies an error-doubling time of approximately 8 time steps and the fractal
dimension of the attractor was 27.1 (Lorenz and Emanuel 1998). The initial value was
chosentobe X, =F when k=20 and X,,=1.001F

In this study, the synthetic observations were assumed to be generated by

adding random noises that were multivariate-normally distributed with mean zero and
covariance matrix R, to the true states. The frequency was every 4 time steps, which
can be used to mimic daily observations in practical problems, such as satellite data.
The observation errors were assumed to be spatially correlated, which is common in
applications involving remote sensing and radiance data. The variance of the
observation at each grid point was set to of =1, and the covariance of the
observations between the j-th and k-th grid points was as follows:

R, (1K) =02 x05™ 4441 20)
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3.2. Assimilation scheme comparison

Because model errors are inevitable in practical dynamical forecast models, it is
reasonable to add model errors to the Lorenz-96 model in the assimilation process.
The Lorenz-96 model is a forced dissipative model with a parameter F that controls
the strength of the forcing. Modifying the forcing strength F changes the model
forecast states considerably. For values of F that are larger than 3, the system is
chaotic (Lorenz and Emanuel 1998). To simulate model errors, the forcing term for
the forecast was set to 7, while using F=8 to generate the “true” state. The initially
selected ensemble size was 30.

The Lorenz-96 model was run for 2000 time steps, which is equivalent to
approximately 500 days in realistic problems. The synthetic observations were
assimilated at every grid point and every 4 time steps using the conventional EnKF,
the constant inflated EnKF and the improved EnKF schemes for comparisons. The
time series of estimated inflation factors are shown in Figure 2. It can be seen that,
the estimated inflation factors vary between 1 and 6 in most instances, although the
values smaller than 1 are estimated in several assimilation time steps. The median of
the estimated inflation factors was 1.88, which was used as the inflation factor in the
constant inflated EnKF scheme. Since the median is a robust and highly efficient
statistic of the central tendency, this can ensure a relative fair comparison between the
constant inflated EnKF and the improved EnKF schemes.

The forecast ensemble spread of the conventional EnKF, constant inflated
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EnKF and improved EnKF are plotted in Figure 3. For the conventional EnKF,
because the forecast states usually shrink together, the forecast ensemble spread was
quite small and had a mean value of 0.36. The mean spread value of the improved
EnKF was 3.32, which was larger than that of the constant inflated EnKF (3.25).
These findings illustrate that the underestimation of forecast ensemble spread can be
effectively compensated for by the two EnKF schemes with forecast error inflation
and that the improved EnKF is more effective than the constant inflated EnKF.

To evaluate the analysis sensitivity, the GAI statistics (Eg. (16)) were calculated,
and the results are plotted in Figure 4. The GAI value increases from 10% for the
conventional EnKF to 30% for the improved EnKF, indicating that the latter relies
more on the observations. This finding is important because the observations can play
a significant role in combining the results with the model forecasts to generate the
analysis state. In addition to small fluctuations, the mean GAI value of the constant
inflated EnKF was 27.80%, which was smaller than that of the improved EnKF.

To evaluate the analysis estimate accuracy, the analysis RMSE (Eq. (18)) and
the corresponding values of the GCV functions (Eq. (9)) were calculated and plotted
in Figures 5 and 6, respectively. The results illustrate that the analysis RMSE and the
values of the GCV functions decrease sharply for the two EnKF with forecast error
inflation schemes. However, the GCV function and the RMSE values of the improved
EnKF were about 15% smaller than those of the constant inflated EnKF, indicating
that the online estimate method performs better than the simple multiplicative

inflation techniques with a constant value. The correlation coefficient of the analysis
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RMSE and the value of the GCV function at the assimilation time step were
approximately 0.76, which indicates that the GCV function is a good criterion to
estimate the inflation factor.

The ensemble analysis state members of the conventional EnKF, constant
inflated EnKF and improved EnKF are shown in Figure 7, and the results indicate the
uncertainty of the analysis state to some extent. The true trajectory obtained by the
numerical solution is also plotted. It illustrates that a larger difference occurred
between the true trajectory and the ensemble analysis state members for the
conventional EnKF than for the improved EnKF and constant inflated EnKF. In
addition, the analysis state was more consistent with the true trajectory for the
improved EnKF than that for the constant inflated EnKF. Therefore, the GCV
inflation can lead to a more accurate analysis state than the simple constant inflation.

