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1 Introduction

We would like to thank the editor and the reviewers for their comments, which contributed to

improvement of this paper.

2 Reviewer 1

1. About the numerical experiments and results

1.1 For the proposed method to be considered as a serious alternative to others, its performance
must be compared to others, like the standard EnKF (or ETKF), the SIR filter, on a systematic basis.
See for example the works of Oke, Sakov, Bocquet, to cite only a few names.

The main intent of the computational tests was to assess how close the method is to incremental
4DVAR in terms of minimizing the objective function. To assess the overall performance, we have
now rerun the experiments with the quasi geostrophic model with RMSE, and we have run a long-
term comparison with RMSE for the Lorenz 63 model, see the next item.

1.2 The diagnostics must be statistically robust. According to the authors cited previously, and
also based on my personal experience (Metref et al., [2014), the diagnostics of DA with the Lorenz
63 system are robust if they are based on 100,000 assimilation steps at least, excluding spin-up.

We have run the assimilation on Lorenz 63 for 100,000 assimilation steps. The results are in new
Fig. 6 and described in new Section 6.1.3.

1.3 For the QG experiments, I find it quite reductive to limit the diagnostics to the value of the
objective function.

The purpose of measuring the objective function was to assess how close the method was to

4DVAR. We have rerum the experiments adding also RMSE, added as new Table 3.



25

30

35

40

45

50

55

1.4 Several statements are not motivated, unclear, or inaccurate: p.882: why choosing 8 iterations?
p- 882, lines 23-25: "the objective function decreases with iterations". Not for 7 = 0.1 and 0.01 where
the function increases at the last iteration. What happens with more iterations? This requires further
investigations. p.883, line 8: "for the first iteration, the best decrease in objective function is obtained
when 7=1": actually, it increases from 1 to 2. Is the first iteration before that?

We have clarified that by 6 iterations the method achieved the decrease in the objective function
and then it just oscillates randomly, that’s why lines beyond 8 are not shown (Section 5.1.2, around
line 363).

What is the initial value of the objective function?

We have added line with the initial value of the objective function to Table 2 for the Lorenz 63
model. For the QG model, the figures now start with iteration 0, which is the initial value.

2. About the presentation of the method

2.1 More must be said about the computational complexity and the implementation complexity.
Of particular importance is the increment of work from an EnKF, for example.

We have added a summary of the cost in terms of the number of evaluations of the model and the
observation operator (Section 4, around line 270)

And what are the assets of the method, compared with others?

The main advantages of the new method compared with the literature are as follows:

— The method asymptotically approaches 4DVAR for small T and large ensemble size, which
can be proved rigorously (Bergou et al.| [2014), thus it inherits (in the limit) the advantages of
4DVAR.

— The implementation of the Levenberg-Marquard reqularization as additional observation is

statistically correct, because the EnKS is used to solve only the linear least squares.

— The ensemble of increments is generated fresh in every iteration, which prevents the

minimization from being restricted to combinations of a single fixed ensemble.

This is described in the introduction, around line 67.

2.2 Algorithm 3: If I understand it well, the algorithm consists in: - compute the full model
trajectory from x¢; - Apply an EnKS on z, which dynamics are governed by the model linearized
at the previously computed trajectory; - update the trajectory, re-linearize the model (and H), and
iterate. I understand that the method is proposed as an improvement (or another way to solve the
inner loop) of the incremental 4DVar. But I do not see where the "variational”" part of the algorithm
is, other than in the perturbations z used for the EnKS. Meteorologists and oceanographers are used
to speak about variational methods when the objective function is explicitly minimized to reach
the solution. Here, it seems that the calculation of the objective function is not essential to solve the

problem, but is only used as a diagnostic. To me, it looks more like a hybrid of a "two-step" smoother
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and an EnKS (see for example|Cosme et al.|(2012), but I do not request you to cite my work). Could
you clarify that?

The present method is set as Gauss-Newton (or Levenberg-Marquardt, when regularization is
added) for the minimization problem in 4DVAR. With a large enough ensemble, and small enough
T, it becomes asyptotically the same as incremental 4DVAR, as proved in |Bergou et al.| (2014).
That is, the objective function is minimized, which was the reason for the original choice of the
numerical experiments. This is in fact an important motivation of this method, and it is now noted in
the introduction, around line 68.

2.3 Algorithm 3: Following the previous point, if I am right and if you agree, the name “EnKS-
4DVar” should be modified.

We would prefer to keep the same name. Also, other related methods use names with various
combinations of "En" and "Var'.

2.4 1 wrote earlier that the presentation was clear and concise, and I like it. But it requires a
significant amount of background in data assimilation to understand the paper. Perhaps the authors
could guide the reader toward some appropriate references for his/her self-education if necessary
(more than in the present version).

We have added reference to |Evensen| (2009) and|Kalnay|(2003) in the introduction.

3. Minor comments, typos, etc p.872, Beginning of section 3: the notation z for the states (line 5)
is confusing after notation x in the previous section. Perhaps you can anticipate this by stating shortly
why you adopt this notation (a short statement in brackets should be enough). When we understand
the rationale of this notation (later in the text) Equation 5 becomes all the more confusing because it
involves a nonlinear model. I am sure the authors will find a smart way to make things a bit clearer.

We rewrote the section consistently in terms of dx instead of z. The EnKF and EnKS are
formulated with the variable .

Equation 6, 19, and elsewhere: I know it is common to perturb the observations y, but the usual
observation equation (y = h(z) + €) says that h(z) should be perturbed instead, as in the model
equation. This reverses the sign of the perturbation. Of course, it is equivalent with centered and
symmetric noise as it is here. Since it is (unfortunately) common to present things that way, this
changes of sign is not a strong requirement.

Left it as is.

Introduction and almost everywhere: Although the Kalman filter is indeed due to Kalman (1960),
optimal linear smoothers are not. "Kalman smoothers" should be replaced by "Smoothers based on
Kalman’s hypotheses". But I agree this is quite cumbersome. If the authors does not find an easy
way around this, I do not make it a strong requirement.

Left as is. “Kalman smoother” is the commonly used term in the references, even if, as the reviewer
points out, it may not be historically entirely right..

Equations 14 and before 11: should the first = be replaced by a 2?
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No longer relevant, the section was rewritten with .

p-875, first line: perhaps a reference to Eq. 4 rather than Eq. 2 would be more appropriate.

No longer relevant, the section was rewritten.

Figures 4 and 5 are not used in the discussion. They could be removed.

Reference to these figures was inadvertently omitted. They provide more detailed statistics for the
convergence of the iterations, as is now noted around line 346.

p-887, lines 16-17: "it is capable of handling strongly nonlinear problems". I tend to disagree with
this statement. The Lorenz 63 system fully observed every 25 steps is considered "weakly nonlinear"
(Sakov et al. |2012}; |Verlaan and Heemink, 2001; Metref et al.| [2014) and the QG model with grid
meshes of 300 km and observed with a ratio 1/32 is probably not very nonlinear (I do not have a
reference for this).

In the new Section 5.1.3, we have now used observations of the Lorenz 63 model from At = 0.05
to 0.55 (strongly nonlinear), cf., |Bocquet and Sakov, (2013} Fig. 6). |Bocquet| (2011), and Metref|
et al.|(2014). For the QG model, we run the experiments for 10 days when nonlinearity is increasing
(Fisher et al.||2011| Fig. 2), as now noted around line 477.

p-888, lines 2-5: the advantages of using varying 7’s are only speculative from the results
presented. They are not shown.

We have changed to “may be better” (around line 530).

p.888, line 7: the QG model is one of the simplest models of the atmospheric circulation. It cannot
be considered standard, because it is rarely used for meteorological applications.

We have rephrased as “one of the widely used model in theoretical atmospheric studies, since
it is simple enough for numerical calculations and it adequately captures an important aspect of

large-scale dynamics in the atmosphere,” at the beginning of Section 5.2.1, around line 413.

3 Anonymous Reviewer 2

1 General impression

I believe the paper is interesting. In particular, the use of the EnKS to solve the inner loop problem
is the real novelty of the paper worth investigating. I am less pleased with the treatment of the
literature. Some contributions need to be mentioned. Others are discussed and mentioned but not
properly described, or part of the results relevant to this paper omitted. Grey literature is mentioned.
In theory it should not. I personally don’t mind but then you should also mention other non peer-
reviewed contributions of other colleagues.

Moreover, there are a few unjustified statements. For instance, the standard EnKS as presented
as if it was a novelty. Also, the paper does not truly deliver on the promise, especially at the end of

Section 5. The numerics is technically fine, but not entirely convincing. Overall I would ultimately
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recommend the publication of this paper, but on the condition that the following remarks are properly
addressed.

Main comments

1. (a) page 869, 1.11-41: This passage has wrong statements, and uses gray and peer-reviewed
literature in a biased way. First of all, let me say that the IEnKF/IEnKS is quite complementary to
your idea of using the EnKS to solve the inner loop problem. It has always been claimed (Bocquet
and Sakov} 20122013}, 2014) that the IEnKS/IEnKS could use a different optimizer (on the shelf,
Quasi-Newton, Levenberg-Marquart, etc.). Quasi-Newton and Levenberg-Marquart methods have
indeed also been used in those papers. The IEnKS could easily incorporate your idea and use the
EnKS to to solve the inner loop problem, which would make a nice blending!

(b) "Additional work appeared after the first version of this paper was written (Mandel et al.|
2013)). Bocquet and Sakov|(2014) extend the method of |Bocquet and Sakov| (2012} to 4DVAR..." :

This chronology is biased and incorrect for these reasons:

— If you use gray literature then you should mention: http://www.meteo.fr/cic/meetings/2012/

ensemble.conference/presentations/session04/1.pdf
— |Bocquet and Sakov|(2014)) appeared online in final form with a doi number in 2013.

— Please also cite Bocquet and Sakov| (2013), which additionally offers a comparison with a

(fully cycled) 4D-Var.

We no longer mention the preprint (Mandel et al.| 2013)) of the original version of this paper. We
have added a discussion in the introduction along the lines suggested by the referee around line 103.

(c) [Sakov et al.[ (2012); Bocquet and Sakov| (2012, 2013}, [2014) not only use finite-differences
but also an ensemble transform approach without rescaling which proved to lead to very similar
performances. Finite-difference/bundle is interesting in that it mimics the tangent linear, although
the ensemble transform is more elegant. This is of direct relevance to your discussion of 7 in Section
4. Please mention it.

Added the following note before Theorem 1, around line 280: “It is interesting that the ensemble
transform approach in |Sakov et al.| (2012)); |Bocquet and Sakov| (2012, 2013} |2014)) corresponds to
our T = 1, but it does not seem to reduce to the standard EnKS.”

(d) "However, Bocquet and Sakov| (2014) nest the minimization loop for the 4DVAR objective
function inside a square root version of the EnKS and minimize over the span of the ensemble,
rather than nesting EnKS as a linear solver inside the 4DVAR minimization loop over the full state
space as here." This sentence seems nice but it is partially misleading in at least two ways: (i) the
IEnKS is more than what is implicit here as it incorporates cycling which is one of the main results of
Bocquet and Sakov|(2014). So the sentence should start with something like "Focusing only on the

variational analysis..." (ii) [Bocquet and Sakov| (20122013} 2014)) emphasized that the minimization
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can be performed differently opening the way to many consistent variant in the variational analysis.
Using your idea of the EnKS for solving would actually be a nice addition to the IEnKS.

We have added a discussion in the introduction, see lines 88-102.

(e) "Their method is tied to the use of the sample covariance matrix of the state without localization
of the covariance and to strong-constraint 4DVAR": This is partially incorrect for the second
statement and plain wrong for the first. Please remove entirely this sentence. I agree that (Bocquet
and Sakov}[2014) strongly rely on the strong-constraint hypothesis (which is not the case for Bocquet
and Sakov|(2013)). As for localization, it seems that it was not used in/Bocquet and Sakov|(2014) on
purpose. But it was not claimed it is not possible to use it, only that this is not as simple as with the
EnKF. Actually, localization can be used in the IEnKS. Preliminary results were reported early in
2013 http://das6.umd.edu/program/das6_program.html in the largest international data assimilation
conference. Please mention clearly that localization has been shown to be possible with the IEnKS.

(f) "However, limiting the EnKF to linear combinations only does not allow common approaches
to localization (Sakov and Bertinol 2011)." This is wrong. Please remove the sentence. Local
analysis/domain analysis which limits the EnKF to local linear combinations, is extensively used
in data assimilation, notably, but not only, via the popular LETKF (Ott et al., |2004). Please read
Sakov and Bertino| (201 1)); [Nerger et al.|(2012). That is why it is rather straightforward to implement
localization in the IEnKS. It seems to me that you try to create an opposition that does not exist.

(g) "Ensemble methods for the solution of the 4DVAR nonlinear least squares problem in the
weak constraint 4DVAR, or ensemble methods for this problem which allow localization, do not
seem to have been developed before.": I disagree. There are published papers (not to mention gray
literature) that already discuss the issue in an ensemble variational context, some of them being
difficult to ignore for the readership of Nonlinear Processes in Geophysics. For instance: |(Chen and|
Oliver| (2013)); |Desroziers et al.|(2014])); Lorenc et al.|(2014) to quote just a few.

