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Abstract

Data assimilation systems and retrieval systems that are based upon a maximum
likelihood estimation, many of which are in operational use, rely on the assumption
that all of the errors and variables involved follow a normal distribution. This work
develops a series of statistical tests to show that mixing ratio, temperature, wind and
surface pressure follow non-normal, or in fact, lognormal distributions thus impacting
the design-basis of many operational data assimilation and retrieval systems. For this
study one year of Global Forecast System 00:00 UTC 6 h forecast were analyzed using
statistical hypothesis tests. The motivation of this work is to identify the need to resolve
whether or not the assumption of normality is valid and to give guidance for where and
when a data assimilation system or a retrieval system needs to adapt its cost function
to the mixed normal-lognormal distribution-based Bayesian model. The statistical
methods of detection are based upon Shapiro—Wilk, Jarque—Bera and a ,1/2 test, and
a new composite indicator using all three measures. Another method of detection fits
distributions to the temporal-based histograms of temperature, mixing ratio, and wind.
The conclusion of this work is that there are persistent areas, times, and vertical levels
where the normal assumption is not valid, and that the lognormal distribution-based
Bayesian model is observationally justified to minimize the error for these conditions.
The results herein suggest that comprehensive statistical climatologies may need to be
developed to capture the non-normal traits of the 6 h forecast.

1 Introduction

It has been documented several times that there are variables in the atmosphere that
come from non-normal distributions (Biondini, 1976; Lépez,1977; Mielke et al.,1977;
Toth and Szentimrey, 1990; Sauvageot, 1994; Yang and Pierrehumbert, 1994; Miles
et al., 2000; O’'Neill et al., 2000; Harmel et al., 2002; Stephens et al., 2002; Foster
and Bevis, 2003; Zhang et al., 2003; Cho et al., 2004; Sengupta et al., 2004; Foster
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et al., 2006; Perron and Sura, 2013). It is shown in Fletcher (2010), that atmospheric
variables may come from different probability distributions depending on the season. If
this is the case then the variables’ inherent distributions could also be conditioned on
large-scale climatic dynamics.

If a testing procedure can be established that determines the nature of
a variable, then an appropriate analysis scheme may be chosen to suit the variable.
Many numerical weather prediction centers include some form of variational data
assimilation, or Kalman filter, for their analyses and forecasting scheme, that are
dependent on a normal distribution assumption for the error description. These
centers include the Met Office (Rawlins et al., 2000), the European Centre for
Medium-Range Weather Forecasts (Rabier et al., 2000), Météo-France (Fischer et
al., 2005), Meteorological Service of Canada (Gauthier et al., 2007), the Naval
Research Laboratory (NRL) Atmospheric Variational Data Assimilation System-
Accelerated Representer (Rosmond and Xu, 2006), and the National Centers for
Environmental Predication’s Gridpoint Statistical Interpolation (Kleist et al., 2009). For
more thorough reviews of variational data assimilation see Fletcher (2010) and Fletcher
and Jones (2014).

In addition to operational data assimilation systems, the normal distribution
assumption for the modeling of errors is also made for satellite retrieval systems,
for example in the National Oceanic and Atmospheric Administration’s Microwave
Integrated Retrieval System (MiRS) (Boukabara et al., 2011), but where a logarithmic
transform is used to convert a lognormally distributed variable into a normally
distributed variable. This transform approach is also used in the Canadian Middle
Atmosphere Model to make the state more normally-distributed (Polavarapu et al.,
2005). While moment statistics have been used to analyze atmospheric variables
(Perron and Sura, 2013), as of this writing the authors are unaware of any testing
procedure attempting to classify the statistical framework of mixing ratio, temperature,
wind and surface pressure.
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There have been previous studies that have shown that variables including
precipitation (Biondini, 1976; Mielke et al., 1977; Sauvageot, 1994; Cho et al.,
2004), total precipitable water (Foster and Bevis, 2003; Foster et al., 2006), extreme
temperatures (Toth and Szentimrey, 1990; Harmel et al., 2002), cloud and radar echo
populations (Lopez, 1997) cloud droplet size (Miles et al., 2000), liquid water path
(Sengupta et al., 2004; Stephens et al., 2002), aerosol optical depth (O’Neill et al.,
2000), tropical water vapor (Zhang et al., 2003), and relative humidity (Yang and
Pierrehumbert, 1994) do not conform to a normal distribution to describe their behavior.
A climatology of nine variables’ distributional characteristics is analyzed in Perron and
Sura (2013). Some of the studies considered spatial data while others used time-
series data. These studies used a variety of techniques to quantify the nature of these
distributions including probability density-fitting via moment calculations, ,1'2 goodness-
of-fit tests, moment statistics, the Shapiro—Wilk tests, and simply plotting histograms
with prominent non-normal distribution features.