The time-mean values of the forecast ensemble spread, the GAI statistics, the
GCV functions and the analysis RMSE over 2000 time steps are listed in Table 1.
These results illustrate that the forecast error inflation technique using the GCV
function performs better than the constant inflated EnKF, which can indeed increase

the analysis sensitivity to the observations and reduce the analysis RMSE.

3.3 Influence of ensemble size and observation number
Intuitively, for any ensemble-based assimilation scheme, a large ensemble size
will lead to small analysis errors; however, the computational costs are high for

practical problems. The ensemble size in the practical land surface assimilation
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problem is usually several tens of members (Kirchgessner et al. 2014). The
preferences of the proposed inflation method and the constant inflation method with
respect to different ensemble sizes (10, 30 and 50) were evaluated, and the results are
listed in Table 1. It shows that for each scheme, using a 10-member ensemble
produced a threefold increase in the analysis RMSE, while using a 50-member
ensemble reduced the analysis RMSE by 20% relative to the analysis RMSE obtained
using a 30-member ensemble. The forecast ensemble spread increased slightly from a
10-member ensemble to a 50-member ensemble. The GAl and GCV function values
changed sharply from a 10-member ensemble to a 30-member ensemble, and they
became relatively stable from a 30-member ensemble to a 50-member ensemble.
Ensembles less than 10 were unstable, and no significant changes occurred for
ensembles greater than 50. Considering the computational costs for practical
problems, a 30-member ensemble may be necessary for Lorenz-96 model to estimate
statistically robust results. In the realistic problem, a system in which the errors grow
in multiple directions will need more ensembles to produce statistically robust results.

To evaluate the preferences of the inflation method with respect to different
numbers of observations, synthetic observations were generated at every other grid
point and for every 4 time steps. Hence, a total of 20 observations were performed at
each observation step in this case. The assimilation results with ensemble sizes of 10,
30 and 50 are listed in Table 2, which shows that the GAI values were larger than
those with 40-observations in all assimilation schemes. This finding may be related to

the relatively small denominator of the GAI statistic (Eq. (16)) in the 20-observation
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experiments. The forecast ensemble spread does not change much but the GCV
function and the RMSE values increase greatly in the 20-observation experiments
with respect to those in the 40-observation experiments, which illustrates that more

observations will lead to less analysis error.

4. Discussions

4.1 Performance of the GCV inflation

Accurate estimates of the forecast error covariance matrix are crucial to the
success of any data assimilation scheme. In the conventional EnKF assimilation
scheme, the forecast error covariance matrix is estimated as the sampling covariance
matrix of the ensemble forecast states. However, limited ensemble size and large
model errors often cause the matrix to be underestimated, which produces an analysis
state that over relies on the forecast and excludes observations. This can eventually
cause the filter to diverge. Therefore, the forecast error inflation with proper inflation
factors is increasingly important.

The use of multiplicative covariance inflation techniques can mitigate this
problem to some extent. Several methods have been proposed in the literature, and
each has different assumptions. For instance, the moment approach can be easily
conducted based on the moment estimation of the innovation statistic. The maximum

likelihood approach can obtain a more accurate inflation factor than the moment
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approach, but requires computing high dimensional matrix determinants. The
Bayesian approach assumes a prior distribution for the inflation factor but is limited
to spatially independent observational errors. In this study, the inflation factor was
estimated based on cross-validation and the analysis sensitivity was detected. The
estimated inflation factor by minimizing the GCV function is not affected by the
observation unit and can optimize the analysis sensitivity to the observation.