We have added a discussion of localization at the end of the introduction, starting at line 104.

2. Implementing Levenberg-Marquardt in the solution of an EnVar problem has been considered
first, tested and validated inBocquet and Sakov|(2012) and|Chen and Oliver|(2013). Surprisingly the
authors mentioned "and |Bocquet and Sakov| (2012), who added regularization" but not the fact that
this regularized is based on the Levenberg-Marquardt scheme...

We have clarified that the regularization was meant to be Levenberg-Marqardt, around line 93.

Please mention those references, and make it clear. Bocquet and Sakov| (2012); |Chen and Oliver
(2013) did not find any convergence problem with their application, but rather use it as a faster
convergence method, as an adaptive method between steepest descent and Gauss-Newton.

We have paraphrased this note around line 95.

Here are quotations from (Bocquet and Sakov} 2013} 2014):

“One has a choice of minimization scheme: for instance, Sakov et al.|(2012) used a Gauss-Newton

scheme whereas [Bocquet and Sakov| (2012) advocated the use of the Levenberg-Marquardt scheme
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(Levenberg, |1944; Marquardt, |1963) for strongly nonlinear systems. In this article we shall use
a Gauss-Newton scheme, because the emphasis is not specifically on strongly nonlinear systems
and the number of iterations for convergence in the experiments below is rather limited for most
experiments.” “The Gauss-Newton minimization scheme shown in Eq. (2) can easily be replaced by
a quasi-Newton scheme that avoids the computation of the Hessian, or by a Levenberg-Marquardt
algorithm that guarantees convergence of the minimization. These alternatives have been suggested
and successfully tested in[Bocquet and Sakov|(2012).”

3. page 868, 1.23-26. “Gradient methods in the span of the ensemble for one analysis cycle (i.e.,
3DVAR) includeZupanski| (2005)); [Sakov et al.[(2012)) (with square root EnKF as a linear solver in
Newton method), and [Bocquet and Sakov| (2012)” This is wrong. The iterative ensemble Kalman
filter in |Sakov et al.| (2012) and Bocquet and Sakov| (2012) is already a 4D ensemble variational
method as it has a temporal variational analysis. It coincides with the iterative ensemble Kalman
smoother with only one batch of observations. It can be seen as a one-lag smoother. Actually your
method essentially coincides with the IEnKF in the lag-one case (modulo some irrelevant details
such as the use of stochastic perturbations or not)! Note that[Sakov et al.[(2012) actually compared
two variants of the IEnKF (lag-one smoother): one with the tangent linear model and one with the
nonlinear model, which is of direct relevance to your discussion of 7.

We have noted that IEnKF is similar to the finite differences and the use of EnKS in this paper,
around line 90. There are of course some differences, but we do not go into further details there. We
have added a more comprehensive discussion reflecting the above items and our best understanding
based on fresh reading of the mentioned literature, starting around line 70.

4. What you called the nonlinear EnKS (Algorithm 4) is actually the standard EnKS as
implemented by the geophysical data assimilation community! You will find many variants
(depending on the flavor of the EnKF, perturbed observations or not, with or without model error,
with or without localization), but they strictly follow the same smoothing principle: an EnKF pass
operated with the nonlinear model, and a backward smoothing pass.

As as far as the EnKS is concerned (the question is richer in the IEnKS context, and could be
in your section 5), the question of using the tangent linear model or not only appears in the EnKF
pass and it has been discussed over 20 years. This is what is commonly refereed to the reduced rank
Kalman filter approach (RRSQRT) versus the EnKF which differ by the use of the tangent linear or
the full model in the propagation. The reason why the nonlinear model is preferred is because it is
simpler and natural and capture some nonlinear effects (which turns out to be often more precise).
Hence, what you call the nonlinear EnKS (which in light of the previous comment is a pleonasm)
is what is actually used in |[Evensen| (2009); (Cosme et al.| (2010); |[Nerger et al.| (2014); Bocquet and
Sakov| (2012} [2013)) and several others (see also|Cosme et al.|(2012)). This should be stated clearly.
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We meant the standard EnKS and used “nonlinear” only to distinguish it from the separate
presentation in the linear case. We have restructured the presentation now, and the EnKS is stated
for reference only once, starting around line 190.

5. As mentioned earlier the novel and appealing idea of this manuscript is the use of the EnKS to
solve the inner loop problem of a nonlinear problem. Almost up the to end of section 5, the discussion
is on the reformulation of known methods and techniques, and the expectation of the reader is great
at this point. But, the final theoretical piece of the study does not seem to be given. Where do you
describe the full algorithm with the regularization? It is necessary that you give it, because this
should stand as the essential piece of the paper and one might think that there is nothing essentially
new without it. Besides, this is where nonlinear ensemble variational methods gets trickier. Please,
explain precisely how you solve Eq. (23) and give us the complete algorithm. This is critical for the
paper.

We have restructured the presentation. We minimize the statement of known methods and state
the final algorithm from around line 237 linearly in full without references to elsewhere, even if
it creates some duplication and an implementation would normally use calls to subprograms The
second analysis step with the regularization is added as requested and written out for this particular
case. In practice, it might be implemented simply as a second call to a subprogram that performs the
analysis step.

6. The numeric is technically fine and using the OOPS QG model offers a nice illustration. But
it is not entirely convincing. This seems a mere check of consistency. Some of the early claims of
the paper are not supported, because, for instance, of the absence of localization and cycling (the
latter being critical in ensemble methods). The use of localization could have made this paper a
bit different from other contributions. I would suggest you to be more caution and state that these
experiments offer a partial assessment of the scheme.

We state that this is only a partial assessment and localization and cycling in the QG model are a
project in itself beyond the scope of this paper, around line 481.

Minor points or comments related to the major points

1. page 867, 1.5-7: "However, Gauss-Newton iterations may not converge, not even locally." Yes,
it is important that you mention it. However, in practice (which is also important for this journal),
for a well designed system failures to converge are rare.

The QG problem diverges without regularization, which shows that divergence of the Gauss-
Newton method can appear outside of artificially contrived examples. Perhaps the absence of
divergence is one of the attributes that define what a well designed system is. We have added
a note that “a careful design of an application system may avoid divergence in practice” in the

introduction, around line 27.
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2. page 868, 1.7 "work is relatively cheap": The EnKS is wonderful as it is computationally cheap.
But in high-dimensional systems, it has a huge storage requirement which has been warned against
(Cosme et al.|(2010) and earlier references).

We have noted the storage requirements in the introduction, around line 56.

3. page 867, 1.17-18: "It is well known that weak constraint 4DVAR is equivalent to the Kalman
smoother in the linear case." This is only true for the analysis within the data assimilation window.

Added “when all observations are in the assimilation window”, around line 38.

4. page 880-886: I believe the discussion on the impact of the hyper-parameters should also depend
on the outcome of a long cycling of the experiment. You may not have to achieve a high precision
minimization to address properly the nonlinear effects within the data assimilation window and
propagate later the ensemble (hence the errors) through the window.

5. page 887, 1.17: “and have shown that it is capable of handling strongly nonlinear problems”: in
the absence of cycling, it is difficult to really conclude. Cycling is important for the L63 and the QG
model. That said, the numerical experiments are convincing enough for the case of a single nonlinear
minimization. Please mitigate your statements.

We have added long-cycling experiments including in the strongly nonlinear regime for the Lorenz

63 model, in new Section 5.1.3.

4 Letter from the editor

Dear Prof. Mandel,

You must have seen the reports of the two referees of your paper. You must also have received a
message from Copernicus Publications asking you to send your own response to the referees’ reports
by 2 September next. That same message must also mention the possibility of your submitting a new
version of the paper after you have responded to the referees. I as Editor encourage you (if you
have not already done so) to start preparing without delay a new version of your paper. And, in
order to save time, I want to send you now my comments on the referees’ reports, as well as my
suggestions and requests for the new version. The two referees are qualified experts on assimilation
of observations, and especially on Kalman filters and smoothers. Referee 1, who has let his name
known, is E. Cosme from Grenoble University. Both referees consider your paper contains material
that deserves publication, but both also consider that it requires major revisions. Referee 1 has
comments on both the general presentation of the method you use, and on your numerical results.
Concerning the method, he questions in particular the use of the word ‘variational’ for qualifying it
(his comments 2.2 and 2.3). Concerning your results, he asks for comparison with other assimilation
algorithms (his comment 1.1). He also considers that it is insufficient to use only the value of the
objective function as diagnostic for the quality of the assimilation performed with the QG model (his

comment 1.3). Concerning this last point, you know the ‘true’ field at all gridpoints and timesteps,
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and there is fundamentally a circular argument in evaluating the accuracy of the reconstructed fields
by their fit to the observations that have been used in the assimilation. Referee 2 strongly stresses that
you have not in his/her opinion given proper credit to recent works on ensemble Kalman filtering
and smoothing (main comments 1 to 3). He/she also asks for a more detailed description of your
implementation of algorithm 3 (main comment 5) and, as Referee 1, says he/she is not convinced by
your numerical results concerning the QG model (main comment 6).

I as Editor also have a few comments. I mention two at this stage.

1. You refer to Algorithms 3 and 4 (statement of Theorem 1, Section 4) without having described
what they are, nor even mentioning the Tables in which the corresponding equations are given. These
algorithms must be described in the text before they are discussed.

The algorithms typeset in the algorithm environment used by Copernicus are BIgXfloats, therefore
our control over their placement is limited. We have now formulated the algorithms as inline text
with numbered equations so that we can be sure that they are in the right place.

2. The setting of the QG experiments (independently of their validation) should be described
in more detail. For instance, the sentence The vertical correlation function value was taken as 0.2
(subsection 6.3.2, about three lines before end of penultimate paragraph) does not make much sense
(in which unit is the value 0.2 expressed ?).

We corrected this item, around line 473: “The vertical correlation is assumed to be constant over
the horizontal grid and the correlation coefficient value between the two layers was taken as 0.5 for
Qi and 0.2 for B.”

And how do you ‘non-dimensionalise’ the parameter S (2 lines after Eq. 26; it is somewhat
inconsistent to keep a dimensional Coriolis parameter fy, and then to non-dimensionalise its spatial
derivative) ?

We have added more information to the text regarding the non-dimensionalisation, starting around

line 424: “The non-dimensional equations (Fandry and Leslie| |1984 |Pedlosky,|1979) can be derived

as follows:

U 7 7
t_tf7 x_Ea ZJ—E,

u 0] L?
U’_ﬁ7 ’U_ﬁ7 B_ﬂ0ﬁ7

where t denotes time, U is a typical velocity scale, x and y are the eastward and northward
coordinates respectively, u and v are the horizontal velocity components, By is the northward
derivative, and the tilde notation refers to the dimensionalized parameters ... For the experiments
in this paper, we choose L = 10m, U =10ms— !, H; = 6000 m, Hy = 4000 m, fo= 1074571
Bo=15x10"1s " Im=1”

Please revise your paper according to the comments and suggestions of the two referees, as well as
to mine. Concerning the referees’ requests, that may require additional diagnostics or even numerical

experiments. As requested by Copernicus Publications, give a point-by-point answer to all these

10
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comments and suggestions (including mine). Should you disagree with one particular comment, or
decide not to follow one particular suggestion, please state precisely your reasons for that. As far
as I am concerned, your response can be submitted in the open discussion, or in a letter attached to
your revised version.

Both referees have stated they would be willing to review your paper again, and I will send your
revised version to both of them.

I thank you for having submitted your paper to Nonlinear Processes in Geophysics, and look
forward to receiving a new version.

Olivier Talagrand

Editor, Nonlinear Processes in Geophysics

11
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Abstract. The ensemble Kalman smoother (EnKS) GS%iS€d as @ linear least squares solver in the
Gauss—Newton method for the large nonlinear least squares §ystém) in incremental 4DVAR. The en-
semble approach is naturally parallel over the ensemble members and no tangent or adjoint operators
are needed. Further, adding a regularization term results in replacing the Gauss—Newton method,
which may diverge, by the Levenberg—Marquardt method, which is known to be convergent. The
regularization is implemented efficiently as an additional observation in the EnKS. The method is

illustrated on the Lorenz 63 @6deD and @ two-level quasi-geostrophic fmodel:

1 Introduction

Four dimensional variational data assimilation (4DVAR) is a dominant data assimilation method
used in weather forecasting centers worldwide. 4DVAR attempts to reconcile model and data vari-
ationally, by solving a large weighted nonlinear least squares problem. The unknown is a vector of
system states over discrete points in time, when the data are given. The objective function minimized
is the sum of the squares of the differences of the initial state from a known background state at the
initial time and the differences of the values of observation operator and the data at every given
time point. In the weak-constraint 4DVAR (Trémolet, 2007), considered here, the model error is ac-
counted for by allowing the ending and starting states of the model at every given time point to be
different, and adding to the objective function also the sums of the squares of those differences. The
sums of the squares are weighted by the inverses of the appropriate error covariance matrices, and
much of the work in the applications of 4DVAR goes into modeling those covariance matrices.