Across a variety of disciplines it is often convenient, and somewhat innocuous, to
treat measured variables as normally distributed in nature. This can misrepresent
the inherent summary statistics due to a loss of information (e.g., lack of higher
statistical moment information), and can be harmful within certain applications of the
data. If a model, or algorithm, incorrectly assumes that a random variable is normally
distributed then the properties of this distribution may skew its output.

A variable’s probability distribution dictates the probabilistic solution that is found
when using data assimilation techniques. In 3-D variational assimilation the cost
function is given by
J06) = 50~ 2)B7 (X = %) + 5y~ AR (y = h(x) (1)
where B is the background error covariance matrix, R is the observational error
covariance matrix, y is the vector of observations, and h(x) is the non-linear
observation operator. The background component of Eqg. (1) includes the difference
between the minimizing solution x and the background distribution x. If both x
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and x,, are assumed to be indepedent normally-distributed, then the difference of
these variables is also a normally-distributed random variable. If these variables are
not normally-distributed, or moreover lognormally-distributed, then the difference is
not a normally-distributed random variable (Fletcher, 2010), however the ratio of the
variables is a lognormally-distributed random variable (Casella and Berger, 2002). It is
an implicit model assumption that the solution x and the background x,, come from the
same probability distribution. It should also be noted that if the “errors” are assumed
to be unbiased then u,, . = Ky, Wwhich means that the expected value of the minimizing
solution x and background x,, are centered at the same point but have different spread
(variance) and therefore skewness. It has been previously observed that that mixing
ratio errors are not normally distributed (Dee and da Silva, 2003) and in fact are
lognormally distributed (Daley and Barker, 2001).

Biases could also be introduced in data assimilation and retrieval systems that
assume variables, and hence their errors, are normally distributed when they actually
follow a non-normal distribution in nature. A clear example of where this can
be problematic is if a computed value is physically impossible, such as relative
humidity taking a negative value. This dubious value may be incorrectly incorporated
into the analyses, or reset to a lower bound near zero. In either case this is
certainly less desirable than solving for the correct value using an appropriate
scheme that incorporates its correct underlying probability distribution. Recently, mixed
normal-lognormal variational data assimilation methods have been developed in 3-D
(Fletchera and Zupanski, 2006a, b, 2007), and 4-D in Fletcher (2010). These initial
full field formulations were not consistent with the current operational incremental
configurations. However, a derivation and testing of a mixed multiplicative and additive
incremental 3-D- and 4-D-VAR for a control vector that contains both normal and
lognormally distributed variables is presented in Fletcher and Jones (2014).

Evidence of how an assimilation scheme improves based on the distribution of the
observational errors is shown in Fletcher and Jones (2014). Using the Lorenz ’63
chaotic model the authors show that a lognormal-based cost function performs better
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than the current normal formulation given lognormal errors. Those conclusions result
from testing observations of varying accuracy, sparseness in time, and over different
window lengths.

Given that there is now a mathematical framework for assimilating mixed normal-
lognormally distributed variables/errors, techniques are needed that can inform the
user of a mixed system when to switch between a full normal distribution-based version
or a mixed normal-lognormal-based version to optimize the performance of the system
and to make it consistent with the “current” observed probabilistic behavior.

Therefore, the motivation of this work is to design a set of tests that can be performed
offline between cycles or windows such that the configuration for the approximation for
the background error covariance matrix, cost function, Jacobian and approximations to
the Hessian, if used, can be ready for the next minimization step.