In fact, the GCV method can evaluate and compare learning algorithms and
represents a widely used statistical method. It can be applied in inverse problems in
such fields as meteorological data assimilation (Wahba et al. 1995). Specifically,
GCV provides a well-characterized method, which can select a regularization
parameter by minimizing the predictive data errors with rotation-invariant in a least
squares solution (MacCarthy et al. 2011). In data assimilation research fields,
observation data such as in-situ observation and remote sensing data are usually from
different sources. GCV is particularly useful for choosing relative parameters that
reflect not only measurement accuracies from different sources but also model
capability (Krakauer et al. 2004). Apparently, GCV method requires calculating the
trace of a large matrix, which may be commonly computationally prohibitive for
large inverse problems (MacCarthy et al. 2011).

In this study, the GCV concept was adopted for the inflation factor estimation
in the improved EnKF assimilation scheme and was validated with the Lorenz-96
model. The assimilation results showed that inflating the conventional EnKF using

the factor estimated by minimizing the GCV function can indeed reduce the analysis
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RMSE. Therefore, the GCV function can accurately quantify the goodness of fit of
the error covariance matrix. The values of the GCV function obviously decreased in
the proposed approach compared the conventional EnKF and constant inflated EnKF
schemes. The analysis RMSE of the proposed approach was also much smaller than
those of the conventional EnKF and constant inflated EnKF schemes, which suggests
that the GCV criterion works well for estimating the inflation factor.

The analysis sensitivities in the proposed approach and in the conventional
EnKF scheme were also investigated in this study. The time-averaged GAI statistic
increases from about 10% in the conventional EnKF scheme to about 30% using the
proposed inflation method. This illustrates that the inflation mitigates the problem of
the analysis depending excessively on the forecast and excluding the observations.
The relationship of the analysis state to the forecast state and the observations are

more reasonable.

4.2 Computational cost
The highest computational cost when minimizing the GCV function is related

to calculating the influence matrix A,(1). Since the matrix multiplication is

commutative for the trace, the GCV function can be easily re-expressed as follows:

-1

pdl (HAPH! +R,) R, (HAPH! +R,) d,

[Tr((HiﬂPiHiT +R)'R )T |

GCV, (1) = 1)

Because both the numerator and denominator of the GCV function are scalars, the

inverse matrix is needed only in (HileiHiT+Ri)71, which can be effectively
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calculated using the Sherman-Morrison-Woodbury formula. Furthermore, the inverse
matrix calculation and the multiplication process are also indispensable for the
conventional EnKF (Eq. (6)). Essentially, no additional computational burden is
associated with the improved EnKF for the inverse matrix. Therefore, the total
computational costs of the improved EnKF are feasible.

For the Lorenz-96 experiments in this study, the conventional EnKF, constant
inflated EnKF and proposed improved EnKF assimilation schemes were conducted
using R language on a computer with Intel Core i5 CPU and 8 GB RAM. The
running times with different observation numbers and ensemble sizes were listed in
Tables 1 and 2. It shows that for each assimilation scheme, the computational cost
increases as the ensemble size grows. For the fixed observation number and ensemble
size, the conventional EnKF, which does not involve the forecast error inflation, has
the least running time but at a cost of losing assimilation accuracy. The proposed
EnKF scheme is about 15% smaller in analysis RMSE, but only about 5% longer in
running time than the constant inflated EnKF scheme. For the operational
meteorological/ocean models, the most computational cost is in the ensemble model
integrations (Ravazzani et al. 2016). Therefore, the proposed EnKF scheme does not

significantly increase computational cost.

4.3 Notes
It is worth noting that the inflation factor is assumed to be constant in space in

this study, which may be not the case in realistic assimilation problems. Forcing all
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components of the state vector to use the same inflation factor could systematically
overinflate the ensemble variances in sparsely observed areas, especially when the
observations are unevenly distributed. In the presence of sparse observations, the
state that is not observed can be improved only by the physical mechanism of the
forecast model, although this improvement is limited. Therefore, a multiplicative
inflation may not be sufficiently effective to enhance the assimilation accuracy. In
this case, the additive inflation and the localization technique can be applied to
further improve the assimilation quality in the presence of sparse observations

(Miyoshi and Kunii 2011; Yang et al. 2015).