In the incremental approach (Courtier et al.,[1994), the nonlinear least squares problem is solved
iteratively by SOIVifig a succession of linearized least square (problems? The major cost in 4DVAR
iterations is in evaluating the model, tangent and adjoint operators, and solving @ large linear least
squares. A significant software development effort is needed for the additional code to implement the

tangent and adjoint operators to the model and the observation operators. Straightforward lineariza-
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fion'leads o' the'Gauss=Newton method fornonlinear least squares (Bell, [1994; [Tshimanga et al., |

[2008). Gauss—Newton iterations are not (Gliaranteedio) converge, not even (ocally; though'a careful)
designonamapplicationsystemmayavoIdiVergenceinpractice) Finally, while the evaluation of the

model operator is typically parallelized on modern computer architectures, there is a need to further

parallelize the 4DVAR process itself.

The Kalman filter is a sequential Bayesian estimation of the gaussian state of a linear system at
a sequence of discrete time points. At each of the time points, the use of the Bayes theorem results in
an update of the state, represented by its mean and covariance. The Kalman smoother considers all
states Within‘an'assimilation time Window to be a large composite state. Consequently, the Kalman
smoother can be obtained from the Kalman filter by simply applying the same update as in the filter
fo the past states as well. However, historically, the focus was on efficient short recursions
let all [1965}, [Strang and Borre} [1997)), Similarlyastin the Kalman filter.

It is well known that weak constraint 4DVAR is equivalent to the Kalman smoother in the linear

(case’and'when'all'observations'are in the @ssimilation'window. Use of the Kalman smoother to solve

the linear least squares in the Gauss—Newton method is known as the iterated Kalman smoother, and

considerable improvements can be obtained against running the Kalman smoother only once (Bell,

1994; [Fisher et al } 2005).

The Kalman filter and smoother require maintaining the covariance of the state, which is not

feasible for large systems, such as in numerical weather prediction. Hence, the ensemble Kalman
filter (EnKF) and ensemble Kalman smoother (EnKS) use a Monte-Carlo approach
for large systems, representing the state by an ensemble of simulations, and estimating the state
covariance from the ensemble. The implementation of the EnKS in [Stroud et al| (2010) uses the
adjoint model explicitly, with the short recursions and a forward and a backward pass, as in the
Kalman'smoother? However, the implementations in [Khare et al.| (2008); [Evensen| (2009) do not
depend on the adjoint model and simply apply EnKF algorithms to the composite state over multiple
time points. Such composite variables are also called 4D vectors, e.g., (Desroziers et al{ [2014). We
use the latter approach in the computations reported here.

In this paper, we use the EnKS as a linear 1€8t squares solver in 4DVAR. (TheEAKSisifmplemented
(imthe'physical’spacerand With fandomization’ The ensemble approach is naturally parallel over the
ensemble members. The rest of the computational work is relatively cheap compared to the ensemble
of simulations, and parallel dense linear algebra libraries can be @iséd;however, i high=dimensional
systems or for a large lag, the storage requirements can be prohibitive (e.g., [Cosme et al}, [2010).

The proposed approach uses finite differences from the ensemble, and no tangent or adjoint opera-

tors are needed. To stabilize the method and assure convergence, a Tikhonov regularization term is

added to the linear least squares, and the Gauss—Newton method becomes the Levenberg—Marquardt

(method (Cevenberg) (1944} [Marquardt) [1963)) The Tikhonov regularization is implemented within
EnKS as midependentobservatiomfollowing oS andIVARGEN 2008  computationally cheap
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additional analysis step, which i statistically correct because the smoother operates only on the lin-
earized problem. A new probabilitistic ensemble is generated in every iteration, so the minimization
is not restricted to the combinations of a single ensemble. We use finite differences from ensemble
‘mean towards the ensemble members to linearize the model and observation operators. The iterations
(canbeprovedito) converge to jincremental 4D VAR (fefations for Smallififiiteldifferencestepiand large
ensemble size (Bergou et al|[2014). Thus, in the limit, the method performs actual minimization of
the weak-constraint objective function and inherits the advantages of 4DVAR in handling nonlinear
(problems? We call the resulting method EnKS-4DVAR.

(Combifations of ensemble and variational approaches have &€l of considerable recent interest.
Estimating the background covariance for 4DVAR from an ensemble was one of the first connections
(Hamill and Snyder} 2000B):1¢ is now standard and became operational (Wang, 2010). [Zhang et al |
(2009) use a two-way connection between EnKF and #DVAR to obtain the covariance for 4DVAR,
and 4DVAR to feed the mean analysis into EnKF. EnKF is operational at the National Centers for

Environmental Prediction (NCEP) as part of its Global Forecast System Hybrid Variational Ensem-
ble Data Assimilation System (GDAS), together with the Gridpoint Statistical Interpolation (GSI)

variational data assimilation system (Developmental Testbed Center, [2013).

The first methods that usc ensembles for more than computing the covariance minimized the
3DVAR objective function in the analysis step. The MLEF method by Zupanskil 2005) works in the
ensemble space, i.e., minimizing in the span of the ensemble members, with the control variables
being the coefficients of a lincar combination of the ensemble members. (Gu and Oliver| (2007) use
iterated ensemble Kalman filter (with randomization) in the state space, with a linearization of the ob-
servation operator obtained by a regression on the increments given by the ensemble. This approach
‘was extended by (Chen and Oliver| 2013) fo a Levenberg-Marquardt method, with the regularization
done by a multiplicative inflation of the covariance in the linearized problem rather than adding a
(Tikhonov regularization termy Liu et al. (2008, 2009); [Liu and Xiao (2013) minimize the (strong

constraint) 4DVAR objective function over linear combinations of the ensemble by computations in

the observation space.

‘The IEnKF method by [Sakov et al (2012) minimizes the lag-one 4DVAR objective function in
the ensemble space, using the square root EnKF as a linear solver in Newton-Gauss method. and
rescaling the ensemble to approximate the tangent operators, which is similar to the use of finite
differences and EnKS here. [Bocquet and Sakov|(2012) combined the TEnKF method of Sakov et al|
(2012) with an inflation-free approach to obtain a 4D ensemble variational method, and with the
Levenberg-Marquard method by adding a diagonal regularization tq the Hessian. Bocquet and Sakov
(2012); Chen and Oliver] (2013) used Levenberg-Marquardt for faster convergence, as an adaptive
‘method between steepest descent and Gauss-Newton method rather than to overcome divergence.
Bocquet and Sakov (2012) @iSorconsidered scalingiiieiensemble o ApPIoXinate the tangent opers
ators (bundlenvasianty) o in Sakov et al] (2012), BoequenanAISakow E0IB)exeieaIENKEID
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'smoother (IEnKS) with fixed-lag and moving window and noted that Gauss-Newton can be replaced
100 by Levenberg-Marquard. The method is formulated in terms of the composite model operator, i.e.,
withStrong constiaints) Bocquet and Sakov (2014) developed the fethod futherineluding eyeling
(Bocquet and Sakov} 2012, [2013,[2014) note that various optimizers could be used in ITEnKF/IEnKS;

he present method can be understood as EnKS used as such optimizer.
It is well known that for good practical performance, ensemble methods need to be modified
105 by localization to improve the sampling error. Ensemble methods can be localized in multiple
ways (Sakov and Bertino, 207 1). FoReMioaS operatngsin the PhySicalSpaceIocaliZation ean be
(@chievedyc.g., by tapering @ thg covariance iaffi® (Furrer and Bengtsson| 2007) or ) replacing the
sample covariance by its diagonal in a spectral space (Kasanicky et al.l 2013). @hi8 is not€oimpletely)
traightforwardifon the ENKSHbUIMpIEMENtations of the EnKS based on the Bryson-Frazier wers
@H0MSiGH of the classical formulation @ the (Kalfan'Smoother; with a forward and a backward passyare
‘more flexible (Butala, 2012). Methods in the ensemble space can be modified to update only nodes
in a neighborhood of the observation (e.g., Ot et al.} 2004). The 4DEnVAR method of Desroziers|
let al)(2014) uses ensemble-derived background covariance and the authors propose several methods
to solve the linearized problem in each iteration by combinations of ensemble members with the
115 weights allowed to vary spatially. [Lorenc et al| (2014) compares the hybrid 4DEnVAR and hybrid
4DVAR for operational weather forecasts.“Hybrid” refers to a combination of a fixed climatological

The paper is organized as follows. In Sect.[2] we review the formulation of 4DVAR. The EnKFand
@20m9the EnKS are reviewed in Sect. [3] The proposed method js deseribed in Sect. ] Section [§] contains

the results of the computational @xperiments; and Sect)f6] is the conclusion.

2 Incremental 4DVAR

=X

@25 We want to estimate @ogmm@gs Where x; is the state at time ¢, from the background state, g ~ xy,,

the composite (column) 4D vector

the model, &; ~ M, (x;_1), and the observations H; (x;) ~ y;, where M, is the model operator,
and H; is the observation operator. Quantifying the uncertainty by covariances, with oy ~ x}, taken

Aas (o — a:b)T B! (o — o) = 0, etc., we get the nonlinear least squares problem

2o — @[5 1+lewz i(@io)llgr + ||yz i (1) [+ — min, )
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@80 called weak-constraint 4DVAR (Trémolet, 2007). Originally, in 4DVAR, x; = M, (x;_1); the weak
constraint &; = M, (x;_1) accounts for model error.

The least squares problem (Eq. [T) is solved iteratively by linearization,

A M (@i +0xi_1) = M (1) +HME (@i 1) 61,
Hi (@i + 0x;) ~ M () +HI(@) 0@ |

@85 | In each iteration @omp < @o=p + @Y one solves the auxiliary linear least squares problem for the
| increments @Z6159

o+ 5~ D T O O
=1
S —— - o
‘ STk

This is the Gauss—-Newton method (Bell, 1994} Tshimanga et al.,2008)) for nonlinear squares, known
@20 in 4DVAR as the incremental approach (Courtier et al.|[1994). Wiite the auxiliary linear least squares

problem (Eq. [2) (oH8ZEGD as

— + — + d; — — min
102 -Gl S 10 Mtz bt S 0 Bowls @
‘where

The function minimized in Eq. (B])is the same as the one minimized in the Kalman smoother

i 1994'L

3 Ensemble Kalman filter and smoother

| We present the EnKF and EnKS algorithms, essentially following (2009), in a form suitable
@50 for our purposes. We start with a formulation of the (EAKE) in a notation useful for the extension to
EnKS. The notation v’ ~ N (m,A) means that v’ is sampled from N (@) independently of
anything else. The ensemble of states of the linearized model at time 7, conditioned on data up to

time i (that is, with the data up to time j already ingested), is denoted byﬂ =

|

@55 (ensembles) Assume for the moment that the observation operator #, is linear, that is, H; (u) = H;u.

‘The EnKF algorithim consists of the following steps:

@ Initialize

‘~ N(@pB)y (=l (©)]

where the ensemble member index £ always runs over )/ = 1,..., N, and similarly for other
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29 For i =lg2pmm
160 (@) advance in time
s = G - N (05Q)s ©
((b) ThHe analysis step
o=, - AR + —a=wi) o

-.‘NN(07Ri)7

165 where Pﬁg’s the sample covariance computed from the the ensemble q_l.

— . .
A =)= e s Sl S S
—%-)ﬁ

P = ) Y - Sy ©)

@70 | In particular, thefmatfix H; is used here only in the matrix-vector multiplications

suliich allows (e AEVECONMUIGPIICAHORIOMbEEpacEarby) the use of a POSSIBIY nonlincar
observation operator @ evaluated, on the EiSembI& members ©nly (Eq[I8)below)) This technique

is commonly used for nonlinear observation operators, e.g.,/Chen and Snyder (2007); MandeT et al.
w75 (2009). WWiEIFAG) SG3Y =sfosmsaid)s Fo. (B)ybecomes
NoAkey), mPiE - oaned)
PLH = N-1 N-1 ab
ﬂit follows that the analysis ensembleq consists of linear combinations of |

@ forecast ensemble, Hiencetit can be written as multiplying the forecast ensemble by a suitable

(transformation matrix T,

- iy T o a

The EnKS is obtained by applying the same analysis step s in EnKF Eqi[7) to the ensemble
-of @D composite states from time 0 to %, conditioned on data up to time ¢ — 1,
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@nd the linearized (Observation operator)
Hi (@~ 7o@]) = Hi(@)
Hidw, ~ - d en

The Gauss—Newton method may diverge, but convergence to a stationary point of (Eq. [I)) can be

recovered by a control of the step dz. Adding a constraint of the form ||dx;|| < e leads to glob-

ally convergent trust region methods (Gratton et al} [20173). (Herezweradd oy EquB)raTikhionoy

regularization term of the form ~ ||dx; ||;—1, which controls the step size as well as rotates the step
direction towards the steepest descent, and obtain the Levenberg-Marquardt method

1944; Zo.L, < To:1 + 0T0.1,, where

RO S R Ve e

Under suitable technical assumptions, the Levenberg—Marquardt method is guaranteed to con-

verge globally if the regularization parameter v > 0 is large enough (Gill and Murray| [1978;
1976). Estimates for the convergence of the Levenberg—Marquardt method in the case when

the linear system is solved only approximately exist (Wright and Holt, [1985)).

