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Abstract

Auto Regressive Integrated Moving Average (ARIMA) model is often used to calculate
time series data formed by inter-annual variations of monthly data. However, the influ-
ence brought about by inter-monthly variations within each year is ignored. Based on
the monthly data classified by clustering analysis, the characteristics of time series data5

are extracted. An improved ARIMA model is developed accounting for both the inter-
annual and inter-monthly variation. The correlation between characteristic quantity and
monthly data within each year is constructed by regression analysis first. The model
can be used for predicting characteristic quantity followed by the stationary treatment
for characteristic quantity time series by difference. A case study is conducted to pre-10

dict the precipitation in Lanzhou precipitation station, China, using the model, and the
results show that the accuracy of the improved model is significantly higher than the
seasonal model, with the mean residual achieving 9.41 mm and the forecast accuracy
increasing by 21 %.

1 Introduction15

Hydrological processes are complicated; they are influenced by not only deterministic,
but also stochastic factors (Wang et al., 2006). The deterministic change in a hydro-
logical process is always accompanied by the stochastic change. Generally speaking,
determinism includes periodicity, tendency, and abrupt change. In fact, a strict deter-
ministic hydrological process is rare. Stationary time series has been widely used in20

hydrological data assimilation and prediction to tackle the stochastic factors in hydro-
logical processes. From the point of view of stochastic processes, hydrological data
series usually comprises trend term and stationary term. The basic idea of Auto Re-
gressive Integrated Moving Average (ARIMA) model, one of the most commonly used
time series model, is to remove the trend term of series by difference elimination, so25

that a nonstationay series is transformed into a stationary one. Many researchers have
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used ARIMA model for the analysis of hydrological process without considering the ef-
fects of seasonal factors (Jin et al., 1999; Niua et al., 1998; Toth et al., 1999). However,
most studies (Ahmad et al., 2001; Lehmann et al., 2001; Qi et al., 2006) neglected sta-
tionary test and the influence from inter-monthly variation (IM variation) within a year. In
this paper, the seasonal ARIMA model is improved by removing the effect of seasonal5

factors, and the improved model is tested through a case study. The paper is structured
as follows: the ARIMA model is introduced first, followed by the introduction of the is-
sues in the currently existing ARIMA model and our proposed methods to improve it.
A case study is conducted and discussion is addressed finally.

2 ARIMA model10

A hydrological time series {f (t)t = 1,2, · · · ,n} can be divided into stationary and nonsta-
tionary time series. Given that there are essentially no strictly deterministic hydrological
processes, the analysis of hydrological data by means of nonstationary time series is
of importance, among which ARIMA model is one of the choices available.

2.1 ARIMA model15

In ARIMA model, ARIMA(p,q) is defined as follows:

yt =φ1yt−1 +φ2yt−2 + · · ·+φpyt−p +ut −θ1ut−1 −θ2ut−2 − · · · −θqut−q (1)

where the real parameters ϕ1,ϕ2, · · · , and ϕp are called autoregressive coefficients,
the real parameters θj (j = 1,2, . . . ,q) are moving average coefficients, and ut is an

independent white noise sequence, i.e. ut ∼ N(0,σ2). Usually the mean of yt is zero; if20

not, y ′
t = yt −µ is used in the model.

843

http://www.nonlin-processes-geophys-discuss.net
http://www.nonlin-processes-geophys-discuss.net/1/841/2014/npgd-1-841-2014-print.pdf
http://www.nonlin-processes-geophys-discuss.net/1/841/2014/npgd-1-841-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


NPGD
1, 841–876, 2014

An improved ARIMA
model for

hydrological
simulations

H. R. Wang et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

Lag operator (B) is then introduced, thus

φ(B) = 1−φ1B−φ2B
2 − · · · −φpB

p (2)

θ(B) = 1−θ1B−θ2B
2 − · · · −θqB

q. (3)

Then the model can be simplified as5

φ(B)yt =ϕ(B)ut. (4)

If yt are nonstationary, we can obtain the stationary sequence zt by means of differ-
ence, i.e.

zt = (1−B)dyt = ∇dyt (5)

where d is the number of regular differencing. Then the corresponding model10

(ARIMA(p,d ,q)) of yt can be built (Box et al., 1997).