5. Conclusions

In this study, the approach for using GCV as a metric to estimate the covariance
inflation factor was proposed. In the case studies conducted in Section 3, the
observations were relatively evenly distributed and the assimilation accuracy could
indeed be improved by the forecast error inflation technique. These findings provide
insights on the methodology and validation of the Lorenz-96 model and illustrate the
feasibility of our approach. In the near future, methods of modifying the adaptive
procedure to suit the system with unevenly distributed observations and applying to

more sophisticated dynamic and observation systems will be investigated.
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Appendix A
From Eq. (2), the normalized observation equation can be defined as follows:

Ji =RPHX +E, (A1)
where ¥{ =R"?y} is the normalized observation vector and & ~N(0,1); I, is
the identity matrix with the dimensions P; X P;. Similarly, the normalized analysis
vector is ¥ =R;“’HX’ and the influence matrix A, relates the normalized
observation vector to the normalized analysis vector, thereby ignoring the normalized
forecast state in the observation space (Gu 2002):

§i —RPHX = A (37 -RHX ). (A2)

Because the analysis state X; is given by Eq. (5), the influence matrix A; can be

verified as follows:

A =1, -R”(HPH! +R,) R, (A3)

If the initial forecast error covariance matrix is inflated as described in Section 2.2,
then the influence matrix is treated as the following function of A

A)=1, -RZ(HAPHT +R,) R, (A4)

The principle of CV is to minimize the estimated error at the observation grid

point. Lacking an independent validation data set, a common alternative strategy is to

minimize the squared distance between the normalized observation value and the

analysis value while not using the observation on the same grid point, which is the

following objective function:

V, ()= 33~ (RrHa), ), (A9)

i k=1
where X?[k] is the minima of the following “delete-one” objective function:
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(x=x0)" (AP)* (x=x ) +(y? ~Hx)' Ry (y? —Hx) . (A6)
The subscript —k indicates a vector (matrix) with its k-th element (k-th row and

column) deleted. Instead of minimizing Eq. (A6) p, times, the objective function

(EQ. (A5)) has another more simple expression (Gu 2002):

-2 O

, A7
Pi k= (1—ak’k )2 ( )

where @, , isthe element at the site pair (k, k) of the influence matrix A, (4). Then,

. . . 13 1 .
8, is substituted with the average —Zak,k =—Tr(A;(1)) and the constant is

i k=1 i

ignored to obtain the following GCV statistic (Gu 2002):

1 _ 2
7d;rRi1/2(| . _Ai (ﬂ)) Ri1/2di

GCV, (1) = 2 . (A8)
[1Tr(l LA (/1))}
Pi '
Appendix B
The sensitivities of the analysis to the observation are defined as follows:
57 = Vi - RUKTHIR™) (B1)

1 ay:) -
Substitute the Kalman gain matrix K; = PiHiT(HiPiHiT +Ri)71 into S7, then:
S =R’KH'R;"?
=RV (HPH] +R;) H,PH/R"
=RV (HPH/ +R,)" (H,PH +R, ~R,)R; "2

=RV (HPH] +R,) " (H,PH +R,)R¥* ~R¥(HPH] +R,) RR;*?
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=1, -R¥(HAPH! +R,) R
=A (B2)

Therefore, the sensitivity matrix S; is equal to the influence matrix A, .
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Table 1. Time-mean values of the forecast ensemble spread, GAI statistics, GCV
functions and analysis RMSE over 2000 time steps, as well as the running times
(second) for different assimilation schemes. The observation number is 40 and the

ensemble size is selected as 10, 30 and 50, respectively.

Scheme ~ CeMPIE oo GAI Gov  RMSE  Rumning
Size Time
10 023  456% 3638 450  70.73
Conventional
30 036  10.78% 3114 401  215.92
EnKE
50 041  1358% 2521 352  346.69
10 315  4.78% 3591 438  77.41
Constant
0,
Al 30 325  27.48% 556 141  238.25
50 327  19.67% 503 114  384.63
10 326  524% 3556 374 8131
Improved 30 332 2021% 329 110  251.06
EnKE

50 3.45 35.63%  2.30 0.88 405.68
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Table 2. Same as in Table 1 but for 20 observations.

