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Abstract 1 

The Ensemble Transform Kalman Filter (ETKF) assimilation scheme has recently 2 

seen rapid development and wide application. As a specific implementation of the 3 

Ensemble Kalman Filter (EnKF), the ETKF is computationally more efficient than the 4 

conventional EnKF. However, the current implementation of the ETKF still has some 5 

limitations when the observation operator is strongly nonlinear. One problem in the 6 

minimization of a nonlinear objective function similar to 4D-Var is that the nonlinear 7 

operator and its tangent-linear operator have to be iteratively calculated if the Hessian 8 

is not preconditioned or the Hessian has to be calculated several times. This may be 9 

computationally expensive. Another problem is that it uses the tangent-linear 10 

approximation of the observation operator to estimate the multiplicative inflation factor 11 

of the forecast errors, which may not be sufficiently accurate. 12 

This study attempts to solve these problems. First, we apply the second-order 13 

Taylor approximation to the nonlinear observation operator in which the operator, its 14 

tangent-linear operator and Hessian are calculated only once. The related 15 

computational cost is also discussed. Second, we propose a scheme to estimate the 16 

inflation factor when the observation operator is strongly nonlinear. Experimentation 17 

with the Lorenz-96 model shows that using the second-order Taylor approximation of 18 

the nonlinear observation operator leads to a reduction of the analysis error compared 19 

with the traditional linear approximation method. Furthermore, the proposed inflation 20 

scheme leads to a reduction of the analysis error compared with the procedure using 21 

the traditional inflation scheme. 22 
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1. Introduction 1 

 2 

The spatial and temporal distribution of observations is continuously changing 3 

with the improvement of numerical models and observation techniques. Sounding data, 4 

remote sensing observations, satellite radiance data and other indirect information bring 5 

both opportunities and challenges in data assimilation. How to assimilate these indirect 6 

observations is an important research topic in data assimilation (Reichle, 2008). 7 

The observation operators for indirect observations are often nonlinear. For 8 

example, radiative transfer codes (e.g., RTTOV, CRTM, Saunders et al., 1999; Han et 9 

al., 2006) can be treated as observation operators by mapping air temperature and 10 

moisture to the microwave radio brightness temperature (McNally, 2009). Because the 11 

relationship of these observations with modelled variables may be strongly nonlinear 12 

(Liou, 2002) and the observation errors may be spatially correlated (Miyoshi et al., 13 

2013), data assimilation schemes have to be appropriately designed to address such 14 

indirect observations. 15 

Most data assimilation methods are fundamentally based on linear theory but have 16 

different responses to departures from linearity (Lawson and Hansen, 2004). 17 

Conceptually, variational data assimilation schemes (VAR, e.g., Parrish and Derber, 18 

1992; Courtier et al., 1994; Lorenc, 2003) can assimilate data with nonlinear 19 

observation operators and spatially correlated observation errors. However, a drawback 20 

of VAR is that it has to calculate the adjoint of a dynamical model, which is not an easy 21 

task in practice. Moreover, VAR does not give a direct estimate of the background error 22 



covariance matrix, which is crucial for the performance of any data assimilation scheme. 1 

In general ensemble data assimilation, Maximum Likelihood Ensemble Filter (MLEF) 2 

minimizes a cost function that depends on a general nonlinear observation operator to 3 

estimate the state vector, which is equivalent to maximize the likelihood of the posterior 4 

probability distribution (Zupanski, 2005). Particle filter uses a set of weighted random 5 

samples (particles) to approximate the posterior probability distribution that may 6 

depend on a nonlinear observation operator (Leeuwen, 2009). 7 

The Ensemble Kalman Filter (EnKF) scheme has a strategy to optimize forecast 8 

error statistics without using the adjoint of the dynamical model (e.g., Evensen, 1994a, 9 

1994b; Burgers et al., 1998; Anderson and Anderson, 1999; Wang and Bishop, 2003; 10 

Wu et al., 2013). It is also conceptually applicable to data assimilation with nonlinear 11 

observation operators. However, it has been demonstrated that when the observation 12 

operator is strongly nonlinear, using the linear approximation of the observation 13 

operator to derive the error covariance evolution equation can result in an 14 

oversimplified closure and dubious performance of the EnKF (e.g., Miller et al., 1994; 15 