2.2 Seasonal ARIMA(p,d ,q) model

A hydrological time series has obviously seasonal (quasi-periodic) variation (Box
et al., 1967). For monthly data, consider whether the autocorrelation coefficients are
significantly different from 0 with the lag of 12, 24, and 36, and so on; while for seasonal15

(quarterly) data, consider whether the autocorrelation coefficients are significantly dif-
ferent from 0 with a lag of 4, 8, 12, and so on.

A seasonal ARIMA model can be built with the following procedure. First, difference
is applied to eliminate property of season. To obtain the stationary sequence, a model
can be built as follows:20

φp(B)ΦP (Bs)(1−B)d (1−Bs)Dyt = θq(B)ΘQ(Bs)ut (6)

where P is the seasonal autocorrelation coefficient, and Q is the seasonal moving
average order.
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2.3 Application of ARIMA model

The procedure of calculating ARIMA model is given by the flowchart in Fig. 1 which
involves the following steps:

1. Stationary identification. In this step, whether the hydrological sequence is sta-
tionary is identified with scatter diagram, autocorrelation function diagram, and5

partial correlation function diagram.

2. Stationary treatment. Difference or logarithmic transformation is often used for
stationary treatment.

3. Identification of the order of ARIMA model by means of autocorrelation and partial
correlation function.10

4. Parameter estimation (Chen et al., 2004) using maximum-likelihood method.

5. White noise test for residual sequence.

If the residual sequence is not a white noise, some useful information cannot be ex-
tracted. The method is illustrated as follows.

Null hypothesis: H0 : corr(et,et−k) = 0∀kt15

Alternative hypothesis: H1 : corr(et0 ,et0−k0
) 6= 0∃k0t0

The autocorrelation of the data series is measured by the autocorrelation coefficient
which is defined as

rk =

∑n
t=k+1etet−k∑n

t=1e
2
t

(k = 1,2, · · · ,m) (7)

where n is the number of cases, m is the maximum lag. If n is very large, m is
[ n

10

]
; if20

n is very small, m becomes
[n

4

]
. When n→∞,

√
nrk ∼ N(0,1).
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The test statistics is given by

Q = n(n+2)
m∑

k=1

r2
k

n−k
. (8)

Given the degree of confidence of 1−α, if

Q < χ2
α(m−p−q) (9)

then the null hypothesis is accepted.5

6. Hydrological forecasting.

The linear least variance is usually applied for rainfall–runoff prediction. In general,
based on observation values of n points, the values of future points of n+L can be
estimated (Kohn et al., 1986).

3 Improvement of conventional ARIMA model10

The seasonal ARIMA model only deals with time series which arranges in turn with
a certain time interval or step, e.g. a month. The seasonal ARIMA model is capable of
dealing with the data formed by inter-annual variation (IA variation) with a time interval
of month; in this case, however, the information of inter-monthly (IM) variation may be
lost. In order to obtain the information of IM variation, the conventional seasonal ARIMA15

model needs to be improved. In this study, twelve seasonal ARIMA models are built,
which are referred to as ARIMA model of IM variation, in order to prevent the loss of IM
variation information. However, the effects between adjacent months are ignored in the
ARIMA model of IM variation. So a new model needs to be built, in which two kinds of
temporal variation (both IA variation and IM variation) are simultaneously considered.20

Clustering analysis is used for classifying months and characteristic extraction (Sun
et al., 2005). The characteristics refer to values of maximum, minimum, and truncated
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mean. A linear model is built with dependent variables of hydrological data, and with
independent variables of maximum, minimum, and truncated mean. In view of annual
variation, an ARIMA model is built for the maximum, minimum, and truncated mean of
every class, respectively.