Given the motivation to detect a non-normal, specifically a lognormal signal, we use
1° resolution data from the National Oceanic and Atmospheric Administration (NOAA)
Global Forecast System (GFS) 00:00 UTC 6 h forecast between 1 January 2005 and
31 December 2005 defined on a 181 x 360 grid. The forecasts, which are the GFS
outputs, at each grid point form the time series. The data is analyzed over the entire
year as well as on a “seasonal” basis by considering 3 months at a time (January—
March, April-June, July—September, and October—December). The sample sizes are

consistent with the suggested size from Croarkin and Tobias (1999) of 2n§, where nis
the total number of observations available. The chosen variables include mixing ratio,
temperature, surface pressure and wind at levels 100, 200, 300, 500, 700, 850, and
1000 hPa.

While there are transformation techniques employed by operational centers for
moisture (Bocquet et al., 2010), the Navy Operational Global Atmospheric Prediction
System (NOGAPS) previously used the logarithm of specific humidity (Eckermann et
al., 2004), which is equivalent to mixing ratio (Dee and da Silva, 2003) analyzed in this
study. In Fletcher and Zupanski (2007) it is shown that a logarithmic transformation
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finds the median in multivariate lognormal space, which is positively biased relative to
the mode, or the most likely state.

In this work we propose using easily calculable statistics and hypothesis testing to
show that these variables described above show strong evidence of a non-normal
nature, or more specifically, a lognormal behavior. The hypothesis tests considered in
this paper include the Jarque—Bera, Shapiro-Wilk, and ,1/2 goodness-of-fit. In addition,
a composite hypothesis test is proposed that includes all of the decisions made by the
aforementioned tests. Such tests are a requirement of advanced methods (Fletcher
and Zupanski, 2007; Fletcher, 2010; Song et al., 2012; Fletcher and Jones, 2014) that
are able to use multiple probability models.

The format of the remainder of this paper proceeds as follows: Sect. 2 describes
the formulation of the hypothesis tests as well as the test statistics. In Sect. 3 results
of these tests are presented. In Sect. 4 conclusions and a discussion of the results of
Sect. 3 are presented.

2 Statistical methods

In this section the statistical methods that are used to detect a non-normal distribution
signal are presented along with tests to see if the distribution is a lognormal distribution.
The random sample xq,...,x, € X of independent and identically distributed (iid)
observations is taken from the GFS data for each of the hypothesis tests that all rely
on a significance level of @ = 0.01. This value of a indicates a 99 % confidence-level in
the results of the testing procedures.

The samples’ autocorrelation has been checked in order to verify the iid assumption
for the hypothesis tests. While there is some autorcorrelation in the samples, we
attempt to minimize its effect by choosing such a small a. Histograms of the data are
also presented in order to verify the validity of the results of the hypothesis tests as
well. The iid assumption on any data set found in nature is difficult to assert and it is
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also noted that many methods, including the National Meteorological Center (NMC)
method (Parrish and Derber, 1992), make no correction for autocorrelation.

2.1 Hypotheses

For the Shapiro—Wilk and the Jarque—Bera tests (Hain, 2010) the following hypotheses
are defined, with —oo < 4 < co and 0 < 0 < oo,

1 (x - p)?
H, : X) = exp| - , —00 < X < 00 2
0:Px(X) N p( o2 > ()
2
X_
H,:py(x) # exp(—( /:)> —00 < X <o00.
2702 20

In all subsequent presentations of results a returned value of 0 in a hypothesis
test indicates that the null hypothesis cannot be rejected at the a-level. A value of
1 indicates that the null hypothesis is rejected in favor of the alternative hypothesis.
The subtlety of this framework cannot be overstated in that while the data may in fact
originate from a non-normal distribution there may not be enough evidence in the data
to support the claim that it is not normally distributed and therefore the result of the
hypothesis test will be 0. It is assumed that the null hypothesis is true prior to the
test, thus putting the burden of proof on the alternative hypothesis, with the choice of
a = 0.01 indicating that the testing procedures are very conservative. While one of the
aims of this paper is to investigate the possibility of mixing ratio, temperature, wind
and surface pressure following a lognormal distribution, this conclusion is not possible
with the previous hypotheses. Therefore a ,1'2 goodness-of-fit test has the following
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hypotheses, with —co < u < co and 0 < 0 < oo,