Evensen, 1997; Yang et al., 2012). 16 

The Ensemble Transform Kalman Filter (ETKF) was first introduced in 17 

atmospheric assimilation by Bishop and Toth (1999) and Bishop et al. (2001). Wang 18 

and Bishop (2003) transformed the forecast perturbations into analysis perturbations by 19 

multiplying a transformation matrix. They also proposed an efficient way to construct 20 

the transform matrix through eigenvector decomposition of a matrix of the ensemble 21 

size. Hunt et al. (2007) extended the ETKF method to deal with a general nonlinear 22 



observation operator using the cost function. In addition to the reduction of 1 

computational cost compared with EnKF, another advantage of the ETKF proposed by 2 

Hunt et al. (2007) is that it can assimilate observations with strongly nonlinear 3 

observation operators (Chen et al., 2009) and with spatially correlated observation 4 

errors (Stewart et al., 2013). 5 

However, there are still problems associated with the ETKF when the observation 6 

operator is strongly nonlinear. First, the current ETKF is based on the minimization of a 7 

cost function similar to that in VAR for nonlinear observation operators (Hunt et al. 8 

2007). First, the direct calculation for the minima requires iterative evaluation of the 9 

nonlinear operators and their tangent-linear operators. Using linear approximation of 10 

the nonlinear observation operators (e.g. Hunt et al. 2007) can effectively reduce the 11 

computational burden, but at the cost of increasing analysis error. Second, 12 

tangent-linear approximation of the observation operator is used for the forecast error 13 

inflation in the ETKF (e.g., Li et al., 2009). If the observation operators are strongly 14 

nonlinear, the inflation factors and hence the forecast error covariance matrices may be 15 

estimated erroneously, leading to an eventual increase in the analysis error.  16 

In this study, we propose two alternative approaches to improving assimilation 17 

quality when the observation operator is strongly nonlinear. First, in an effort to reduce 18 

computational cost without significantly reducing estimation quality, we use the 19 

second-order Taylor expansion of the observation operator to estimate both the inflation 20 

factors and the analysis states. Second, for the case where the inflation factor is 21 

constant in space, we propose a new forecast error inflation method for general 22 



nonlinear observation operators without using tangent-linear approximation. It is 1 

worthwhile to point out that the proposed methodology implicitly assumes the use of 2 

incremental minimization with outer and inner loops. There may be other efficient 3 

methods available in mathematical optimization and control theory. 4 

The potential use of the second-order information has been noted by some authors. 5 

For example, Hunt et al. (2007) noted that the second-order derivatives of the objective 6 

function might be used to estimate the covariance of analysis weight, which is an 7 

important step in ETKF with a nonlinear observation operator. Moreover, Le Dimet et 8 

al. (2002) and Daescu and Navon (2007) noted that the second-order information in 9 

nonlinear variational data assimilation is important to the issue of solution uniqueness. 10 

In the conventional ETKF scheme, linear approximation of nonlinear observation 11 

operators is used for the purpose of reducing the computational cost compared with 12 

conventional methods of searching the minima of nonlinear cost functions (Hunt et al., 13 

2007). This study also aims to investigate the changes of analysis errors when a 14 

nonlinear observation operator is substituted by its first-order and second-order Taylor 15 

approximations. However we focus on the formulation of the forecast error inflation 16 

method in the case of a nonlinear observation operator and on the improved accuracy 17 

with second-order versus first-order approximation or linear approximation. Further 18 

studies on the performance of the proposed schemes in practical data assimilations are 19 

needed and should be performed in the future. 20 

The rest of the paper is organized as follows. Our modified ETKF schemes are 21 

described in section 2. The assimilation results on a Lorenz-96 model with a nonlinear 22 



observation system are presented in section 3. The discussions are given in section 4, 1 

and conclusions are in section 5. 2 

 3 

2. Methodology 4 

 5 

2.1. ETKF with forecast error inflation 6 

 7 

Hunt et al. (2007) gave a comprehensive description of the ETKF with a nonlinear 8 

observation operator without procedures for forecast error inflation. In this section, we 9 

propose an inflation scheme for general nonlinear observation operators. 10 

Using the notations of Ide et al. (1997), a nonlinear discrete-time forecast and 11 

observation system can be written as 12 

 
t a

1 1( )i i i iM   x x η , (1) 13 

 
o t( )i i i iH y x ε , (2) 14 

where i is the time step index;  
T

t t t t

1, 2, ,x , x ..., xi i i n ix ，  is the n-dimensional true state 15 

vector;  
T

a a a a

1 1, 1 2, 1 , 1x , x ,..., xi i i n i   x  is the n-dimensional analysis state vector which is 16 