The

independent observation can be assimilated separately, resulting in a mathematically equivalent but
often more efficient two-stage method — simply run the EnKF analysis (Eqs. (25} [26) twice. With

the choice of S; as identity or, more generally a diagonal matrix, the implementation of these large

observations can be made efficient (IMandel et al.L |2009|).
‘increments after the first half-step, conditioned on
increments conditioned also on the regularization dx; ~ 0. Note that unlike in
(2008), where the regularization was applied to a nonlinear problem and thus the sequential data
assimilation was only approximate, hete the EnKS is run on the auxiliary linearized problem, so all
distributions are gaussian and the equivalence of assimilating the observations at the same time and
sequentially is statistically exact.
We @btaii the followingralgorithin EnKS-4DVAR forEqu(i)»

1. Tnitialize

LA AZo =Ty, @ =M (z-1), i Sl

if not given already.
2. Incremental 4DVAR (Eq.[3): Given @, ... . initialize the ensemble of increments
‘~ N(@zgB)y (=dpmmy d@p = ), — 0. (23)
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Note that for small
putational cost of EnKS-4DVAR is one evaluations of the the

N 1 evaluations of the model M, and  evaluations of the observation operator H; in each in-
cremental 4DVAR iteration, in each of the L observation periods. In comparison, the cost of EnKF
is N evaluation of the model M; and of the observation operator #; in each observation period.
Running the model and evaluating the observation operator are the major cost in practical problems
such as weather models, rather than the linear algebra of the EnKS itself, in a reasonably efficient
EnKF/EnKS implementation.

It can be proved that for small 7 and large N the iterates o, converge to those of incremental

4DVAR ((BEfgouetiall2014)» Surprisingly, it turns out that in the case when 7 = 1, we recover the
standard EnKS applied directly to the nonlinear problem) (Eq. [[)yasishownbyithefollowing theoremy
(nvpatticulaf ENKS*4DVAR) does not converge When'7 =117 for nonlinear problems; because e
result of each iteration is determined only by the starting value . It is interesting that the ensemble
transform approach in Sakov et al| (2012); [Bocquet and Sakov| (2012} 2013} [2014) corresponds to
lour 7 =1, butiit does not seem to reduce to the standard EnKS.

Theorem 1 If 7 = 1, then one step of EnKS-4DVAR (Eqs![23}{26)) becomes the EnK S (Eqs:[ISHIO)

In particular, in that case,

the &alues of d_ @@ not depend on the previous Values'of Z1:5)
Proof. Indeed, Eq.-kecomes

B M; (%—1 +ﬁ_1|i_1)—(wi—l)
- T

=M; (1171—1 +i) —x; + 0,
hence

which is the same as Eq.?mi__imilarly, Eq.ikecomes

+ M (xi1) —; +of

L Awith7 =1,

295

H; (a’!i —H; (:131) 1 S’HZ (wz j H,; (mz)
@ = 1 TNL 1 &
34

=H; (ﬂlﬁ—” —l% . Hi (ﬂli +ﬁ, [€1))

]:1L

which is @gain the same as Eq.?mi _Finally, the innovation term

in Eq. (Z6)) becomes using Eq. (@)
Hi +$) =i ()
Hili)+ e = s (OB ) — v

which is @il the same as in Eq.hﬁ-&-q{-m N

10
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® Computational results

In this section, we investigate the performance of EnKS-4DVAR method, described in this paper, by

solving the nonlinear least-squares problem (Eq.[I)) in which the dynamical models are chosen either

A L Athe Lorenz 63 system or the two-level quasi-geostrophic model (Fandry and Lesliel
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1984). Most of the experiments assess the convergence of the incremental 4DVAR iterations with
EnKS as the linear solver in a single assimilation cycle (Sections|S.1.1}[5.1.2). We also demonstrate

We first consider experiments where the regularisation is not necessary to guarantee the conver-
gence (i.e., v = 0). Lorenz 63 equations are used as a forecast model for these experiments. Sec-
tion[5a] describes the Lorenz 63 model and presents numerical results on the convergence. Using the
same model, in Sect. [BIIi2)) we investigate the impact of the finite differences parameter @3 used to
approximate the derivatives of the model and observation operators, along the iterations.

Experiments where the regularisation is necessary to guarantee the convergence are shown in
Sect. 522 and we analyse the impact of the regularisation parameter  on the application to the
two-level quasi-geostrophic model.

Note that for the experiments presented here, we do not use localization, hence we choose large

ensemble sizes. In all experiments, the regularization covariance S; = L.
S Numerical tests using the Lorenz 63 model

The Lorenz 63 equations [1963) are given by the nonlinear system

%:—U(x—y),%:px—y—xz,%:xy—ﬁz, 32)
where © = x(t), y = y(t), 2 = 2(¢t) and o, p, § are parameters, whose values are chosen as 10, 28
and 8/3 respectively for the experiments described in this paper. These values result in a chaotic
behaviour with two regimes as illustrated in Fig. [T} This figure shows the Lorenz attractor, which
has two lobes connected near the origin, and the trajectories of the system in this saddle region are
particularly sensitive to perturbations. Hence, slight perturbations can alter the subsequent path from
one lobe to the other.

The system is discretized using the fourth-order Runge—Kutta method. The state at time ¢ is de-
noted by X = [x(t),y(t),z(t)] T, X; € R3.

To evaluate the performance of EnKS-4DVAR @ethod) we will test it using the classical twin
experiment technique, which consists on fixing an initial true state, denoted by truthy, and then
integrating the initial truth in time using the model to obtain the true state truth; = M (truth;_,) at
each time 7. We then build the data y; by applying the observation operator H; to the truth at time ¢
and by adding a Gaussian perturbation @Vi(@pRz)» Similarly, the background x; is sampled from the

11
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Gaussian distribution with the mean truthy and the covariance matrix B. Then, we try to recover the

truth using the observations and the background.

5.1.1 Convergence of the iterations
We perform numerical experiments without model error. The initial truth is set to truthg =([IJ1;1] T
and the background covariance is chosen as the identity matrix of order three, i.e. B =13. The
model is advanced in time by using the Runge—Kutta method with a time step of 0.1 time unit.
The time window length is @@= 50 time steps (5 time units). The observation operator is @e-
fified as H; (z,y,2z) = (x%,y% 2?). At each time i, the observations are constructed as follows:
Yi= H; (truth;) 4+ v;, where v; is sampled from N (0,R) with R = I3. Observations are taken for
each time step (: = 1,...50). The ensemble size is fixed to N = 100.

Figure [2| shows the estimator of the state vector X, ¢ =1,...,10, for the first five iterations:

Figure 3| shows the root square error (RSE) for the same iterates showm in Fig. BSE is defined as

. 1 . .
RSEY) = \/E(truthi — 2T (truth; — 2)), j=1,....5, (33)

()

where truth; is the true vector state at time ¢, x,

is the jth iterate at time 7 and n is the length of x;.

Table [T]shows the root mean square error (RMSE) for each iterate given by
N ,
RMSE) = EZRSEEJ), j=1,...,5, (34)
i=0

where k is the number of time steps.

From Table|[I]and Figs.[2]and[3] it can be seen that the iterates of gconverge to the solution (without
using a regularization). For these experiments, we observe that RMSE is reduced significantly in five
iterations. Note that the error does not converge to zero, because of the approximation and variability

inherent in the ensemble approach.
5.1.2 The impact of the finite difference parameter

Now we investigate the influence of the finite differences parameter 7 used to approximate the deriva-
tives of the model and observation operators. We use the same experimental set-up as described in
the previous section. The numerical results are based on 30 runs with eight iterations for Lorenz
63 problem, with the following choices for the parameter @1, 10~*, 1072, 103, 10~%, 10~° and
1076,

Tablel2|shows'the mean of the objective function ¥aluefasta function the {fifiite difference step

360 J@ and the Aumber of itgrations. When &1y the terations after the first one do not improve the

objectiverfunction) However, when 7 <@0T%) the objective function SWasioverall decreasing along
the iterations, after a large initial increase. Because of the stochastic nature of the algorithm, the

objective function does not necessarily decrease every iteration and its values eventually fluctuate
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-around a limit value randomly randomly. This stage was achieved after at most 6 iterations, so only
S tcrations are shown: further lines (not shown) exhibit the same fuctuating pattern in all columns.
(Thisilimitvalieof the objective function decreases withismaller —, Ghtiliestabilizes for ; < 1052)
Figs. fand ] show more details of the statistics as boxplots of the objective function values. Each
‘We can conclude that for this toy test case at least, the method was insensitive to the choice of
7 < 1077, except that small 7, when the problem solved by the smoother is essentially the tangent
problem, resulted in a large increase of the value of the objective function in the first teration. This i
‘not uncommon in Newton type methods and highly nonlinear problems. Hence, an adaptive method,
‘which decreases T adaptively, may be of interest. This issue will be studied elsewhere.

So far, we have studied the impact of the usc ofhe stochastic solver for a single assimilation window
only. Now we test the overall long-term performance. Consider again the Lorenz 63 model (32) with
the parameters o = 10, p = 28, 3 = 8/3, and integration step set to 0.01 time unit. This is the same
parameters setup as the one used inBocquet and Sakov|(2012). We then proceed with similar testing
as inMetref et al) (2014). we perform usual twin model experiment. The initial truth state ¥p is gen-
erated from N(0,T;) distribution and the initial forecast state is then simulated by sampling from
N(¥p,T;). Both states are advanced for 50,000 model time-steps burn-in period We used nonlinear
‘observational operator h(,, 2) = (', 5*) with observational error generated from N (0,0°Ts)
‘with 02 = 8, and 7 = 10~*. The time between two available observations At varies from 0.05 time
units, when the model is nearly linear, to 0.55, when the model is strongly nonlinear. We use enserm-
ble of size 10. After running multiple simulations we have found suitable values of parameters of the
method: the number of iterations is 25, and the parameter 7 = 10~ when At = 0.05 and 5 = 1000
otherwise. The length of assimilation window is set to L =6, in other words we assimilate 6 ob-
servations at once. We assimilate each observation only once, ie., the assimilation windows do not

the initial ensemble is created after burn-in period by adding N (0,Ts) perturbations. For stability
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52 Numerical tests using a two-layer Quasi Geostrophic model (QG)

The EnKS-4DVAR algorithm has been implemented into Object Oriented Prediction System
(OOPS) 2013), which is a data assimilation framework developed by European Centre
for Medium-Range Weather Forecasts (ECMWF). Numerical experiments are performed by using
the simple two-layer quasi-geostrophic model of OOPS platform. The details for the model and the
data assimilation system are given in Sects. 5220 and [522:2 respectively. Numerical experiments are
performed to solve the weak-constraint data assimilation problem (Eq.[T) by using EnKS-4DVAR

with regularization. Numerical results are presented in Sect. [5i2:3))
5271 A two-layer quasi-geostrophic model

The two-layer quasi-geostrophic channel model is widely used in theoretical atmospheric studies,
since it is simple enough for numerical calculations and it adequately captures an important aspect
of large-scale dynamics in the @fmospheze’

The two-layer quasi-geostrophic model equations are based on the non-dimensional quasi-
geostrophic potential vorticity, whose evolution represents large scale circulations of the atmosphere.
The quasi-geostrophic potential vorticity on the first (upper) and second (lower) layers can be written

respectively as

2L2 2L2
¢ =V — g(/]H1 (Y1 —2) + By, g2 = V71hy — g(’)Hz (Y2 —91) + By + Ry, 35)

where 1) is the stream function, V? is the two-dimensional Laplacian, R represents orography
or heating, (3 is the (non-dimensionalised) northward variation of the Coriolis parameter at the fixed
latitude y, fy is the Coriolis parameter at the southern boundary of the domain. L is the typical length
scale of the motion we wish to describe, H; and Hy are the depths of the two layers, ¢’ = gA# /5 is
the reduced gravity where @ is the mean potential temperature, and A6 is the difference in potential
temperature across the layer interface. @he non-dimensional equations ([Fandry and ICesliel[1984})
[Pedloskyl [1979) can be derived as follows:
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nates respectively, u and v are the horizontal velocity components, fo is the northward derivative,
and the tilde notation refers to the dimensionalized parameters.
Potential vorticity in each layer is conserved and thus is described by
Diq; ,
=0 =1,2.