The implementation of the improved ARIMA model involves the following procedure5

in:

1. Perform clustering analysis on monthly data, and group the months with similar
hydrological variation.

2. Find the maximum, minimum, and truncated mean.

3. Build linear regression model and determine the associated parameters.10

4. Build ARIMA model for the maximum, minimum, and truncated mean of every
class and predict the characteristics.

5. Substitute the predicted characteristics into the model of linear regression and
predict the monthly precipitation.

The steps of modeling and forecasting are illustrated in a sketch shown in Fig. 2.15

4 Case study

In this section, we are presenting an application of the proposed improved ARIMA
model to the precipitation forecasting of Lanzhou precipitation station in Lanzhou,
China. Lanzhou is located in the upper basin of Yellow River. It has a continental climate
of mid-temperate zone, with an average precipitation of 360 mm and mean temperature20

of 10 ◦C. In general, rainfall seasons are May, June, September, and October, while
drought occurs in spring and winter. The Lanzhou precipitation station is located in
103.70◦ E, 35.90◦ N. The data from 1951 to 2000 is used for parameter estimation and
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the precipitation of every month in 2001is then predicted and compared with the ob-
servation values. A comparison is also made between the conventional ARIMA model
and the improved model.

4.1 Conventional ARMA modeling

4.1.1 Stationary identification and treatment5

The precipitation at the Lanzhou precipitation station from 1951 through 2001 and
from 1991 through 2001 are plotted as shown Figs. 3 and 4, respectively. The
two figures show less precipitation in winter and spring and more in summer and
autumn. Fluctuation occurs to the data during high precipitation seasons. Using power
transformation with an order of 1/3, fluctuations at high values are removed and the10

data become stationary, as shown in Fig. 5.

4.1.2 Identification of the order of model

According to autocorrelation and partial correlation functions, as shown in Figs. 6 and
7, seasonal term with a period of 12 exists. With the difference elimination method, the15

order of the model can be determined from Figs. 8 and 9, and the following model is
obtained.

(1−B12)yt = (1−θ1B)(1−θ2B
12)ut (10)

4.1.3 Parameter estimation

The maximum-likelihood method is used for parameter estimation and the results are20

listed in Table 1. As shown in Table 1, parameter estimation is statistically significant.
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4.1.4 White noise test

A white noise test is performed for the residual sequence. If the test does not pass, the
model needs to be improved. As shown in Table 2, with a significance level of 5 %, the
test is passed, i.e. the useful information is extracted and the model is reasonable.

4.1.5 Hydrological forecasting5

With the linear least variance and precipitation data from 1951 to 2000, the ARIMA
model is used for predicting monthly precipitation of 2001, as is shown in Table 3 and
Fig. 10. The mean error is 11.93 mm. As shown in Fig. 10, except for the months of
May, June, July, September and October, prediction is basically accurate. However, the
model needs further improvement to provide better prediction for those months.10

4.2 Establishment of ARIMA model of IM variation

As discussed in Sect. 2.2, the data can be classified into 12 groups associated with
each month respectively. Stationary identification, stationary treatment, model identi-
fication, parameter estimation and residual test are performed for the 12 groups of
data. A total of 12 ARIMA models are built and the results of estimated parameters are15

shown in Table 4.
In terms of improvement of accuracy, the ARIMA model of IM variation needs fewer

samples than the conventional ARIMA model. Besides, hydrological sequence often
has singular points, which have a great influence upon the ARIMA model. Therefore,
the ARIMA model of IM variation is much better.20

4.3 The ARIMA model of IM variation based on clustering and regression
analysis

1. Clustering analysis for monthly data.
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In order to obtain symmetric data, Box–Cox transformation is applied. As the precip-
itation has values of zero, Box–Cox transformation (Thyer et al., 2002; Meloun et al.,
2005; Ip et al., 2004) is corrected as follows.

Data after transformation =

{
(original data+1)α−1

α α 6= 0

log(original data) α = 0
.