Scheme Ensemble o ead  GAI GOV RMSE Rumning

Size Time

10 041 10.77% 33.64 4.85 67.75

Conventional
30 059 2092% 2289 4.10 181.27
EnKF
50 0.68 26.41% 14.97 3.29 295.92
10 3.03 11.73% 3339 464 71.22
Constant
0

inflated ENKE 30 3.18 30.07% 17.12 3.92 203.64
50 327 3951% 1274  3.37 322.29

10 333 1325% 3217  4.39 74.84

Improved EnKF 30 336  35.09% 14.99 3.46 213.81
50 348 41.28%  5.19 2.86 339.41
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Figure captions

Figure 1. Flowchart of the proposed assimilation scheme.

Figure 2. Time series of the estimated inflation factors by minimizing the GCV
function. The median of the estimated inflation factors is 1.88.

Figure 3. Forecast ensemble spread of the conventional EnKF (black line), the
constant inflated EnKF (red line) and the improved EnKF (blue line) for the
Lorenz-96 experiment with 40-observation and 30-ensemble member. The constant
multiplicative inflation factor is set as 1.88.

Figure 4. GAI statistics of the conventional EnKF (black line), the constant inflated
EnKF (red line) and the improved EnKF (blue line) for the Lorenz-96 experiment
with 40-observation and 30-ensemble member. The constant multiplicative inflation
factor is set as 1.88.

Figure 5. Analysis RMSE of the conventional EnKF (black line), the constant inflated
EnKF (red line) and the improved EnKF (blue line) for the Lorenz-96 experiment
with 40-observation and 30-ensemble member. The constant multiplicative inflation
factor is set as 1.88.

Figure 6. GCV function values of the conventional EnKF (black line), the constant
inflated EnKF (red line) and the improved EnKF (blue line) for the Lorenz-96
experiment with 40-observation and 30-ensemble member. The constant
multiplicative inflation factor is set as 1.88.

Figure 7. Ensemble analysis state members of the conventional EnKF (black line), the

constant inflated EnKF (red line) and the improved EnKF (blue line) for the
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Lorenz-96 experiment with 40-observation and 30-ensemble member. The constant
multiplicative inflation factor is set as 1.88. The green line refers to the true trajectory

obtained by the numerical solution.
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2 Figure 1. Flowchart of the proposed assimilation scheme.
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Figure 2. Time series of the estimated inflation factors by minimizing the GCV

function. The median of the estimated inflation factors is 1.88.
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Figure 3. Forecast ensemble spread of the conventional EnKF (black line), the
constant inflated EnKF (red line) and the improved EnKF (blue line) for the
Lorenz-96 experiment with 40-observation and 30-ensemble member. The constant

multiplicative inflation factor is set as 1.88.
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Figure 4. GAI statistics of the conventional EnKF (black line), the constant inflated
EnKF (red line) and the improved EnKF (blue line) for the Lorenz-96 experiment
with 40-observation and 30-ensemble member. The constant multiplicative inflation

factor is set as 1.88.



—— EnKF
—— Constant Inflated EnKF
©F  —— Improved EnKF
m -
w
%)
=<+
[h'd
0
(/2]
o
c
<
N .

| “4“"»““1“ w‘" "'! Jl ]'w"‘ | M‘M

0 500 1000 1500 2000
Time Step

Figure 5. Analysis RMSE of the conventional EnKF (black line), the constant inflated
EnKF (red line) and the improved EnKF (blue line) for the Lorenz-96 experiment
with 40-observation and 30-ensemble member. The constant multiplicative inflation

factor is set as 1.88.
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Figure 6. GCV function values of the conventional EnKF (black line), the constant
inflated EnKF (red line) and the improved EnKF (blue line) for the Lorenz-96
experiment with 40-observation and 30-ensemble member. The constant

multiplicative inflation factor is set as 1.88.
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Figure 7. Ensemble analysis state members of the conventional EnKF (black line), the
constant inflated EnKF (red line) and the improved EnKF (blue line) for the
Lorenz-96 experiment with 40-observation and 30-ensemble member. The constant
multiplicative inflation factor is set as 1.88. The green line refers to the true trajectory

obtained by the numerical solution.
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