1 Inx—u2
Hy:px(x) = ————exp —% , x>0 (3)
xV2mnc? 20
1 Inx — u)?
H,:py(x) # ————exp —M , x>0.
x\V2mno? 20°

In an attempt to combine both sets of hypotheses a new “composite test” is defined.
In this test if both the Shapiro—Wilk and the Jarque—Bera tests reject H,, in favor of H,,
and the y° test fails to reject Hy, then a value of 1 is returned, otherwise the result is 0.
This is meant to be a very strict test of the data not coming from a normal distribution
but in fact that the data is from a lognormal distribution.

As opposed to reporting the skewness and kurtosis of a particular time-series as
in Perron and Sura (2013), this information is used to make a decision about the
distribution. While the structure of a hypothesis test includes a preconception about the
data, multiple tests are combined simultaneously to test both directions of the normality
assumption. This design ensures that the data truly is lognormally distributed without
a false positive. The authors are not aware of this technique having been previously
applied.

2.2 Shapiro-Wilk

Let X1y -5 X(n) be the order statistics of the random variable X and x the sample mean,
where the order statistic of rank k is the kth smallest value in X, denoted by x4,. Define

the vector m=(my,. .., mn)T, where my,...,m, are the associated expected values of
X(iy» and let V be the covariance matrix of the order statistics. The expected value and
covariance matrix for a random variable X with probability density function 7(x) are
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given by

E(X) = / x f(x)dx (4)
V=E[X-EX)(X-EX)]. (5)

Then the Shapiro—-Wilk (SW) test statistic is given by
" axm)
SW = fi?Lzl-L-ﬁglz, (6)
z?=1 (Xi - X)
where
Tyy—1
mYV
(31:---’an)= 1" (7)
(mTV-1V-1m) 2

A thorough mathematical explanation of this statistic is presented in Hain (2010).
Razali and Wah (2011) has found that the Shapiro—Wilk test outperforms in power the
Kolmogorov—Smirnoy, Lilliefors, and Anderson—Darling tests for both symmetric and
non-symmetric distributions based on sample size. The power of a test is the probability
of not committing a Type Il error, which occurs when H,, is false but is incorrectly not
rejected (Casella and Berger, 2002).

2.3 Jarque—Bera

Clear differences between the normal and lognormal distributions include skewness

and kurtosis. Skewness essentially determines the asymmetry of a distribution. This

statistic can be positive, negative or zero and is the third moment of a random

variables’ probability distribution. Kurtosis, the fourth moment, measures how peaked
1372
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the distribution is. Descriptions of these statistics can be found in Casella and Berger
(2002). The Jarque—Bera test combines these statistics to determine their goodness-
of-fit to a normal distribution. If the distribution is normal, then asymptotically the
Jarque—Bera (JB) test statistic has a ,1'2 distribution with two degrees of freedom and
is given by

n 1
B=—(S8%+-(K-3)?
J 6(8 +4( 3)), (8)
with the third and fourth moments given by
30 (6 -%)°
n£i=1 /
S= "k 9)
150 v
<EZ/=1<X/"X) )
—\4
K = 5211 (X = X) (10)

o\ 2
(3271 (6 -%)%)
2.4 Chi-squared

With the null hypothesis of the chi-squared test being that the data come from
a lognormal distribution, the test statistic compares expected, E;, vs. observed, O;,
observations in k bins of data. The expected frequency, for each bin, is given by

Ei=n(F(V)-FM), (11)

where F is the cumulative distribution function for the lognormal distribution and Y, and
Y, are the upper and lower limits for class / and n is the sample size. The statistic, which
is compared against the ,1/2 distribution, is given by
2
< (0,-E)

= £

i=1

(12)
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Much more can be said about these hypothesis tests but that is outside of the scope
of this paper. Those details are left out in lieu of the application results as applied to
the GFS data.