an estimate of 
t

1ix ; iM  is the nonlinear forecast operator;  
T

o o o o

1, 2, ,y , y ,..., y
ii i i p iy  is 17 

the ip -dimensional observation vector;  
T

1, 2, ,, ,
ii i i p iH h h h is the nonlinear 18 

observation operator, where ,k ih  is a n-dimensional multivariate function; and iη  and 19 

iε  are the forecast and observation error vectors which are assumed to be statistically 20 

independent of each other, time-uncorrelated, and to have mean zero and covariance 21 

matrices iP  and iR , respectively. The detailed procedure of the ETKF with a 22 



nonlinear observation operator (Hunt et al. 2007) with the proposed inflation scheme is 1 

as follows. 2 

Step 1. Calculate the j-th perturbed forecast state at time i as 3 

 
f a

, 1 1,( )i j i i jM  x x , (3) 4 

where  
a

1,i jx
 
is the j-th perturbed analysis state at time i-1. Then, the mean forecast 5 

state is defined as 6 

 
f f

,

1

1 m

i i j

jm 

 x x , (4) 7 

where m is the total number of ensemble members. 8 

Step 2. Assume the forecast errors to be in the form  f f

,i i j i x x , 9 

( 1,2, , )j m , where the inflation factor i  can be estimated by minimizing the 10 

objective function 11 

   
T

T T( ) Tr ( ) ( )i i i i i i iL        
  

d d C I d d C I . (5) 12 

Here, I  is the i ip p  identity matrix, 13 

  1/2 o f( )i i i i iH d R y x  (6) 14 

is the innovation vector normalized by the square root of the observation error 15 

covariance matrix (Wang and Bishop, 2003), and 16 

     
T

1/2 f f f f f f f f 1/2

, ,

1

1
( ) ( ) ( ) ( ) ( )

1

m

i i i i i j i i i i i i j i i i i

j

H H H H
m

   



         
C R x x x x x x x x R . (7) 17 

(See Appendix A for details). 18 

Step 3. Calculate the analysis state as 19 

 
a f f aˆ
i i i i ix x X w=  (8) 20 

where  21 

  f f f f f f f

,1 ,2 ,, ,...,i i i i i i m i   X x x x x x x   (9) 22 



and a

iw  is estimated by minimizing the objective function 1 

T
T o f f 1 o f f1 1 ˆ ˆ( ) ( 1) ( ) ( )

2 2
i i i i i i i i i i i iJ m H H          

      
w w w y x X w R y x X w . (10) 2 

Step 4. Calculate a perturbed analysis state as 3 

 
a a f

, ,̂ a

i j i i i i jx x X W=  (11) 4 

where ,

a

i jW  is the j-th column of the matrix  a

1/2

1
i

a

i i|
m J



 
w

W  and a
ii|

J
w

 is the 5 

second-order derivative of ( )iJ w  at 
a

iw  (see Appendix B for details). Lastly, set 6 

1i i   and return to Step 1 for the next iteration. 7 

 For estimating the inflation factor, Li et al. (2009) proposed a scheme which 8 

requires the tangent-linear operator of the observation operator (see section 2.2.1 for the 9 

definition). In an effort to reduce computational cost of searching the minima of the 10 

objective function (10), Hunt et al. (2007) suggested the following linear 11 

approximation, 12 

 f f f fˆ +i i i i i i iH H x X w x Y w（ ） （ ）  (12) 13 

where 14 

   f f f f f f f f f

,1 ,2
ˆ ˆ( ) ( ), ( ) ( ),i i i i i i i i i i i i i i iH H H H       Y x x x x x x x x15 

   f f f f

,
ˆ..., ( ) ( )i i i m i i i iH H   x x x x . (13) 16 

In this study, this traditional ETKF approach is validated against other approaches. 17 

 18 

2.2. Simplified estimation methods in special cases 19 

 20 

To compute the variational minimization in Eq. (10) operationally, one can directly 21 



compute the explicit solution of the minima and iterate the process as in the 4D-Var 1 

outer loop (Lorenc, 2003; Liu et al., 2008). However, doing so still requires repeatedly 2 

calculating the nonlinear function 
f fˆ( )i i i iH x X w  and its tangent-linear operator 3 

(see section 2.2.1 for the definition) which depend on w  and f

ix . In this subsection, 4 

we propose an alternative procedure when the observation operator iH  can be 5 

approximated by its Taylor expansions. 6 

2.2.1. First-order Taylor approximation for iH  7 

The first-order Taylor approximation for iH  at the forecast state vector 
f

ix  is 8 

defined as 9 

  f

t f t f

|
( ) ( )

i
i i i i i ii

H H  
x

x x H x x , (14) 10 

where 11 

 f

f

1, 1,

1, ,

|

, ,

1, ,

x x

x x

i

i i

i i

i i

i n i

i

p i p i

i n i

h h

h h

  
 