0, =1, @6
where D, /Dt, is the total derivative, defined by

D, 0 0 0

Dt~ ot Mos Ty -
and

O oYy

vi= oy’ T o @8

are the horizontal velocity components in each layer. Therefore, the potential vorticity at each time
step is determined by using the conservation of potential vorticity given by Eq. {6)2In this process,
time stepping consists of a simple first order semi-Lagrangian advection of potential vorticity.
Given the potential vorticity at a fixed time, Eq. {B3)) can be solved for the stream function at
each gridpoint and then the velocity fields obtained through Eq. {B8)) The equations are solved by
using periodic boundary conditions in the west—east direction and Dirichlet boundary condition in
the north-south direction. For the experiments in this paper, we choose L = 10¢ m, (=105
H, =6000my H, =@#000my fo = 10"*s=*, (Bi=1510~8=*m ") For more details on the

model and its solution, we refer fo|Fisher et al|| (201T).
The domain for the experiments is #2000km by 6300km for both layers. The horizontal dis-

cretization consists of 40 x 20 points, so that the east—west and the north—south resolution is approx-
imately 300km. The dimension of the state vector of the model is then 1600. Note that the state

vector is defined only in terms of the stream function.
5222 Experimental setup

The performance of EnKS-4DVAR with regularization is analyzed by using twin experiments
(Sect. B2I)»

The truth is generated from a model with layer depths of D; =6000m and Dy =#4000my and
the time step is set to 3005s) whereas the assimilating model has layer depths of D; =6500m» and
D2 =@500my and the time step is set to 36005s» These differences in the layer depths and the time
step provide a source of model error.

For all the experiments presented here, observations of non-dimensional stream function, vector
wind and wind speed were taken from a truth of the model at 100 points randomly distributed over
both levels. Observations were taken every 12hours. We note that the number of observations is
much smaller than the dimension of the state vector. Observation errors were assumed to be inde-

pendent from each others and uncorrelated in time. The standard deviations (SD) were chosen to
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be equal to 0.4 for stream function observation error, 0.6 for vector wind and 1.2 for wind speed.
The observation operator is the bi-linear interpolation of the model fields to horizontal observation
locations.

A The background error covariance matrix ({atfiX’BB) and the model error covariances (matrices
(@7) used in these experiments correspond to vertical and horizontal correlations. The vertical and
horizontal structures are assumed to be (Séparable? In the horizontal plane covariance matrices cor-
respond to isotropic, homogeneous correlations of stream function with Gaussian spatial structure
obtained from a Fast Fourier Transform approach (Dietrich and Newsam| [1997; Nowak et al. 2003).

For the background covariance matrix B, the SD and the horizontal correlation length scale in this

experiments was set to 0.8 and 10° m respectively. For the model error covariance matrices Q;, the
SD and the horizontal correlation length scale was set to 0.2 and 26109 m respectively. @h@ vertical
correlation js assumed to be constant over fliellicfiZonitaligridiand the cqrrelation €oefficient value

(EnVESTIEIWONAYETS was taken as OISO QEaRAI02foEB)

52233 Numerical results

WeperfomonEyCle ORI eXPERments) The yindow length is set to 10 @aySAViERTORliEATtyS

(increasing (Fisher et al.j 20110 Fign2)) with two sub-windows of 5 days () = 2). Nolocalization'is
S e EXPErTEntSAS TSNS ensemble size is chosen to be IATEEISTOEHIE N = 30000:

Figure 7] shows the objective function values along iterations'of'the incremental 4DVAR method.
The objective function is oscillating With the iterationnumber) therefore incremental 4DVAR method

without regularization is diverging. (BiSUVergenCENS eI O EhighlyonlineanbeNaviourontie

ADVAR)ithdifferentalues o ieegulAnZation parmerers Figures 8 and Bl show the objective
function values along iterations for eight different choices of] v. RIMSEValtiesialongitheriterations)

It can be seen from (Figures[8Jand[9) that when = 0, thefiterations diverging as expected (since we
do not use regularization and we only approximate the linearized subproblem using ensembles). For
small values of ~y (for instance v < 10~1), the objective function is not monotonically decreasing,

hence theviterations'are still diverging even if we use the regularization. Therefore, small values of
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500 can not guarantee the convergence. For large values of ~y (for instance v > 10), we can observe the
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decrease on the objective function along iterations. Moreover, the fastest decrease on the objective

function is obtained for v = 10.

If we look at the RMSE values from Table[3} we can see that increasing -y values result in higher
RMSE values. For large values of v, for example y > 10, the reduction in RMSE values is very
small. For smaller values of -y the reduction is faster however RMSE values oscillates along the
iterations. We want to note also that all RMSE values are lower than the initial RMSE value.

In conclusion, when the regularization is used, the choice of the regularization parameter vy is
crucial to ensure the convergence. For instance, for small values of -y, the method can still diverge,
and for large values of v, the objective function decreases, but slowly (and many iterations may be
needed to attain some predefined decrease). OnfthielotherhiandysmallvaluesresultsifismalllRIVISE
values with oscillation along the iterations and RMSE values decrease slowly for the larger values

©fFD Therefore the regularization parameter should be neither “very small” nor “very large”. An

adaptive y over iterations can be a better €6mpromise; which will be explored in future studies.

©® Conclusions

We have proposed a stochastic solver for the incremental 4DVAR weak constraint method. The reg-
ularization term added to the Gauss—Newton method, resulting in a globally convergent Levenberg—
Marquardt method, maintains the structure of the linearized least squares subproblem, enabling us to
use ensemble Kalman smoother as linear solver while simultaneously controlling the convergence.
We have formulated the EnKS-4DVAR method and have shown that it is capable of handling strongly
nonlinear problems. We have demonstrated that the randomness of the EnKS version used (with per-
turbed data) eventually limits the convergence to a minimum, Bt a sufficiently large decrease of
the objective function can be achieved for successful data assimilation. On the contrary, we suspect
that the randomization may help to increase the supply of the search directions over the iterations,
as opposed to deterministic methods locked into one low-dimensional subspace, such as the span of |
one given ensemble.

We have numerically illustrated the new method on the Lorenz 63 model and the two-level quasi-
geostrophic model. We have analyzed the impact of the finite differences parameter 7 used to ap-
proximate the derivatives of the model and observation operators. We have shown that for 7 = 1, the
iterates obtained from EnKS-4DVAR are equivalent to those of obtained from the standard EnKS.
Based on computational experiments, it aybe better to Startwith the BaKS (i.e., 7E) and then
to decrease 7 An*futher the iterations.
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For the second part of the experiments, we have shown the performance of the EnKS-4DVAR
method with regularization on the two-level quasi-geostropic problem, one of the #idelyased model
in theoretical atmospheric studies, since it is simple enough for numerical calculations and it ade-
quately captures an important aspect of large-scale dynamics in the atmosphere. We have observed
that the incremental 4DVAR method is not converging for a long time window length, and that the
regularization is necessary to guarantee convergence. We have concluded that the choice of the reg-
ularization parameter is crucial to ensure the convergence and different choices of this parameter
can change the rate of decrease in the objective function. As a summary, an adaptive regularization
parameter can be a better compromise to achieve the approximate solution in a reasonable number
of iterations.

The choice of the parameters used in our approach is of crucial importance for the computational
cost of the algorithm, for instance the number of iterations to obtain some desired reduction. The
exploration in more detail of the best strategies to adapt these parameters course of the iterations
will be studied elsewhere.

The base method, used in the computational experiments here, is using sample covariance. HEW-
ever) there is nothing to prevent the use of more sophisticated ¥ariants of EnKS with localization and
the covariance inflation, and square root filters instead of EnKS with data (perturbation; as’is'done
in'related'methodstin'therliterature? These issues, as well as, the performance on larger and realistic

problems, will be studied elsewhere.
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| Table 2. Mean of the objective function from 30 runs of the EnKS-4DVAR algorithm for the Lorenz 63 problem

and for different values of 7 (finite differences parameter). The whole state is observed. Ensemble size is 50.

The time window length is 50 time steps.
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50

Figure 1. The Lorenz attractor, initial values z(0) =1, y(0) =1, and z(0) = 1, discretization time step is

dt = 0.1 time unit.
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Figure 2. The three components z, y, z of the truth and the first five Gauss—Newton iterations from Lorenz 63
problem, for the first 10 time steps. The initial conditions for the truth are z(0) =1, y(0) =1, and z(0) = 1.
Time step is dt = 0.1 time unit. Observations are the full state at each time step. Ensemble size is 100. The

time window length is 50 time steps. Finite differences parameter is 1073,
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Figure 3. Root square error given by Eq. (BB)ionihefisefive Gauss=New oniferations fromLorenz 63 piob-

(& The problem setting is the same as in Fig. 2}
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Figure 4. Box plots of objective function values for Lorenz 63 problem. From the left to the right and from the
top to the bottom, the figures correspond to the results of the first, the second, the third and the fourth iteration
respectively. The whole state is observed. Ensemble size is 50. The time window length is 50 time steps. In
each box, the central line presents the median (red line), the edges are the 25th and 75th percentiles (blue line),

the whiskers extend to the most extreme data points the plot algorithm considers to be not outliers (black line),
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Figure 5. Same as Fig. [f] but for the fifth, the sixth, the seventh and the eighth iteration respectively.

Figure 6. Comparison of RMSE between EnKF and EnKS-4DVAR from twin experiment for the Lorenz 63
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L 1A 4 44 Figure 8, Obijgctive function yalues along EnKS-4DVAR with regularization iterations for two-level quasi-
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Abstract. (We'propose to'use the) ensemble Kalman smoother (EnKS) as €he linear least squares
solver in the Gauss—Newton method for the large nonlinear least squares in incremental 4DVAR.
The ensemble approach is naturally parallel over the ensemble members and no tangent or adjoint
operators are needed. Further, adding a regularization term results in replacing the Gauss—Newton
method, which may diverge, by the Levenberg—Marquardt method, which is known to be convergent.
The regularization is implemented efficiently as an additional observation in the EnKS. The method

is illustrated on the Lorenz 63 and he two-level quasi-geostrophic [odel'problems:

1 Introduction

Four dimensional variational data assimilation (4DVAR) is a dominant data assimilation method
used in weather forecasting centers worldwide. 4DVAR attempts to reconcile model and data varia-
tionally, by solving a very large weighted nonlinear least squares problem. The unknown is a vector
of system states over discrete points in time, when the data are given. The objective function min-
imized is the sum of the squares of the differences of the initial state from a known background
state at the initial time and the differences of the values of observation operator and the data at every
given time point. In the weak-constraint 4DVAR (Trémolet, 2007), considered here, the model error
is accounted for by allowing the ending and starting states of the model at every given time point to
be different, and adding to the objective function also the sums of the squares of those differences.
The sums of the squares are weighted by the inverses of the appropriate error covariance matrices,
and much of the work in the applications of 4DVAR goes into modeling those covariance matrices.
In the incremental approach (Courtier et al.,[1994), the nonlinear least squares problem is solved
iteratively by @iSifig)a succession of lin€ar least square Solutions? The major cost in 4DVAR iterations
is in evaluating the model, tangent and adjoint operators, and solving large linear least squares. A sig-
nificant software development effort is needed for the additional code to implement the tangent and
adjoint operators to the model and the observation operators. Straightforward (lin€arization, called

the incremental approach (Courtier et al.| [1994)), leads to the Gauss—Newton method for nonlinear
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least squares (Bell,|1994; [T'shimanga et al., 2008). However; Gauss—Newton iterations gnay) not con-
verge, not even (16€ally? Finally, while the evaluation of the model operator is typically parallelized
on modern computer architectures, there is a need to further parallelize the 4DVAR process itself.

The Kalman filter is a sequential Bayesian estimation of the gaussian state of a linear system at
a sequence of discrete time points. At each of the time points, the use of the Bayes theorem results in
an update of the state, represented by its mean and covariance. The Kalman smoother considers all
states @tiall time (points from the'beginning to be a large composite state. Consequently, the Kalman
smoother can be obtained from the Kalman filter by simply applying the same update as in the filter
to the past states as well. However, historically, the focus was on efficient short recursions (Rauch
et al.| [1965; Strang and Borrel |1997), Similar the sequential Kalman filter.

It is well known that weak constraint 4DVAR is equivalent to the Kalman smoother in the lin-
ear case. To apply the Kalman smoother in the nonlinear case, the problem needs to be linearized,
leading to variants of the extended Kalman filter and the Gauss—Newton method. Use of the Kalman
smoother to solve the linear least squares in the Gauss—Newton method is known as the iterated
Kalman smoother, and considerable improvements can be obtained against running the Kalman
smoother only once (Bell, [1994; Fisher et al., [2005).

The Kalman filter and smoother require maintaining the covariance of the state, which is not
feasible for large systems, such as in numerical weather prediction. Hence, the ensemble Kalman
filter (EnKF) and ensemble Kalman smoother (EnKS) (Evensen, |[2009) use a Monte-Carlo approach
for large systems, representing the state by an ensemble of simulations, and estimating the state
covariance from the ensemble. The implementation of the EnKS in [Stroud et al.| (2010) uses the
adjoint model explicitly, with the short recursions and a forward and a backward pass, as in the KS:
However, the implementations in [Khare et al.| (2008)); [Evensen| (2009) do not depend on the adjoint
model and simply apply EnKF algorithms to the composite state over multiple time points; We use
the latter approach in the computations reported here.