2.5 Distribution fitting

The normal and lognormal probability density functions are fitted to the data using the
maximum likelihood technique. For an independent and identically distributed sample
X1, ..., X, with probability density 7(x|8,, ...,8y), the likelihood function is defined by

n
Oulx1,. - Xk |_|

For each sample point x the likelihood function is maximized as a function of 8.
A thorough explanation of this procedure can be found in Casella and Berger (2002).

L(6)x) =L (6y,..., (x;164,...,6k) - (13)

3 Results

The results of the time-series hypothesis tests for mixing ratio and temperature resulted
in numerous figures and data plots displaying the non-normal and lognormal nature of
the GFS data. An overview of these results is presented along with a more detailed
analysis of specific points of interest. Instead of presenting the results of the Shapiro—
Wilk, Jarque—Bera, and Chi-squared tests only the results of the Composite Test are
shown which incorporate all of the results simultaneously.

For each point of the GFS data, an forecast from each day between 1 January 2005
through 31 December 2005 makes up the random variable X for one year. This data
is also broken down into four “seasons,” i.e. 1 January 2005 through 31 March 2005
(denoted as JFM in all figures), 1 April 2005 through 30 June 2005 (denoted AMJ),
1 July 2005 through 30 September 2005 (denoted JAS), and 1 October 2005 through
31 December 2005 (denoted OND).
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3.1 Mixing ratio

A tabulated view of all of the tests results can be seen in Fig. 1. Frequencies depict
how often the Shapiro-Wilk and Jarque—Bera tests reject H,, the Chi-squared failed
to reject Hy, and when these results coincided for each point of the GFS. Therefore
the Composite test cannot have a larger value than any one of the individual tests.
For example, the entire year of forecasts of mixing ratio at 300 hPa has almost 99 %
of points coming from a non-normal distribution as concluded by the Shapiro—Wilk
and Jarque—Bera tests, and almost 29 % of points cannot be determined to not come
from lognormal distribution as per the Chi-squared test. Therefore the composite
test concludes that almost 29 % are lognormally distributed. This chart demonstrates
that there is significant occurance of the non-normal distribution behavior, but not
necessarily lognormal behavior as determined by the Chi-squared test. Choice of
a = 0.01 dictates these results and can be adjusted depending on the user’s desired
level of confidence.

Figure 2 shows the results of the composite test at 300hPa. In this and all
subsequent figures red areas indicate a positive result of the composite test, i.e.
the Shapiro—Wilk and Jarque—Bera rejected the hypothesis that the data come from
a normal distribution and the chi-squared test failed to reject the hypothesis the data
come from a lognormal distribution. Blue areas in these figures indicate that at least
one of these conclusions is not met for the hypothesis tests. With the composite test it
is easy to see when all of the tests agree that the data comes from a lognormal (red)
as opposed to a non-lognormal distribution (blue). It is interesting to note how the data
changes over the course of the year as well as when the data is taken as a whole for
2005. Since the areas in red are not randomly scattered, coherent physical processes
must be at work to sustain the statistical properties of the mixing ratio. Similarly, Fig. 3
shows the results of the composite test at 500 hPa for each time domain. Note that
the first two time domains of 2005 have the largest coverage of lognormally-distributed
data.
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To see what a sample of the data actually looks like consider Fig. 4. This data is at
300 hPa located in the North Atlantic off the Canadian coast. For 2005 as a whole as
well as each season the composite test returned a positive result for this location. With
the fitted probability distributions it is clear that the lognormal distribution is a better fit
for the mode of the data and also captures its skewness. Conversely, the fitted normal
distribution misses the mode, attempts to smooth out the data, and includes substantial
probabilites for values below zero which is physically impossible for mixing ratio. Cold
dry air extrusions into this region could very well be driving this statistical behavior.