  

 
 
  

   

x

x x

H

=

 (15) 12 

is the first-order derivative of iH  evaluated at the forecast state 
f

ix  (tangent-linear 13 

operator). Then, i  can be estimated by minimizing the quadratic function 14 

   f f f f

T
T 1/2 T 1/2 T 1/2 T 1/2

1, | | | |

ˆ ˆ( ) Tr
i i i i

i i i i i i i i i i ii i i i
L       

    
  x x x x

d d R H PH R I d d R H PH R I . (16) 15 

The analytic solution is 16 

 
 f f

f f f f

T
1/2 T 1/2 T

| |

1/2 T 1 T 1/2

| | | |

ˆTr
ˆ

ˆ ˆTr

i i

i i i i

i i i i ii i

i

i i i i ii i i i



 

  

 
  


 
 

x x

x x x x

R H P H R d d I

R H P H R H P H R
, (17) 17 

where  18 



  f f Tˆ ( ) 1i i i m P X X . (18) 1 

Similarly, 
a

iw  can be estimated by minimizing the multivariate quadratic function 2 

f f

T
T o f f 1 o f f

1, | |

1 1 ˆ ˆ( ) ( 1) ( ) ( )
2 2 i i

i i i i i i i i i i i ii i
J m H H          

      x x
w w w y x H X w R y x H X w  (19) 3 

and the analytic solution is 4 

    f f f

1
a f T T 1 f f T T 1 o f

| | |

ˆ ˆ( 1) ( ) ( ) ( )
i i i

i i i i i i i i i ii i i
m H 


    

x x x
w I X H R H X X H R y x . (20) 5 

(see Appendix C for details). 6 

2.2.2. Second-order Taylor approximation for iH  7 

The second-order Taylor approximation for iH  at 
f

ix  is defined as 8 

  f

t f t f t f T t f

| |

1
( ) ( ) ( ) ( ) ( )

2
f

i i
i i i i i i i i i ii i

H H    
x

x x H x x x x H x x
x

- - - , (21) 9 

where f| ii x
H is the tangent-linear operator defined in Eq. (15), and 10 

 f f f

T

| 1, | , |
, ,

i i i ii i p i


x x x
H H H  is the second-order derivative of iH  at 

f

ix , which is an 11 

ip -dimensional vector with the k-th element meaning the following Hessian matrix: 12 

 f

f

2 2

, ,

1, 1, 1, ,

, |

2 2

, ,

, 1, , ,

x x x x

1, ,

x x x x

i

i i

k i k i

i i i n i

ik i

k i k i

n i i n i n i

h h

k p

h h

  
 
    

  
 
  
      

x

x x

H

=

. (22) 13 

Here   is the outer product operator, i.e., for two arbitrary n-dimensional vectors x  14 

and y , 15 

  f f f

T
T T T

| 1, | , |
, ,

i i i ii i p i
  

x x x
x H y x H y x H y ， (23) 16 

is a ip -dimensional vector. Then, i  can be estimated by minimizing the polynomial 17 

objective function of 
1/2  18 

  f f

T 1/2 T 1/2 3/2 3/2 T 2

2, 1, 1, 2,| |

ˆ( ) Tr
i i

i i i i i i i i ii i
L           

 x x
d d R H PH R C C C I

 
19 



  f f

T
T 1/2 T 1/2 3/2 3/2 T 2

1, 1, 2,| |

ˆ
i i

i i i i i i i ii i
     

    
x x

d d R H PH R C C C I , (24) 1 

where 2 

       f f

T
T

1/2 f f f f f f 1/2

1, , , ,| |
1

1

2( 1) i i

m

i i i i j i i j i i j i ii i
jm

 



 
        

 x x
C R H x x x x H x x R

,
 (25) 3 

and 4 

         f f

T
T T

1/2 f f f f f f f f 1/2

2, , , , ,| |
1

1

4( 1) i i

m

i i i j i i j i i j i i j i ii i
jm

 



 
           

 x x
C R x x H x x x x H x x R , (26) 5 

are two m m  matrices. 6 

Moreover, 
a

iw  can be estimated by minimizing the multivariate polynomial objective 7 

function 8 

 f f

T

T o f f T f

2, | |

ˆ1 1 ˆ( ) ( 1) ( ) ( ) ( )
2 2 2i i

f i
i i i i i i i ii i

J m H



 