In this paper, we propose-to use the EnKS as a linear 1€ast squares solver in 4DVAR. [The en-
semble approach is naturally parallel over the ensemble members. The rest of the computational
work is relatively cheap compared to the ensemble of simulations, and parallel dense linear algebra
libraries can be @sed? The proposed approach uses finite differences from the ensemble, and no tan-
gent or adjoint operators are needed. To stabilize the method and assure convergence, a Tikhonov
regularization term is added to the linear least squares, and the Gauss—Newton method becomes the
Levenberg—Marquardt @ethed? The Tikhonov regularization is implemented within EnKS as a com-
putationally cheap additional-observation(Johns-and-Mandel;12008): We call the resulting method
EnKS-4DVAR. Theoretical convergence of the algorithm for large ensembles is studied in
fet"al) (2014);-where-a-rigorous-proof is [providedithas the ifefations of the EAKS=4DVARmethod
converge to those of the incremental 4DVAR for Jarge €nsembles in the (P norm; for any p'€[1,69);

in the large ensemble limit.
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of ensemble and variational approaches have become of considerable recent interest. Estimating

65 nthe background covariance for 4DVAR from an ensemble was one of the first connections

_1s now standard and became operatlonal m Gradient methods

(2012), who added regularization and use LETKF-like approach to minimize the nonlinear objective

70 function over linear Combinations of the ensemble: Bocquet and Sakov|(2012) scale) the ensembleto
EpPTOIMALE the UEFVAIIVES (ENEEUOPEraiors) S nISAROVIEA) (2012): They-call their approach
e “bundle varian”, which s th same s usingfnte differences (0 approsimate derivatives. Here

es: [Liu et al.| (2008], 2009); [Liu and Xia
(2013)) also minimize the (strong constraint) 4DVAR objective function over linear combinations of

75 the ensemble by computations in the observation space. [Their method, Called’Ens4DVAR] does not
A8ed tangent Gr'adjoint OperatorsalsonZhang et al](2009) use a two-way connection between EnKF
and @DVAR] to obtain the covariance for 4DVAR, and 4DVAR to feed the mean analysis into EnKF.

LEnKF is operational at the National Centers for Environmental Prediction (NCEP) as part of its

Global Forecast System Hybrid Variational Ensemble Data Assimilation System (GDAS), together
80 with the Gridpoint Statistical Interpolation (GSI) variational data assimilation system (Developmen-
ftal Testbed Center, [2015).

Additional work appeared-after the (FSEVETSIONORENISIpapCEWas writen (VARG CUAI}201))
[Bocquet and Sakov|(2014) gxtend the method 6fBocquet and Sakov| (2012) to ¥DVAR and use finite
differeficerapproximations o the tangent OpeAIORYSImIlay) as in Sakov et al] (2012)-and-here:

85 (Howeven|Bocquet and Sakov (2014) mest the fiimiZationloop or i ADVARIObjectve Rnction
inside a square oot version of the EnKS and minimize over the span of the ensemble, rather than
nesting EnKS as a linear solver inside the 4DVAR minimization loop over the full state space as here.
Their method is tied to the use of the sample covariance matrix of the state without localization of the
covariance and to §tfongEGoNStINE4DVARN e implenentationtof the BAKS in fhieicomputations
reported here also uses sample covariance, and, consequently, the analysis ensemble consists of
linear combinations of the forecast ensemble. However, limiting the EnKF to linear combinations
(only does ot allow common approaches tollocalization (Sakov and Bertino| 2011).
(The preséent approach is not &i€d™ 0 the wse of sample-covariance: (Ratheritlallows anrarbitrary)
mplementation o the BRKSHO be Gsedywhichymakes IocaliZation possible) e.g . by tapering {he
95 sample covariance ([Furrer and Bengtssonl, 2007) or replacing the sample covariance by its diagonal
in a spectral space [2015). Implementations-of the EnKS with-localization-exist,

e-g-[Butala (2012),;-which-is based on the Bryson—Frazier ¥€rsion of the classical formulation the
KS)with a forward and a backward-Fmethods-the—of 'the 4DVAR nonlinear

90




Compare: Delete�

text

"TheEnKFhasbecomeacompetitivemethodfordataassimilation.Consequently,combinations"



Compare: Replace�

text

[Old text]: "become"
[New text]: "been"



Compare: Replace�

text

[Old text]: "2000),andit"
[New text]: "2000b).It"



Compare: Delete�

annotation

Matching annotation not found



Compare: Move�

text

This text was moved from page 3 of this document to page 3 of new document



Compare: Move�

text

This text was moved to page 3 of new document



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

text

"Gradientmethodsinthespanoftheensembleforoneanalysiscycle(i.e.,3DVAR)includeZupanski(2005);Sakovetal."



Compare: Replace�

annotation

The following annotation attributes were changed: 
   other



Compare: Replace�

annotation

The following annotation attributes were changed: 
   other



Compare: Move�

text

This text was moved from page 3 of this document to page 3 of new document



Compare: Move�

text

This text was moved to page 3 of new document



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Move�

text

This text was moved from page 3 of this document to page 3 of new document



Compare: Move�

text

This text was moved to page 3 of new document



Compare: Delete�

annotation

Matching annotation not found



Compare: Replace�

text

[Old text]: "(2012)(withsquarerootEnKFasalinearsolverinNewtonmethod),andBocquetandSakov(2012),whoaddedregularizationand"
[New text]: "Theﬁrstmethodsthat"



Compare: Replace�

text

[Old text]: "LETKF-likeapproachtominimize"
[New text]: "ensemblesformorethancomputingthecovarianceminimized"



Compare: Replace�

text

[Old text]: "nonlinear"
[New text]: "3DVAR"



Compare: Replace�

text

[Old text]: "over"
[New text]: "intheanalysisstep.TheMLEFmethodbyZupanski(2005)worksintheensemblespace,i.e.,minimizinginthespanoftheensemblemembers,withthecontrolvariablesbeingthecoefﬁcientsofa"



Compare: Replace�

text

[Old text]: "combinations"
[New text]: "combination"



Compare: Replace�

text

[Old text]: "ensemble."
[New text]: "ensemblemembers."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Insert�

text

"Gu"



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

text

"Bocquet"



Compare: Replace�

text

[Old text]: "Sakov(2012)scale"
[New text]: "Oliver(2007)useiteratedensembleKalmanﬁlter(withrandomization)inthestatespace,withalinearizationoftheobservationoperatorobtainedbyaregressionon"



Compare: Replace�

text

[Old text]: "ensembletoapproximate"
[New text]: "incrementsgivenby"



Compare: Replace�

text

[Old text]: "derivatives(tangentoperators)asinSakovetal."
[New text]: "ensemble."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Insert�

text

"This"



Compare: Move�

text

This text was moved from page 3 of this document to page 3 of new document



Compare: Move�

text

This text was moved to page 3 of new document



Compare: Delete�

text

"Theycalltheir"



Compare: Insert�

text

"wasextendedbyChenandOliver(2013)toaLevenberg-Marquardtmethod,with"



Compare: Replace�

text

[Old text]: "“bundlevariant”,whichis"
[New text]: "regularizationdonebyamultiplicativeinﬂationofthecovariancein"



Compare: Replace�

text

[Old text]: "sameasusingﬁnitedifferencestoapproximatederivatives."
[New text]: "linearizedproblemratherthanaddingaTikhonovregularizationterm."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

text

"Here,weuseasimilartechniquetoapproximatethederivatives."



Compare: Delete�

text

"also"



Compare: Replace�

text

[Old text]: "Their"
[New text]: "TheIEnKFmethodbySakovetal.(2012)minimizesthelag-one4DVARobjectivefunctionintheensemblespace,usingthesquarerootEnKFasalinearsolverinNewton-Gauss"



Compare: Replace�

text

[Old text]: "calledEns4DVAR,doesnotneed"
[New text]: "andrescalingtheensembletoapproximatethe"



Compare: Replace�

text

[Old text]: "oradjointoperatorsalso."
[New text]: "operators,whichissimilartotheuseofﬁnitedifferencesandEnKShere."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Insert�

text

"BocquetandSakov(2012)combinedtheIEnKFmethodofSakovetal."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Insert�

text

"(2012)withaninﬂation-freeapproachtoobtaina4Densemblevariationalmethod,andwiththeLevenberg-Marquardmethodbyaddingadiagonalregularizationto"



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

text

"Additionalworkappearedafter"



Compare: Replace�

text

[Old text]: "ﬁrstversionofthispaperwaswritten(Mandeletal.,2013)."
[New text]: "Hessian."



Compare: Replace�

annotation

The following annotation attributes were changed: 
   other



Compare: Delete�

annotation

Matching annotation not found



Compare: Replace�

text

[Old text]: "(2014)extendthe"
[New text]: "(2012);ChenandOliver(2013)usedLevenberg-Marquardtforfasterconvergence,asanadaptivemethodbetweensteepestdescentandGauss-Newton"



Compare: Replace�

text

[Old text]: "of"
[New text]: "ratherthantoovercomedivergence."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

text

"alsoconsideredscalingtheensemble"



Compare: Replace�

text

[Old text]: "4DVARanduseﬁnitedifferenceapproximationsof"
[New text]: "approximate"



Compare: Replace�

text

[Old text]: "operators,similarly"
[New text]: "operators(“bundlevariant”)"



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Insert�

text

"BocquetandSakov(2013)extendedIEnKFto"



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

text

"(2012)andhere."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Replace�

text

[Old text]: "However,"
[New text]: "smoother(IEnKS)withﬁxed-lagandmovingwindowandnotedthatGauss-Newtoncanbereplaced100byLevenberg-Marquard.Themethodisformulatedintermsofthecompositemodeloperator,i.e.,withstrongconstraints."



Compare: Move�

artifact

This artifact was moved from page 3 of this document to page 3 of new document



Compare: Move�

artifact

This artifact was moved to page 3 of new document



Compare: Replace�

text

[Old text]: "nest"
[New text]: "developed"



Compare: Replace�

text

[Old text]: "minimizationloopforthe4DVARobjectivefunctioninsideasquarerootversionoftheEnKS"
[New text]: "methodfurther,includingcycling."



Compare: Insert�

text

"(Bocquet"



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Replace�

text

[Old text]: "minimizeover"
[New text]: "Sakov,2012,2013,2014)notethatvariousoptimizerscouldbeusedinIEnKF/IEnKS;"



Compare: Replace�

text

[Old text]: "spanoftheensemble,ratherthannesting"
[New text]: "presentmethodcanbeunderstoodas"



Compare: Insert�

text

"used"



Compare: Replace�

text

[Old text]: "alinearsolverinsidethe4DVARminimizationloopoverthefullstatespaceashere."
[New text]: "suchoptimizer."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Replace�

annotation

The following annotation attributes were changed: 
   other



Compare: Replace�

text

[Old text]: "Theirmethod"
[New text]: "It"



Compare: Replace�

text

[Old text]: "tied"
[New text]: "wellknownthatforgoodpracticalperformance,ensemblemethodsneed"



Compare: Replace�

text

[Old text]: "theuseofthesamplecovariancematrixofthestatewithout"
[New text]: "bemodiﬁed105by"



Compare: Delete�

text

"ofthecovarianceand"



Compare: Replace�

text

[Old text]: "strong-constraint4DVAR.Theimplementationof"
[New text]: "improve"



Compare: Replace�

text

[Old text]: "EnKS"
[New text]: "samplingerror.Ensemblemethodscanbelocalized"



Compare: Replace�

text

[Old text]: "thecomputationsreportedherealsousessamplecovariance,and,consequently,theanalysisensembleconsistsoflinearcombinationsoftheforecastensemble.However,limitingtheEnKFtolinearcombinationsonlydoesnotallowcommonapproachestolocalization"
[New text]: "multipleways"



Compare: Move�

text

This text was moved from page 3 of this document to page 4 of new document



Compare: Move�

text

This text was moved to page 4 of new document



Compare: Replace�

text

[Old text]: "Thepresentapproach"
[New text]: "This"



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Replace�

text

[Old text]: "tiedto"
[New text]: "completelystraightforwardfor"



Compare: Replace�

text

[Old text]: "use"
[New text]: "EnKS,butimplementations"



Compare: Delete�

text

"samplecovariance."



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

text

"Implementationsof"



Compare: Delete�

text

"withlocalizationexist,e.g.,Butala(2012),whichis"



Compare: Replace�

text

[Old text]: "version"
[New text]: "ver"



Compare: Insert�

text

"110sion"



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

text

"of"



Compare: Replace�

text

[Old text]: "KS,"
[New text]: "Kalmansmoother,"



Compare: Replace�

text

[Old text]: "pass."
[New text]: "pass,aremoreﬂexible(Butala,2012).Methodsintheensemblespacecanbemodiﬁedtoupdateonlynodesinaneighborhoodoftheobservation(e.g.,Ottetal.,2004)."



Compare: Insert�

text

"The4DEnVARmethodofDesroziersetal."