Another location of interest which experiences significant continental air masses
(Trewartha and Horn, 1971) is in central North America where tornadoes frequently
develop. Figure 5 shows the data and probability fits at 300 hPa. Once again this is
an instance where 2005 and each season passes the composite test. The lognormal
distribution tightly fits data again whereas a characteristic of the normal distribution is
that it is centered around the mean of the data, which is not necessarily the location
parameter of choice for a skewed distribution. As a result, a symmetric curve is placed
at the mean which misses the major characteristics of the data.

Figure 6 shows the data and distribution fits for a point in the tropical cyclone
formation region in the North Atlantic at 500 hPa. In this instance, the composite test
passes for each season but not for the year even though the histogram resembles
a lognormal distribution. The reason for this speaks to the conservative nature of the
tests. With @ = 0.01 and the sample size of n =363, there must be overwhelming
evidence for all of the tests, and therefore the composite test, to conclude the data’s
true statistical signal. Similar to Fig. 4, the lognormal fit clearly captures the nature of
the data better than the normal distribution.

For a location near Japan at 850 hPa the composite test correctly concludes that
the data does not follow a lognormal distribution as shown in Fig. 7. Here the data is
either somewhat symmetric or is bi-modal. For the January—February—March months
the normal fit is somewhat better than the lognormal. However, for the entire year the
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normal fit misses both modes entirely and gives maximum probability to less observed
values.

Closer inspection of many more vertical levels and locations could be shown but are
omitted due to limitations of space.

3.2 Temperature

Similar to Fig. 1 for mixing ratio, statistical test results are presented for temperature in
Fig. 10. It is clear that the composite test concludes that the non-normal and lognormal
signals are seen to be much less pronounced for temperature than for mixing ratio.
However there are still numerous occurances as determined by the strict hypothesis
tests. Inspection of the composite test results for 500 and 700 hPa can be seen in
Figs. 8 and 9. In these images it is clear that the lower tropics are more likely to have
lognormally-distributed temperature data.

By looking at the results of the Shapiro-Wilk and Jarque—Bera tests, there
are occurances where the temperature data is seen to come from a non-normal
distribution. There are 77 points out of 65 160 where the data for all of 2005 and each
season is not normally distributed, i.e. the null hypothesis is rejected for these tests
on all time domains. All but one of these points are in the Southern Hemispere, with
a majority of points falling between 500 and 1000 mb. in the Southern Indian Ocean.
Results shown in Figs. 11 and 12 contain examples of this occurring in the Indian
Ocean and near Japan respectively. Note how the data is either bi-modal, positively-
or negatively-skewed, or even resembles a uniform distribution. In addition there are
numerous points, across all pressure levels, where the data for one or more “seasons”
is not normaly-distributed.
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3.3 Surface pressure

While surface pressure is a positive definite random variable, the chi squared test
indicated no instances of lognormal behavior. This is a result of the data typically being
right-skewed if the normal assumption is rejected.

While non-normal behavior is not as prevalent in surface pressure as in mixing ratio,
the frequency can be seen in Fig. 13. Here the composite test indicates the frequency
that the Jarque—Bera and Shapiro—Wilk reject the null hypothesis, omitting the Chi
squared test. Spatial coverage of the composite test is shown in Fig. 14.

An interesting presentation of the number of seasons where the normality
assumption is rejected by the composite test is shown in Fig. 15. Here, areas over
the ocean are seen more often to have non-normally distributed surface pressure than
over land.

3.4 Wind

Since the GFS wind data is not a positive definite random variable, the lognormal
distribution is not a viable candidate to capture its shape or spread. Therefore, for
wind, the composite test now reports when both the Shapiro-Wilk and Jarque—Bera
tests simultaneously reject the null hypothesis that the data comes from a normal
distribution. Since a much more thorough review of the probability distributions of wind
has been conducted by Carta et al. (2009), a brief inclusion of the results is presented
here, which corroborate the non-normal behavior of wind that has been previously
observed.