        
 

x x
w w w y x H X w X w H X w9 

  f f

1 o f f f T f

| |

ˆ
ˆ( ) ( ) ( )

2i i

i
i i i i i i i ii i

H



 

     
 

x x
R y x H X w X w H X w  (27) 10 

(see Appendix D for details). 11 

 12 

2.3 Validation statistics 13 

 14 

In the following experiments, the “true” state 
t

ix  is known by experimental 15 

design and is non-dimensional. In this case, we can use the Root Mean Square Error of 16 

the Analysis state (A-RMSE) to evaluate the accuracy of the assimilation results. The 17 

A-RMSE at the i-th step is defined as 18 

 
2

a t1
A-RMSE i i

n
 x x , (28) 19 



where   denotes the Euclidean norm and n is the dimension of the state vector. A 1 

smaller A-RMSE indicates a better performance of the assimilation scheme. 2 

Following Anderson (2007) and Liang et al. (2012), the Root Mean Square Error 3 

of the Forecast state (F-RMSE) and the Spread of the Forecast state (F-Spread) at the 4 

i-th step are defined as 5 

 
2

f t1
F-RMSE i i

n
 x x . (29) 6 

and 7 

 
2

f f

,

1

1
F-Spread

( 1)

m

i j i

jn m 

 

 x x . (30) 8 

Roughly speaking, if 
f

,i jx  and 
t

ix  are identically distributed with a mean value of 
f

ix , 9 

then F-RMSE and F-Spread should be consistent with each other. This is more likely 10 

the case if the model error is small. In general, the F-RMSE can be decomposed into an 11 

F-Spread component and a model error component, so it is larger than F-Spread (see 12 

Appendix B of Wu et al. (2013) for a detailed proof). Beside model error, the 13 

nonlinearities and the sampling error may also affect the consistency between F-RMSE 14 

and F-Spread as it is discussed later in this paper. 15 

 16 

3. Experiments with the Lorenz-96 model 17 

 18 

In section 2.1, we outlined the general ETKF assimilation scheme with 19 

Second-order Least Squares (SLS) error covariance matrix inflation. In section 2.2, we 20 

proposed simplified estimation methods for two special cases where iH  either is 21 



tangent-linear (section 2.2.1) or can be approximated by the second-order Taylor 1 

expansion (section 2.2.2). In this section, we apply these assimilation schemes to the 2 

Lorenz-96 model (Lorenz, 1996) with model errors and a nonlinear observation system 3 

because it is a nonlinear dynamical system with properties relevant to realistic forecast 4 

problems. 5 

 6 

3.1. Description of the dynamic and observation system 7 

 8 

The Lorenz-96 model (Lorenz, 1996) is a strongly nonlinear dynamical system 9 

with quadratic nonlinearity governed by the equation 10 

 1 2 1( )k
k k k k

dX
X X X X F

dt
      , (31) 11 

where 1,2, ,k K  ( 40K  , so there are 40 variables). We apply the cyclic 12 

boundary conditions 1 1 0 1 1, ,K K KX X X X X X     . The dynamics of Eq. (31) are 13 

“atmosphere-like” in that the three terms on the right-hand side consist of a nonlinear 14 

advection-like term, a damping term and an external forcing term, respectively. These 15 

terms can be thought of as a given atmospheric quantity (e.g., zonal wind speed) 16 

distributed on a latitude circle. 17 

We solve Eq. (31) using the fourth-order Runge-Kutta time integration scheme 18 

(Butcher, 2003) with a time step of 0.05 non-dimensional units to derive the true state. 19 

This is equivalent to about 6 hours in real time, assuming that the characteristic 20 

time-scale of the dissipation in the atmosphere is 5 days (Lorenz, 1996). In our 21 

assimilation schemes, we set F=8 so that the leading Lyapunov exponent implies an 22 



error-doubling time of approximately 8 time steps (i.e., 0.4 non-dimensional time units) 1 

and the fractal dimension of the attractor is 27.1 (Lorenz and Emanuel, 1998). The 2 

initial condition is chosen to be kX F  when 20k   and 20 1.001X F . 3 

Because the microwave brightness temperature is an exponential function of soil 4 

temperature, we use the exponential observation function to mimic the radiative 5 

transfer model in this study. Suppose the synthetic observation generated at the k-th 6 

model grid point is 7 

  o t t

, , , ,y x exp x εk i k i k i k i  , (32) 8 

where 1, , ik p , and  
T

1, 2, ,ε ,ε , ,ε
ii i i p iε  is the observation error vector with 9 

mean zero and covariance matrix iR . Here,   is a parameter controlling the 10 

nonlinearity of the observation operator, and 0   corresponds to the linear case. All 11 