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Delete�

annotation

Matching annotation not found



Compare: Replace�

text

[Old text]: "Ensemble"
[New text]: "(2014)usesensemble-derivedbackgroundcovarianceandtheauthorsproposeseveral"



Compare: Replace�

text

[Old text]: "for"
[New text]: "tosolve"



Compare: Replace�

text

[Old text]: "solution"
[New text]: "linearizedproblemineachiterationbycombinations"



Compare: Insert�

text

"ensemblememberswith"



Compare: Insert�

annotation

Matching annotation not found



Compare: Insert�

text

"115weightsallowedtovaryspatially.Lorencetal.(2014)comparesthehybrid4DEnVARandhybrid"



Compare: Insert�

annotation

Matching annotation not found



Compare: Delete�

text

"nonlinear"



Compare: Replace�

text

[Old text]: "4DVAR,"
[New text]: "4DVAR"



Compare: Replace�

text

[Old text]: "Rather,itallowsanarbitraryimplementationof"
[New text]: "Formethodsoperatingin"



Compare: Replace�

text

[Old text]: "EnKSto"
[New text]: "physicalspace,localizationcan"



Compare: Replace�

text

[Old text]: "used,whichmakeslocalizationpossible,"
[New text]: "achieved,"



Compare: Insert�

text

"of"



Compare: Delete�

text

"sample"



Compare: Insert�

text

"matrix"



Compare: Insert�

text

"by"





100  allow localization, do not seem to have been developed before.
The paper is organized as follows. In Sect. 2| we review the formulation of 4DVAR. The EnKS
(for the incremental linearized squares problem is) reviewed in Sect. [3] The mew method without tan-
gent operators is introduced in Sect.[d The modifications for the regularization and the Levenberg—
Marquardt-methed-are-presented-in-Seet: [5} Section [6] contains the results of the computational ex-
([A05 perimentsyand Secti[7) is the conclusion.

2 Incremental 4DVAR @nd the Gauss=Newton'method |

4 L We want to estimate @ggmmmg@iy Where x; is the state at time ¢, from the background state, o ~
the model, ; ~ M, (x;_1), and the observations H; (x;) ~ y;, where M, is the model operator,
and 7H; is the observation operator. Quantifying the uncertainty by covariances, with x( ~ x}, taken

110 as (o — b)) B! (@o — @) ~ 0, etc., we get the nonlinear least squares problem

lzo =y + D @ = M (i)l 1+ D llys = Ha (@) [ — min, M
=1 i=1

| called weak-constraint 4DVAR (Trémolet, 2007). Originally, in 4DVAR, x; = M, (x;_1); the weak
constraint x; ~ M, (x;_1) accounts for model error.
The least squares problem (Eq. [T) is solved iteratively by linearization,
+H5 M; (:131‘_1 + 6%1‘_1) ~M; (SDZ‘_1) +ﬂi (wi_l) ox;_1,
Hi (@i + o) ~ Hi (x;) + M@)oz
For vectors u;, i = 1,..., k, denote the composite (column) vector
Uo
Ug:e="|
wg,

In each iteration @om < @om +O%g:Ey one solves the auxiliary linear least squares problem for the
120 increments OZGD

3
[0 + 6o _‘ + Z i + 5$1—($i—1)=
i:lA
+Sllw“% min . @
= 8ok
This is the Gauss—Newton method (Bell,[1994}; Tshimanga et al, 2008)) for nonlinear squares, known
in 4DVAR as the incremental approach (Courtier et al.,[1994). Denote

Mi=Mi(®i=1); Hi=H ()
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and write the auxiliary linear least squares problem (Eq. [2) as

-t - S - Mzl > - el i @
=1 z:lA

The function minimized in Eq. {@)is the same as the one minimized in the Kalman smoother

3 Ensemble Kalman filter and smoother

135 We present the EnKF and EnKS algorithms, essentially following (2009), in a form suitable
for our purposes. We start with a formulation of the (ERKE(Algorithiil)3 in a notation useful for
the extension to EnKS. The notation v ~ N (m,A) means that v* is sampled from N (mgA)
independently of anything else. The ensemble of states of the linearized model at time ¢, conditioned
on data up to, time j (that is, with the data up to time j already ingested), is denoted by qj =

140 #where the ensemble member index ¢ always runs over £ =1, ... ,ﬁ , and
similarly for other ensembles. Assume for the moment that the observation operator ‘H; is linear, that
is, H; (u) = H;u.

“Algorithm 1 EnKF |

Initialize .‘?‘~ N(zb,B), (=1,...,N
A For i eyl pdyapee n time

1 Zio1 = M. v~ N(0Q0s ©)

followed-by-the analysis step l
#1i = Sy — P HEGHER B -+ Ra) ™ (Hi(zjimn) — di i), awi~ N (O.R:), ©
A

where P is the sample covariance computed from the the ensemble q_l.

Wesuri ces inEq @

} A PN =N I 1 r T
N—1 N—1 &

145—whereA-is the matrix of anomalies of the ensemble ZN-,

— N _ _ . ]_
Hﬁ—w =1 Zili —d = Njg-il i ®

A5
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In particular, H; is used here only in the matrix-vector multiplications

o . D) 15>

(Bquation([9)) allows the use of a ponlinear observation operator #Hjywhich'onlyneeds tobe evaluated
150 on the members Gfthe'ensemble? This technique is commonly used for nonlinear observation oper-
ators, e.g..[Chen and Snyder] (2007): Mandel et al] (2009). (Dl eplacementionEby #in Eq. (6)

is straightforward.
q follows that the analysis ensemble q consists of linear combinations of the
| forecast ensemble, Whi€h can be written as multiplying the forecast ensemble by a suitable transfor=

55 ation matrix TV,

il 2 a

The EnKS is obtained by applying the same analysis step (Eq-{6) as in the EnKF to the ensemble

-of “composite states from time 0 to ¢, conditioned on data up to time ¢ — 1,
Zy;_
dli=1 — ﬁ
q—1

160, in,the place of-with the observation matrix I?I(M =10,...,H;]. Then, Eq.&becomes

h = s — P B (o Po 0 B8, + Ro) ™ (Bt =),

where P o, is the sample covariance matrix of @, ,. Fortunately, the matrix—vector and

matrix—matrix products can be simplified,

Hz\z—l‘ “ﬂz 1 dh 1 -
165 P, Hp, =P H _ﬁI i (12)

which gives the @nalysisiSepiBaz[IE)) in the EnK'S (Algorithim2))

', A The EnKS can be implemented in a straightforward manner by applying the same transformation

as in the EnKF to the composite state from times 0 to i, qﬂ'l ; :qju_szN , where TY is the
transformation matrix in Eq. ([I0)) (Brusdal et al, 2003] Eq. 20).

170 4 Nonlinear EnKS-4DVAR method

The'formulation of the auxiliary least squares problem (Eq. [2) relies on the linearized (i.e., tangent)
in advancing the time as action on the ensemble members oz = z*,
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Algorithm 2 EnKS
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175 Approximating by finite differences based at ;1 with step 7 > 0, we get |

%¢+Mi (zi1) — @i (15)
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The Gauss—Newton method may diverge, but convergence to a stationary point of (Eq.[I) can be

recovered by a control of the step dx. Adding a constraint of the form ||dx;|| < ¢ leads to globally

convergent trust region methods (Gratton et al.,[2013)). Here; we add-d;-in-a Tikhonov regularization

term of the form y ||dx; ||;_1 , which controls the step size as well as rotates the step direction towards
the steepest descent, and obtain the Levenberg—Marquardt method (Levenberg, [1944; [Marquardt,
1963) xq.;. <+ @o.k + 0.5, Where

0= = et D f6wr—Midwrr— ity + > (GO > I8y =muin
=D =0 =0 S0k

(23)

Under suitable technical assumptions, the Levenberg—Marquardt method is guaranteed to con-
verge globally if the regularization parameter v > 0 is large enough (Gill and Murray| [1978;

[1976). Estimates for the convergence of the Levenberg-Marquardt method in the case when
the linear system is solved only approximately exist (Wright and Holt, [T985).

method —simply run-the EnKF-analysis(Eq-{6)-twice. With the choice of S; as identity o
generally a diagonal matrix, the implementation of these large observations can be made efficient
(Mandel et al., 2009).

N

I, more

6 Computational results

In this section, we investigate the performance of EnKS-4DVAR method, described in this paper, by

solving the nonlinear least-squares problem (Eq.[I)) in which the dynamical models are chosen either
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the Lorenz 63 system (Lorenzl [1963) or the two-level quasi-geostrophic model (Fandry and Leslie|
1984)).

We first consider experiments where the regularisation is not necessary to guarantee the conver-
gence (i.e., v = 0). Lorenz 63 equations are used as a forecast model for these experiments. Sec-
tion describes the Lorenz 63 model and presents numerical results on the convergence. Using
the same model, in Sect. we investigate the impact of the finite differences parameter @3 used to
approximate the derivatives of the model and observation operators, along the iterations.

Experiments where the regularisation is necessary to guarantee the convergence are shown in
Sect. [6:3) and we analyse the impact of the regularisation parameter ~ on the application to the
two-level quasi-geostrophic model.

Note that for the experiments presented here, we do not use localization, hence we choose large

ensemble sizes. In all experiments, the regularization covariance S; = L.
6.1 Numerical €xperiments using Lorenz 63 model

The Lorenz 63 equations (Lorenz, [1963) are given by the nonlinear system

dr

d d
E—*U(x*y), Y pr—y—az, T =ay -8z,

dt dt
where z = x(t), y = y(t), z = 2(¢t) and o, p, § are parameters, whose values are chosen as 10, 28
and 8/3 respectively for the experiments described in this paper. These values result in a chaotic
behaviour with two regimes as illustrated in Fig. [T} This figure shows the Lorenz attractor, which
has two lobes connected near the origin, and the trajectories of the system in this saddle region are
particularly sensitive to perturbations. Hence, slight perturbations can alter the subsequent path from
one lobe to the other.

The system is discretized using the fourth-order Runge—Kutta method. The state at time ¢ is de-
noted by X ; = [z(t),y(t),2(t)] ", X; € R,

To evaluate the performance of EnKS-4DVAR method (Algorithim'3); we will test it using the clas-
sical twin experiment technique, which consists on fixing an initial true state, denoted by truthy, and
then integrating the initial truth in time using the model to obtain the true state truth; = M (truth;_;)
at each time 7. We then build the data y; by applying the observation operator H; to the truth at time
i and by adding a Gaussian perturbation @i(@gRz%)» Similarly, the background «; is sampled from
the Gaussian distribution with the mean truthy and the covariance matrix B. Then, we try to recover
the truth using the observations and the background.

We perform numerical experiments without model error. The initial truth is set to truthg =
[13151]T and the background covariance is chosen as the identity matrix of order three, i.e. B = I3.
The model is advanced in time by using the Runge—Kutta method with a time step of 0.1 time
unit. The time window length is & = 50 time steps (5 time units). The observation operator is

defified as 74; (z,y,z) = (2%,y?,2%). At each time i, the observations are constructed as follows:

11
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y; = H;(truth;) + v;, where v; is sampled from N(0,R) with R = I3. Observations are taken for
each time step (z = 1,...50). The ensemble size is fixed to N = 100.

Figure 2| shows the estimator of the state vector X;, i =1,...,10, for the first five ifefations‘of
(Algorithm3) Figure [3| shows the root square error (RSE) for the same iterates showm in Fig. 2} RSE

is defined as

; 1 } ;
RSEY) = \/—(truthi — &) T (truth; — 2), j=1,....5, (24)
n
where truth; is the true vector state at time ¢, :cij ) is the jth iterate of Algorithm-3 at time ¢ and n is

the length of x;. ATablelIl shows the root mean square error (RMSE) for each iterate given by

) 1 )
RMSE@) = E:RSEEJ), j=1,...,5, (25)

i=0
where £ is the number of time steps.

From Table [T] and Figs. [2] and [3] it can be seen that the iterates of Algerithm-3 converge to the
solution (without using a regularization). For these experiments, we observe that RMSE is reduced
significantly in five iterations. Note that the error does not converge to zero, because of the approxi-

mation and variability inherent in the ensemble approach.
62 The impact of the finite difference parameter

(n'this'section) we investigate the influence of the finite differences parameter 7 used to approximate
the derivatives of the model and observation operators. We use the same experimental set-up as
described in the previous section. The numerical results are based on 30 runs ef-Algerithm-3 with
eight iterations for Lorenz 63 problem, with the following choices for the parameter @ 1, 1071,
1072,1073,107%, 107" and 10~°.

he mean of the objective function Maluesiare'showiin Table 2] The box plots of theobjective
function for the first four iterations are shown in Figi[4] and for the lastfouriterationsiare’ shown'in
Fig 5}

These figures-and-table show-the-impaet of the-parameter-+on-the-objective function-minimization
along the iterations. Fot 7 =1 (when we use the Classical non linear EnKS), the results are almost
(the'same after the first {f€ration;ifl this'case performing more iferations do not improve the FESUISY
However, when 7 <@0® the objective function 8 decreasing along (iferations: For 7 =107 more)

i iterations are figeded'torreduce the objective function Significantly. In'the caseof small valuesof 7, |

for instance 7 < (1072 few iterations are enough to teduce the objective function SighificantlyWhen
7 =1073, the results are slightly different from the results with smaller values of 7.
As-a-conclusionfor-these-experiments;-it-is-betterto-choose 7 < 10_3,-that1he_
be less sensitive to the value of 7. Note that this value is problem dependent. In practice, to avoid di-
vergence due to the finite difference approximations, it is better to choose T as small as possible, and

12
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300 since the computers use finité=precision arithmetic, we need to be'careful'ta the effects of computer
rounding.
We can also observe that for the first iteration, the best decrease in objective function is obtained
When =13 and the Worst'decrease is obtained for r = 1075 Moreover, for the fifSEF6UR iterations |
the (Biggeris; the betterresultswill'be;but for the lastfouriterations; the Smaller7is; the better
305  results will be. Hence, an adaptive 7 can be a better choice than a fixed 7 over iterations. For instance,
for these experiments we can start with 7 = 1, then decrease its value along iterations. Exploration
~of the best strategy to choose 7 over iterations will be studied in the future works.