5

After Box–Cox transformation, as shown in Fig. 11, the data are much more symmetric,
and the samples don’t come from the same population. Result of clustering is shown
as Fig. 12, indicating that precipitation sequences can be grouped as three classes.

2. Calculating characteristics of every class.

There are large fluctuations at the maximum of every class, as shown in Fig. 13.10

Instead, fluctuations at mean and minimum are relatively small; sequences of mean
and minimum can be regarded as stationary sequences. Therefore, more information
may be extracted from the maximum dataset.

3. Linear regression fitting: the coefficients of each class pass the T test with a signif-
icance of 5 %, as shown in Table 5, indicating that the linear model is reasonable.15

4. Building ARIMA model for Characteristic variables of each class: nine ARIMA
models are built, and the results of parameter estimation are listed in Table 6.

5. Prediction and test of accuracy.

The monthly precipitation of 2001 is predicted using the improved ARIMA model
and the prediction results are shown in Table 7 and as Fig. 14. Table 7 shows the20

mean errors of the conventional ARIMA model and the improved model are 11.93 and
9.41 mm, respectively. Except for April, July, September and October, the relative errors
of the improved ARIMA model are very small and catches the correct trend overall. The
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conventional ARIMA model gives accurate prediction for January, February, August and
November, but the predictions of other months are far away from the observations.

From Tables 3 and 7 and Fig. 14, the predicted values of July from the two models
are almost equal, but both of them have a large difference from the observed values; it
is the same case for September. After a closer look at the data, we find that the mean5

precipitation amount of July is 63.3 mm with a relative prediction error of 4.8 %, and
that the precipitation amounts of 38 years are much higher than the value of 2001.
Similarly, the mean precipitation of September is 44.99 mm the relative error of the
predicted value is 27.8 %, and precipitation of 46 years are lower than the value of 2001.
It might be due to the abnormal climate in July and September of 2001 which caused10

the inaccurate prediction in the two months given that the improved model is mining
historical information without the information of predicted month (Liu et al., 2006).

4.4 Comparison with auto-regression (AR) models

Models of AR (24) and AR (36) are used for predicting the monthly precipitation of
2001 for comparative study. The results of each model are presented in Table 8. From15

Table 8, the mean residual of auto-regression models with an order of 24 and 36, the
conventional ARIMA model, and the improved ARIMA model, are 17.05, 17.82, 12.34,
and 9.41 mm, respectively, indicating that the improved ARIMA model provides the best
prediction. Compared with the conventional ARIMA model, the improved ARIMA model
improves the accuracy by 24 %.20

5 Results and discussion

Given that both the inter-annual variation and inter-monthly variation of the hydrologi-
cal data effect the prediction of hydrological time series, it is better to account for both
for better prediction. Inter-monthly data may come from different populations as well
as nonstationary factors, so the conventional ARIMA model is not effective enough.25
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An improved ARIMA model has been built in this paper taking account for both inter-
annual and inter-monthly variation of hydrological data. Based on clustering analysis
and regression, much more information is extracted from the data series. A case study
is conducted for the precipitation of Lanzhou precipitation station with the improved
ARIMA model and the comparison with the conventional ARIMA model indicates that5

the accuracy of the improved ARIMA model is significantly higher than that of the con-
ventional ARIMA model. This improved approach can be applicable to other hydrolog-
ical processes prediction with time series data, such as runoff, temperature, and so
on.

For the improved ARIMA model, some remarking is given as follows:10

1. The selection of clustering methods has little effect on prediction. Different clus-
tering methods can be applied. The definition of distance in the hierarchical clus-
tering can be modified (Wang et al., 2005) to obtain better fit.

2. Characteristics value should be constructed by the features of hydrological time
series, not limited to the extreme or mean values.15

3. Neural network or support vector machine can be used to further improve is the
proposed approach.
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Table 1. Results of parameter estimation of ARMA model.