40 model variables are observed in our experiments. Suppose the observation errors are 12 

spatially correlated. The leading-diagonal elements of iR  are 
2

o 1  , and the 13 

off-diagonal elements at site pair (j, k) are 14 

  
 2

o

min ,40
, 0.5i

j k j k
j k 

  
 R . (33) 15 

With the exponential observation function and spatially correlated observation errors, 16 

the proposed scheme may potentially be applied to assimilate remote sensing 17 

observations and radiance data. 18 

We added model errors in the Lorenz-96 model because they are inevitable in real 19 

dynamic systems. The model is a forced dissipative model with a parameter F that 20 

controls the strength of the forcing (Eq. (31)). It behaves quite differently with 21 

different values of F, and it produces chaotic systems with integer values of F larger 22 



than 3. Thus, we used various values of F to simulate a wide range of model errors 1 

while retaining F=8 when generating the “true” state. These observations were then 2 

assimilated with F=4, 5, …, 12. We simulated observations every 4 time steps for 3 

100,000 steps to ensure robust results (Sakov and Oke, 2008; Oke et al., 2009). The 4 

ensemble size is 30. 5 

 6 

3.2. Assimilation results 7 

 8 

In this section, we examine the following five data assimilation methods 9 

corresponding to five different treatments of nonlinearity in inflation factor estimation 10 

and optimization: 11 

ETKF: Traditional ETKF in linear approximation (Eq. (12)) and optimization (Eq. 12 

(10)). 13 

TT: Tangent-linear approximation in both inflation (Eq. (17)) and optimization 14 

(Eq. (20)) 15 

TN: Tangent-linear approximation in inflation (Eq. (17)) and nonlinearity in 16 

optimization (Eq. (10)) 17 

SS: Second-order approximation in both inflation (Eq. (24)) and optimization (Eq. 18 

(27)) 19 

NN: Nonlinearity in both inflation (Eq. (5)) and optimization (Eq. (10)). 20 

The corresponding time-mean A-RMSEs of these assimilation schemes with 21 

0.1   and F=4, 5, …, 12, over 100,000 time steps are plotted in Figure 1(a). First, 22 



the figure clearly shows that for each estimation method, the A-RMSE increases as F 1 

becomes increasingly distant from the true value of 8. 2 

Moreover, method NN has a smaller A-RMSE uniformly over all values of F than 3 

method TN, indicating that the proposed nonlinear inflation estimation (Eq. (5)) 4 

performs better than the tangent-linear inflation scheme (Eq. (17). On the other hand, 5 

the A-RMSEs of methods SS and TN are close and smaller than that of method TT, 6 

suggesting that the second-order Taylor approximation method is comparable to the 7 

partial nonlinear method and is better than the first-order Taylor approximation method. 8 

Lastly, the traditional ETKF method has the largest A-RMSE, which implies that 9 

although the linear approximation is computationally more efficient, it may introduce 10 

larger analysis error. 11 

For the Lorenz-96 model with large error (F=12), the time-mean A-RMSEs and 12 

F-RMSEs of the five methods are given in Table 1 as well as the time-mean values of 13 

the objective functions. The function represents the second-order distance of the 14 

squared innovation statistic ( T

i id d ) to its expectation. Generally speaking, for a more 15 

accurate assimilation scheme, the realization of T

i id d  should be closer to its 16 

expectation and therefore the value of the objective function should be smaller. It can 17 

be seen that the full nonlinear method (NN) has both the smallest A-RMSE and 18 

F-RMSE, while the traditional linear approximation method (ETKF) has the largest 19 

RMSEs. The second-order Taylor approximation method (SS) performs similarly to the 20 

partial nonlinear method (TN), but better than the first-order Taylor approximation 21 

method (TT). In the majority of the cases, a smaller error corresponds to a smaller 22 



value of the objective function L. The ratios of F-RMSEs over A-RMSEs are also listed 1 

in Table 1, which can be considered as a measurement of the improvement gained at 2 

the analysis step. All the ratios are larger than 1, which indicate that the analysis state 3 

is better than the forecast state. Among all methods, the ratio is largest for the method 4 