Figures 16 and 17 show the frequency that each test rejected normality as well as
where they overlap in the composite test for the v and v wind components. It is clear
that for almost every time domain, the vertical level with the least percentage of non-
normal behavior (“most normally-distributed”) is at 500 hPa. Also of interest are the
differences in the wind analyses at 1000 hPa, which clearly show that the v component
is more likely to be non-normal. This can be seen spatially in Fig. 18.
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Closer inspection of the nature of the skewed and bi-modal behavior of v can be
seen in Fig. 19. For each time domain at 850 hPa, the normal assumption is rejected
by the composite test. The normal distribution misses the mode of the 0 h forecast and
the presence of values less than zero prevent the fit of a lognormal distribution.

Given these results for mixing ratio, temperature, surface pressure, and wind, a real-
time detection method may include a moving-average that includes the last t number
of forecasts, where this value ¢ could be user-defined to specify a certain power
for the hypothesis tests. Another method may involve including data available in the
current season in order to make a determination of whether to assume the variable
is normally- or lognormally-distributed. As demonstrated in this paper the hypothesis
tests are robust for a t smaller than one year.

In this section different variables, vertical levels, time domains, and locations have
been presented demonstrating non-normal or logormal (or neither) behavior. Given
the prevalence of non-normally distributed random variables the necessity of checking
what the data looks like has been demonstrated.

4 Conclusions and discussion

Since mixing ratio and temperature have been shown to be non-normally distributed
and in many cases appear to be lognormally distributed, 3-D- and 4-D-VAR data
assimilation schemes that include lognormal cost functions for both the observations
and the apriori background may be required for more accurate results. This would
have implication on the forecast skill of a DA system, or for a retrieval system, as the
analysis state from the minimization of the mixed distribution cost function should be
consistent with the probabilistic behavior of the true state. The normal assumption,
while convenient and easily adaptable, may need to be more carefully considered in
light of these results.

While it is true that a lognormal distribution with a small variance looks very similar to
a normal distribution, the detection methods used in this paper attempt to operationally
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handle large amounts of data similar to the resolution of an inner loop in incremental
data assimilation schemes. It is in this end that these statistical procedures have been
demonstrated in order to understand the true nature of atmospheric variables.

The time-series data clearly indicates data for mixing ratio and temperature will
follow a lognormal distribution in certain areas. These results give light to the fact that
the normal distribution assumption is not a valid assumption for the basis of the data
assimilation and variational based retrieval systems and suggests that more research
is needed to study the impact of assuming a normal distribution fit on forecast skills,
variational observational quality control as well as the gross error check (Lorenc and
Hammon, 1988).

Therefore this work suggests that statistical climatology tests need to be developed
on a seasonal, or possibly a monthly basis, as the distributions that are found for
specific variables indicate which distribution’s cost function should be used in the
assimilation schemes as a function of space and time. Ideally a real-time decision of
how the data is statistically structured would be determined, ensuring that the correct
scheme is chosen. In either case, it is the goal that an objective decision methodology
be available for an appropriate scheme based on the nature of the data. The choice
under what observational conditions to apply alternative Baysian models is now made
as an objective decision through the procedure used and demonstrated in this work.

Future work can consider longer time-series, more vertical levels, other atmospheric
variables such as column water vapor when a boundary layer cloud is present as
seen in Fletcher (2010), and other statistical methods including the Akaike information
criterion (Akaike, 1974). The possible future benefit of the Akaike information criterion
(AIC) is that it detects the best distribution for a random variable based on information
theory which could then give guidance for what other distributions need to be included
in the variational cost function. AIC balances the goodness-of-fit of a distribution while
minimizing the number of model parameters.

It has been shown in Fletcher and Jones (2014) that there is a negative impact on
the performance of a normal distribution only incremental 4-D-VAR when lognormal
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forecasts are assimilated. However, when the same observations were assimilated in
a lognormal-based incremental 4-D-VAR, then there was no negative impact on the
analysis error. Therefore, the need to determine which distribution the observations
and their errors come from is important to minimize the impact of these errors on the
analysis of a DA system and the subsequent forecast. In this paper methodologies
have been developed and tested with the 2005 GFS 00:00 UTC 6 h forecast and it has
been shown that there are lognormal signals in the forecasts. This therefore suggests
a need for statistical climatologies to be developed and for these climatologies to also
be linked in near real-time with the data assimilation and retrieval systems.