Parameter Estimated Standard T test Tail
value deviation probability

θ1 −0.16379 0.03959 −4.14 < 0.0001
θ2 0.93434 0.02117 44.14 < 0.0001
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Table 2. Autocorrelation coefficients of the residuals of the ARIMA model.

Order χ2 Degree of Tail Autocorrelation function
statistic freedom probability

6 0.770 4 0.943 0.000 −0.007 −0.018 0.021 −0.007 0.020
12 6.910 10 0.734 0.013 0.014 0.012 −0.043 0.086 −0.019
18 13.400 16 0.643 0.092 0.014 0.031 −0.004 0.021 0.020
24 16.810 22 0.774 0.042 0.007 −0.022 −0.026 −0.032 0.039
30 20.650 28 0.840 0.050 −0.031 −0.048 0.003 0.018 0.008
36 28.100 34 0.752 0.045 0.018 0.064 −0.044 0.036 0.044
42 30.900 40 0.849 0.057 −0.015 0.019 0.023 0.006 −0.001
48 52.940 46 0.224 −0.012 0.040 −0.022 0.032 −0.079 −0.156

855

http://www.nonlin-processes-geophys-discuss.net
http://www.nonlin-processes-geophys-discuss.net/1/841/2014/npgd-1-841-2014-print.pdf
http://www.nonlin-processes-geophys-discuss.net/1/841/2014/npgd-1-841-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


NPGD
1, 841–876, 2014

An improved ARIMA
model for

hydrological
simulations

H. R. Wang et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

Table 3. Predicted values of monthly precipitation in 2001 (mm).

Month 1 2 3 4 5 6 7 8 9 10 11 12

Predicted 0.00 0.00 5.38 11.99 31.26 41.28 64.88 71.82 37.98 20.15 0.00 0.00
Observed 2.80 1.90 0.00 22.20 11.10 33.00 39.50 69.80 82.00 5.20 1.90 0.90
Residual 2.80 1.90 −5.38 10.21 −20.16 −8.28 −25.38 −2.02 44.02 −14.95 1.9 −0.90
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Table 4. Results of estimated parameters from ARIMA model of IM variation.

Month Model ML parameter estimation

1 (1−αB)yt = (1−βB)ut α = −0.95, β = −0.97
2 (1−αB2)yt = ut α = −0.49
3 yt = (1−βB)ut β = 0.38
4 yt = (1−β1B−β2B

2)ut β1 = 0.27, β2 = −0.22
5 yt = (1−βB2)ut β = −0.3
6 yt = (1−βB)ut β = −0.32
7 yt = (1−βB2)ut β = −0.3349
8 (1−αB)yt = (1−βB)ut α = −0.182, β = −0.0528
9 (1−αB)yt = (1−βB)ut α = 0.956, β = 0.469
10 yt = (1−βB)ut β = 0.32
11 (1−αB)yt = (1−βB)ut α = 0.681, β = 0.741
12 (1−αB)yt = (1−βB)ut α = 0.650, β = 0.766

857

http://www.nonlin-processes-geophys-discuss.net
http://www.nonlin-processes-geophys-discuss.net/1/841/2014/npgd-1-841-2014-print.pdf
http://www.nonlin-processes-geophys-discuss.net/1/841/2014/npgd-1-841-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


NPGD
1, 841–876, 2014

An improved ARIMA
model for

hydrological
simulations

H. R. Wang et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

Table 5. Result of coefficient estimating of linear regression.

Class Month Constant Characteristic variable

term Maximum Mean Minimum

1 1 0.16 0.09 0.39 0.23
2 0.21 −0.12 1.21 −0.14
11 −0.54 0.30 1.51 −0.62
12 0.16 −0.27 0.89 0.53

2 3 1.92 −0.50 0.46 0.53
4 −0.39 −0.57 2.33 −0.62
10 −1.53 1.07 0.21 0.09

3 5 2.17 −0.41 0.22 0.98
6 −0.19 −0.22 1.49 −0.35
7 −0.22 0.27 1.05 −0.35
8 −2.11 1.07 0.24 0.05
9 0.35 −0.72 2.01 −0.33
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Table 6. Results of parameter estimation of ARIMA model for characteristic variables of every
class.