TN, which indicates the largest error reduction at the analysis step. 5 

To illustrate the variation of A-RMSE with respect to the parameter  , the 6 

corresponding time-mean A-RMSEs of different assimilation schemes with 12F   7 

and  0, 0.02, 0.04, 0.06, 0.08. 0.1 are plotted in Figure 1(b). It shows that all the 8 

schemes have the same A-RMSE with 0   (i.e. the observation operator is linear), 9 

indicating that there is no difference among them. For each scheme, the A-RMSE 10 

increases as the parameter   increases from 0 to 0.1. The magnitude relation of all 11 

schemes is basically consistent with that in Figure 1(a). The larger the parameter   is, 12 

the bigger difference the different schemes have. 13 

To investigate the consistency between F-RMSE and F-Spread, we present the 14 

time-mean values of the five methods for cases F=12 and F=8 in Tables 2 and 3, 15 

respectively, as well as the ratios of F-RMSE over F-Spread. It is easy to see that in all 16 

cases, the F-RMSEs are larger than F-Spreads, and therefore, all ratios are greater than 17 

1. However, the ratio of the full nonlinear method (NN) is the smallest, while the ratio 18 

of the linear approximation method is the largest. The ratio of the second-order 19 

approximation method (SS) is comparable to that of the partial nonlinear method (TN), 20 

but smaller than that of the first-order approximation method (TT). This suggests that 21 

the ensemble perturbed predictions are the most (least) reasonable for method NN 22 



(ETKF). Moreover, the ratios with F=8 are much closer to 1 than those with F=12 1 

because the model error with F=12 is much larger than that with F=8 (see section 2.3). 2 

 3 

3.3. Impacts of Taylor approximations 4 

 5 

In section 3.2, we see that the A-RMSEs derived from the five ETKF assimilation 6 

schemes are close when F is close to the true value of 8 but are different when F 7 

departs from 8. This effect may depend on how well the Taylor expansions 8 

approximate the nonlinear observation operator iH . 9 

For example, the Taylor expansion of the k-th component of observation operator 10 

 ( ) expiH x x x  (Eq. (32)) with 0.1   around the forecast state fxk,i
 is 11 

        t t f f f f t f

, , , , , , , ,x exp 0.1x x exp 0.1x 1 0.1x exp 0.1x x xk i k i k i k i k i k i k i k i   12 

     
2

f f t f

, , , ,0.2 0.01x exp 0.1x x xk i k i k i k i    . (34) 13 

To verify how well the Taylor expansions approximate the nonlinear observation 14 

operator iH , we calculate the ratios of the Taylor expansion residuals over 15 

 t t

, ,x exp 0.1xk i k i . If a ratio falls outside the interval [-0.1, 0.1], then the corresponding 16 

residual cannot be regarded as being of a higher order infinitesimal and hence cannot 17 

be ignored. Therefore, a larger proportion of the ratios falling outside the interval [-0.1, 18 

0.1] indicates a worse Taylor expansion and vice versa. 19 

The proportions of the ratios that fall outside the interval [-0.1, 0.1] are plotted in 20 

Figure 2, which shows that when F=8, the proportions are 0.0169 and 0.0006 for the 21 

first-order and second-order Taylor expansions, respectively. This result indicates that 22 



at almost all times and locations, both the first-order and second-order Taylor 1 

expansions are good approximations of  t t

, ,x exp 0.1xk i k i . However, when F=12, at 2 

approximately 47% (19%) of the times and locations,  t t

, ,x exp 0.1xk i k i  cannot be 3 

adequately approximated by its first (second) order Taylor expansion. Therefore, the 4 

A-RMSEs derived by the five ETKF schemes are quite different. This example also 5 

indicates that the success of the Taylor approximation method depends on both the 6 

smoothness of iH  and the range of forecast states. It seems that for the same strongly 7 

nonlinear observation operator, the larger the model error, the less success of the Taylor 8 

approximation. 9 

 10 

4. Discussions 11 

 12 

4.1. Inflation 13 

 14 

It is widely recognized that the initial estimates of ensemble forecast errors should 15 

be inflated to improve assimilated results. To date, however, all of the existing adaptive 16 

inflation schemes in ETKF are based on the assumption that the observation operator is 17 

linear or tangent-linear (e.g., Li et al., 2009; Miyoshi, 2011). In this study, a method to 18 

estimate the multiplicative inflation factors is proposed for general nonlinear 19 

observation operators. 20 

Historically, in systems such as the Met Office ETKF (Flowerdew and Bowler, 21 

2011), the need for inflation arises primarily due to spurious correlations that cause the 22 



raw analysis ensemble to be severely under-spread even when the background 1 

ensemble is well-spread. In this case, therefore, inflation must be applied to the 2 

analysis ensemble to correctly respond to the actual analysis uncertainty in the 3 

nonlinear forecast step. Inflation of the background ensemble may be more appropriate 4 

when the inflation primarily represents forecast model error, although stochastic 5 

physics or additive inflation may also be appropriate in this case (Hamill and Whitaker, 6 