Appendix: Distribution of errors

Let n be the background error component of the 3-D cost function Eq. (1) given in
Sect. 1, i.e. let

n=(x-x,)". (A1)

Without loss of generality consider the univariate case. For a random variable X
with a cumulative density function Fy, the moment generating function is defined by
My (t) = E[etX]. The moment generating function for a normal random variable with
mean u and variance o?is given by

2,2
M(t) = exp{ut+ %} .

Since this equation is an exponential, the sum Z of two independently distributed
normal random variables is also a normal random variable. That is, if X ~ N(ux,af)
andY ~ N(u,, of), then X+Y =2 ~ N(u,+u,, 0)2(+af). The uniqueness theorem states
that if two random variables have the same momement generating function, then they
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have the same probability distributions. Clearly,

M(t) = E[e'*] = E[e"**V)] = E[e¥]E[e"]
= My (t)My (1)

o'ftz 0'52‘2
=expyq Ul + 5 exp /.tyt+T

(af + af) t?

2

(A3)

=exps (Uy +u,)t +

~N (/JX + Uy, 05 +crf> .
Equation (A1) can be written as

n+x,=X. (A4)

If it assumed that n and x, are normally distributed random variables then it has
been shown that the left hand side of Eq. (A4) is normally distributed.

Section 3 contains results that atmospheric random variables can have a non-
normal, or in particular, a lognormal distribution. This would imply that the right hand
side of Eq. (A4) would be the sum of a normal and a lognormal distribution. An
assumption such as this for the sought after state x would be highly suspect. It is
with this mathematical formulation in mind that yielded the research into mixed normal-
lognormal variational data assimilation methods as well as the distributions of the
assimilated variables.
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(a)

Figure 2. Composite results for water vapor mixing ratio for (a) 2005 and (b—e) each season at

300 mb.

2005 - 300 mb
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(a)

Figure 3. Similar to Fig. 2, composite results for mixing ratio for (a) 2005 and (b—e) each season

at 500 mb.

2005 - 500 mb
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Figure 4. Histograms along with Normal and Lognormal probability distibution for (a) 2005 and
(c—f) each season at 300 mb. Panel (b) indicates the location of this data off the Canadian
eastern coast. This point is an example where each season along with the entire year of data
passes the composite test indicating lognormal behavior.
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2005 - 500 mb

CN

Figure 8. Similar to Fig. 2, composite results for (a) 2005 and (b—e) each season at 500 hPa
for temperature.
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Figure 9. Similar to Fig.
for temperature.

2005 - 700 mb

2, composite

results for (a) 2005 and (b—e) each season at 700 hPa
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Figure 10. Frequency of each test result for temperature on every time domain and atmospheric
level similar to Fig. 1. There are a significant number of points where non-normal and
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lognormally-distributed data appear, both annually and seasonally.
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Figure 11. Temperature data for a point near Taiwan where the Shapiro—Wilk and Jarque—Bera
conclude non-normally distributed data.
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Figure 12. Temperature data for a point in Australia where the Shapiro-Wilk and Jarque—Bera
conclude non-normally distributed data.
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Figure 13. Similar to Fig. 1, the frequencies represent how often the normality assumption was

AMJ
Time Domain

rejected for each time domain for surface pressure.
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(@)

Figure 14. (a, b) Similar to Fig. 2, the red areas indicate the normality assumption was rejected

for surface pressure.
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Figure 16. (a—e) Similar to Fig. 1, the frequencies represent how often the normality assumption
was rejected for each vertical level and time domain for the v component of wind.
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Figure 17. (a—e) Similar to Fig. 1, the frequencies represent how often the normality assumption
was rejected for each vertical level and time domain for the v component of wind.
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(b)

Figure 18. (a, b) Similar to Fig. 2, the red areas indicate the normality assumption was rejected
for the v and v components of wind respectively.
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Figure 19. Similar to Fig. 4, histograms along with a normal probability distibution for (a) 2005
and (c—f) each season at 850 hPa. Panel (b) indicates the location of this data in the Pacific
Ocean near Hawaii. In each time domain, the composite test rejected the normal assumption
for this location.
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