Class Characteristic ARIMA model ML Standard Value
variable parameter deviation of P

estimating estimating

maximum (1−B)(1−αB)yt = ut −0.56 0.13 < 0.0001
1 mean (1−B)yt = (1−βB)ut 0.92 0.07 < 0.0001

minimum (1−B)2yt = (1−βB)2ut 0.84 0.09 < 0.0001

maximum (1−B)yt = (1−βB)2ut −0.30 0.14 0.00311
2 mean (1−αB2)(1−B)2yt = ut −0.52 0.12 < 0.0001

minimum (1−αB2)(1−B)2yt = ut −0.64 0.11 < 0.001

maximum (1−αB2)(1−B)2yt = ut −0.45 0.13 0.0006
3 mean (1−αB)2(1−B)2yt = (1−βB4)ut −0.82 0.81 0.20 0.16 < 0.0001

minimum (1−αB)2(1−B)2yt = (1−βB4)ut −0.81 0.80 0.12 0.17 < 0.0001
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Table 7. Predicted value of monthly precipitation data for 2001.

2001 1 2 3 4 5 6 7 8 9 10 11 12

Predicted 2.54 1.897 0.099 12.32 12.61 33.58 60.26 72.92 32.50 32.03 1.532 0.898
Observed 2.8 1.900 0.000 22.20 11.10 33.00 39.50 69.80 82.00 5.200 1.900 0.900
Error 0.25 0.003 0.099 9.871 1.515 0.582 20.76 3.12 49.50 26.83 0.368 0.002
Relative error 0.09 0.002 0.099 0.445 0.136 0.018 0.526 0.045 0.604 5.160 0.194 0.003
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Table 8. Predicted values of AR (24) and AR (36) models.

24 orders 1 2 3 4 5 6 7 8 9 10 11 12

Predicated 0.27 6.40 4.89 5.81 6.49 77.86 22.55 110.5 65.89 55.45 3.90 0.00
Observed 2.80 1.90 0.00 22.20 11.10 33.00 39.50 69.80 82.00 5.20 1.90 0.90
Residual −2.53 4.50 4.89 −16.3 −4.61 44.86 −16.9 40.72 −16.11 50.25 2.00 −0.90

36 orders 1 2 3 4 5 6 7 8 9 10 11 12

Predicted 0.57 6.40 5.24 7.25 12.05 79.75 20.09 114.5 63.20 58.78 3.79 0.00
Observed 2.80 1.90 0.00 22.20 11.10 33.00 39.50 69.80 82.00 5.20 1.90 0.90
Residual −2.23 4.50 5.24 −14.9 0.95 46.75 −19.4 44.73 −18.80 53.58 1.89 −0.90
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Table 9. Comparison of mean errors.

Improved ARIMA ARIMA AR(24) AR(36)

Mean absolute error 9.41 12.34 17.05 17.82
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Fig. 1. Procedure of applying ARIMA model.
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Fig. 2. Prediction steps of ARIMA model of the IM variation based on clustering and regressive
analysis.
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Fig. 3. Line graph of monthly precipitation.
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Fig. 4. Columnar section of f monthly precipitation.
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Fig. 5. Line graph of monthly precipitation after power transformation.
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Fig. 6. Autocorrelation function gram of monthly precipitation data.
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Fig. 7. Partial correlation function gram of monthly precipitation data.
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Fig. 8. Autocorrelation function gram of monthly precipitation data after difference.
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Fig. 9. Partial correlation function gram of data after difference.
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Fig. 10. Comparison of values of predicted and observed precipitation.
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Fig. 11. Histogram of data before and after transformation.
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Fig. 12. Result of clustering for monthly precipitation sequence.
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Fig. 13. Annual variation of characteristics Upper: first class; middle: second class; lower: third
class.
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Fig. 14. Comparison between predicted and observed values.
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