63 Numerical tests using a two-layer Quasi Geostrophic model (QG)

The EnKS-4DVAR algorithm has been implemented into Object Oriented Prediction System
310 (OOPS) 2013), which is a data assimilation framework developed by European Centre
for Medium-Range Weather Forecasts (ECMWF). Numerical experiments are performed by using
the simple two-layer quasi-geostrophic model of OOPS platform. The details for the model and the
data assimilation system are given in Sects. [6131] and [62312 respectively. Numerical experiments are
performed to solve the weak-constraint data assimilation problem (Eq.[I) by using EnKS-4DVAR

315  with regularization. Numerical results are presented in Sect. [6:3:3)
63311 A two-layer quasi-geostrophic model

The two-layer quasi-geostrophic channel model is widely used in theoretical atmospheric studies,

since it is simple enough for numerical calculations and it adequately captures an important aspect

of large-scale dynamics in the @foSpherenimheiorizontal direction of theratimosphericfiowsthie

320 Coriolis force caused by the rotation of the Earth, and the pressure gradient force are in approximate
balance.

The two-layer quasi-geostrophic model equations are based on the non-dimensional quasi-
geostrophic potential vorticity, whose evolution represents large scale circulations of the atmosphere.
The quasi-geostrophic potential vorticity on the first (upper) and second (lower) layers can be written

325 respectively as
R
g'Hy

feL?
g Ho

=V — (Y1 —2) + By, g2 = Vs — (2 —1b1) + By + Ry, (26)

where 1) is the stream function, V? is the two-dimensional Laplacian, R represents orography
or heating, (3 is the (non-dimensionalised) northward variation of the Coriolis parameter at the fixed
latitude y, fy is the Coriolis parameter at the southern boundary of the domain. L is the typical length
330 scale of the motion we wish to describe, H; and H are the depths of the two layers, g’ = gA#/0 is
the reduced gravity where @ is the mean potential temperature, and A6 is the difference in potential
temperature across the layer interface. IDetails'of the'derivation of theseé non-dimensional equations |

can be found in[Fandry and Leslic) (1984): Pedlosky| (1979).
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Potential vorticity in each layer is conserved and thus is described by
Dig;
Dt
where D, /Dt, is the total derivative, defined by

D, 0 0 0

=0, i=12. 0)

E:EJFU"%H”@E (28)
and

_ O o

w=-Gh  w=gh (29)

are the horizontal velocity components in each layer. Therefore, the potential vorticity at each time
step is determined by using the conservation of potential vorticity given by Eq.(Z7)2In this process,
time stepping consists of a simple first order semi-Lagrangian advection of potential vorticity.

Given the potential vorticity at a fixed time, Eq. can be solved for the stream function at
each gridpoint and then the velocity fields obtained through Eq. {9) The equations are solved by
using periodic boundary conditions in the west—east direction and Dirichlet boundary condition in
the north—south direction. For the experiments in this paper, we choose L = 10°m, H; = 6000m;
H, =@000my fo = 10~*s~", @==iln5» For more details on the model and its solution, we refer the
reader to |Fisher et al.|(2011)).

The domain for the experiments is #2000km by 6300km for both layers. The horizontal dis-
cretization consists of 40 x 20 points, so that the east—west and the north—south resolution is approx-
imately 300km. The dimension of the state vector of the model is then 1600. Note that the state

vector is defined only in terms of the stream function.
6.3:2 Experimental setup

The performance of EnKS-4DVAR with regularization is analyzed by using twin experiments
(Sect. [621):

The truth is generated from a model with layer depths of D; =6000m and D, =#000my and
the time step is set to 3008y whereas the assimilating model has layer depths of D; =6500m and
D2 =@500my and the time step is set to 3600s» These differences in the layer depths and the time
step provide a source of model error.

For all the experiments presented here, observations of non-dimensional stream function, vector
wind and wind speed were taken from a truth of the model at 100 points randomly distributed over
both levels. Observations were taken every 12hours. We note that the number of observations is
much smaller than the dimension of the state vector. Observation errors were assumed to be inde-
pendent from each others and uncorrelated in time. The standard deviations (SD) were chosen to
be equal to 0.4 for stream function observation error, 0.6 for vector wind and 1.2 for wind speed.
The observation operator is the bi-linear interpolation of the model fields to horizontal observation

locations.
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The background error covariance matrix (BimatfiX)) and the model error covariances (matrices
Q7)) used in these experiments correspond to vertical and horizontal correlations. The vertical and
horizontal structures are assumed to be (§€parablé’and the vertical correlation function is assumed
to be constant over the grid:- In the horizontal plane covariance matrices correspond to isotropic,
homogeneous correlations of stream function with Gaussian spatial structure obtained from a Fast
Fourier Transform approach (Dietrich and Newsam| |1997; [Nowak et al.|2003). For the background
covariance matrix B, the SD and the horizontal correlation length scale in this experiments was set
t0 0.8 and 10% m respectively. The vertical correlation Filfigtiof value was taken as 022} For the model
error covariance matrices Q;, the SD and the horizontal correlation length scale was set to 0.2 and
26109 m respectively. The vertical correlation function value was taken as 0.5.

The window length is set to 10({days) with two sub-windows of 5 days((k = 2). The ensemble size

is chosen to be N = 3000z
6:3:3 Numerical results

Figure [6] shows the objective function values along (it€fations;When using incremental 4DVAR
method. The objective function is oscillating (@l6fig) the (itérations; therefore incremental 4DVAR
method without regularization is diverging.

Figures [7] and [8] show the objective function values along iterations for eight different choices of
regularization-parameter . It can be seen from fheseitworfiguies that when ~ = 0, (Algorithm 37is
diverging as expected (since we do not use regularization and we only approximate the linearized
subproblem using ensembles). For small values of v (for instance v < 10~1), the objective function
is not monotonically decreasing, hence (Algorithm 378 still diverging even if we use the regular-
ization. Therefore, small values of 1y, can not guarantee the convergence. For large values of ~y (for
instance v > 10), we can observe the decrease on the objective function along iterations. Moreover,
the fastest decrease on the objective function is obtained for v = 10.

In conclusion, when the regularization is used, the choice of the regularization parameter -y is
crucial to ensure the convergence. For instance, for small values of -, the method can still diverge,
and for large values of v, the objective function decreases, but slowly (and many iterations may be
needed to attain some predefined decrease). Therefore the regularization parameter should be neither
“very small” nor “very large”. An adaptive ~ over iterations can be a better €onmpromise which will

be explored in future studies.

7 Conclusions

We have proposed a stochastic solver for the incremental 4DVAR weak constraint method. The reg-
ularization term added to the Gauss—Newton method, resulting in a globally convergent Levenberg—

Marquardt method, maintains the structure of the linearized least squares subproblem, enabling us to
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use ensemble Kalman smoother as linear solver while simultaneously controlling the convergence.
We have formulated the EnKS-4DVAR method (Algerithm-3) and have shown that it is capable of
handling strongly nonlinear problems. We have demonstrated that the randomness of the EnKS ver-
sion used (with perturbed data) eventually limits the convergence to a minimum, bit a sufficiently
large decrease of the objective function can be achieved for successful data assimilation. On the
contrary, we suspect that the randomization may help to increase the supply of the search directions
over the iterations, as opposed to deterministic methods locked into one low-dimensional subspace,
such as the span of a one given ensemble.

We have numerically illustrated the new method on the Lorenz 63 model and the two-level quasi-
geostrophic model. We have analyzed the impact of the finite differences parameter 7 used to ap-
proximate the derivatives of the model and observation operators. We have shown that for 7 = 1, the
iterates obtained from EnKS-4DVAR are equivalent to those of obtained from the standard nonlinear

EnKS. Based on computational experiments, we-have-concluded-that-in-the firstiteration; it i better

to use the classical ensemble Kalman smoother as proposed in [Evensen and van Leeuwen| (2000)

(i.e., T =1 Algorithim4 here)) and then to decrease T @ven the iterations.

For the second part of the experiments, we have shown the performance of the EnKS-4DVAR
method with regularization on the two-level quasi-geostropic problem, one of the Standard model
problems) for @tmospheric circulation? We have observed that the incremental 4DVAR method is not
converging for a long time window length, and that the regularization is necessary to guarantee con-
vergence. We have concluded that the choice of the regularization parameter is crucial to ensure the
convergence and different choices of this parameter can change the rate of decrease in the objective
function. As a summary, an adaptive regularization parameter can be a better compromise to achieve
the approximate solution in a reasonable number of iterations.

The choice of the parameters used in our approach is of crucial importance for the computational
cost of the algorithm, for instance the number of iterations to obtain some desired reduction. The
exploration in more detail of the best strategies to adapt these parameters course of the iterations
will be studied elsewhere.

The base method, used in the computational experiments here, is using sample covariance. HoW-
every there is nothing to prevent the use of more sophisticated ¥ariances of EnKS with localization
and the covariance inflation, and square root filters instead of EnKS with data (pettutbation? These

issues, as well as, the performance on larger and realistic problems, will be studied elsewhere.
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Table 1. The root mean square error given by Eq. Z3)-forthe-first six-Gauss—Newton-iterations-of Algorithm 3;
for Lorenz-63-problem: The whole state is observed. Ensemble size is 100. The-time-window-length-is-50-time

steps: Finite differences parameter is 10~

Iteration 1 2 3 4 5 6

RMSE 20.16 1537 373 253 0.09 0.09
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Figure 1. The Lorenz attractor, initial values z(0) =1, y(0) =1, and z(0) = 1, discretization time step is

dt = 0.1 time unit.
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Figure 2. The three components z, y, z of the truth and the first five Gauss—Newton iterations from Lorenz 63
problem, for the first 10 time steps. The initial conditions for the truth are z(0) =1, y(0) =1, and z(0) = 1.
Time step is dt = 0.1 time unit. Observations are the full state at each time step. Ensemble size is 100. The

time window length is 50 time steps. Finite differences parameter is 102,
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Figure 3. Root square error given by Eq. 29) for the first fiVe Gauss—Newton iterations'ffom Lorenz 63 prob-

lem. The problem setting is the same as in Fig.[2]
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Figure 4. Box plots of objective function values for Lorenz 63 problem. From the left to the right and from the
top to the bottom, the figures correspond to the results of the first, the second, the third and the fourth iteration
respectively. The whole state is observed. Ensemble size is 50. The time window length is 50 time steps. In
each box, the central line presents the median (red line), the edges are the 25th and 75th percentiles (blue line),
the whiskers extend to the most extreme data points the plot algorithm considers to be not outliers (black line),

and the outliers are plotted individually (red dots).
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Table 2. Mean of the objective function from 30 runs of the EnKS-4DVAR algorithm (Algerithm-3) for the
Lorenz 63 problem and for different values of 7 (finite differences parameter). The whole state is observed.

Ensemble size is 50. The time window length is 50 time steps.

Iter. 7=1 r=10"" 7=10"7% 7=10"° r=10"" 7=107° 7=10"°

11 1.02e4+6 1.39¢e+9 3.2le4+9 3.54e+9 3.58¢+9 3.58¢+9 3.58e+9

2 1.39e+6 5.27e+7 1.70e+8 1.93e+8 1.96e+8 1.96e+8 1.96e+8
3 1.32¢+6 4.14e+6 2.99¢+6 3.69¢e+6 3.76e+6 3.77e+6 3.77e+6
4 1.38¢+6 5699 3266 4431 4581.31 4594 4598
5 1.55e+6 1299 89.22 65.69 65.4442 65.41 65.26
6 1.34e+6 830.1 17.08 6.933 6.844 6.856 6.923
7 2.05e+6 826.8 10.75 1.885 1.89082 1.8 1.721
8 1.47¢e+6 8474 10.82 1.68 1.63813 1.547 1.641

©
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Figure 5. Same as Fig. E but for the fifth, the sixth, the seventh and the eighth iteration respectively.
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Figure 6. Objective function values along incremental 4DVAR iterations, for two-level quasi-geostrophic prob-
lem from Sect. (G322

Objective function

Figure-7. Objective function values along EnKS-4DVAR with regularization iterations for two-level quasi-
geostrophic problem (Sect. [§33:2) From the left to the right and from the top to the bottom: v = 0, = 0.001,
v=0.1,v=1.
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