2005; Wu et al., 2013).  7 

Our choice to inflate the background ensemble is crucial to the ability of finding a 8 

direct nonlinear solution for Eqs. (5)-(7) because of the way the inflation factor appears 9 

in these equations. The objective function for estimating the multiplicative inflation 10 

factors is the second-order distance between the expectations of the squared innovation 11 

and its realization, which also makes the rms spread equal to the rms error (e.g., Palmer 12 

et al., 2006; Wang and Bishop, 2003; Flowerdew and Bowler, 2011). 13 

The proposed nonlinear method is tested using the Lorenz-96 model with 14 

nonlinear observation systems (section 3.2). The resulting A-RMSEs are clearly 15 

smaller than those of the first-order Taylor approximation in the estimation of the 16 

inflation factor. This indicates that the proposed full nonlinear inflation method is 17 

better than the first-order Taylor approximation inflation method in the case of 18 

nonlinear observation operators (i.e., method NN is better than method TN). In 19 

addition, the F-RMSE and F-Spread of the proposed nonlinear method are more 20 

consistent than those of the first-order Taylor approximation method. The second-order 21 

approximation method for estimating inflation factors while using the nonlinear 22 



optimization scheme is also investigated. The corresponding A-RMSE is 2.20 for the 1 

forcing parameter F=12 and parameter of observation operator 0.1  , which is 2 

larger than that of method TN and smaller than that of method NN. 3 

The proposed inflation methods work well in the case where observation errors 4 

are spatially correlated. Some data assimilation schemes assume the observation error 5 

covariance matrix to be diagonal for simplicity and ease of computation (e.g., 6 

Anderson 2007, 2009). However, because satellite observations often contain 7 

significantly correlated errors, the observation error covariance matrix has nonzero 8 

off-diagonal entries (Miyoshi et al., 2013). The inflation method proposed in this study 9 

can be applied to assimilate such observations. 10 

In many practical experiments, the inflation factor is constant in time and is 11 

chosen by trial and error to give the assimilation with the most favourable statistics (e.g. 12 

Anderson and Anderson 1999). For testing the fixed-tuned inflation method, suppose 13 

a ( )i x  and f ( )i x  are the analysis sate and forecast state using time invariant inflation 14 

factor  . Then the statistics 
2
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i i

H
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
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 y x  are 15 

minimized to tune the   respectively. When Eq (10) is minimized to estimate the 16 

weights of perturbed analysis states, the corresponding A-RMSEs of the two 17 

fixed-tuned methods are estimated as 2.97 and 2.85 respectively which are larger than 18 

that of method SS (2.29). The ratios of F-RMSE to F-Spread are estimated as 3.14 and 19 

3.45 respectively which are also larger than 1.80 of method SS (see Table 1). All these 20 

facts indicate than the empirical estimation method for the inflation factor is not as 21 

good as method SS. 22 



 1 

4.2. Second-order Taylor approximation 2 

 3 

In sections 3.2, we showed that the ETKF scheme equipped with our proposed 4 

nonlinear inflation method leads to the smallest A-RMSE in all ETKF schemes 5 

analysed in this study. However, this ETKF scheme requires repeated calculation of the 6 

nonlinear observation functions  f f f

,( )i i i j iH  x x x  and 
f fˆ( )i i i iH x X w  when 7 

minimizing the objective functions ( )iL   and ( )iJ w . To reduce the computational 8 

cost, a commonly used approach is to substitute iH  by its tangent-linear operator (i.e., 9 

first-order Taylor expansion). However, this approach comes at the cost of losing 10 

estimation quality, as we have shown in this study. 11 

As an effort to strike a balance between the estimation quality and computational 12 

cost, the nonlinear observation operator iH  in the objective functions ( )iL   and 13 

( )iJ w  is substituted by its second-order Taylor expansion. This is because (1) the 14 

second-order Taylor expansion is a better approximation of iH  than its tangent-linear 15 

operator; (2) with second-order Taylor expansion, the inflation factor   and the 16 

weight vector w  are concentrated out of iH , so the objective functions (Eqs. (24) and 17 

(27)) become polynomials, for which a minima is easier to derive; and (3) the 18 

second-order derivative of iH  is required for estimating ensemble analysis states (Eq. 19 

(11)) in the ETKF scheme, so its computation is not an additional task. 20 

The accuracy of the ETKF scheme with the second-order Taylor approximation is 21 

examined in section 3.2. The results suggest that the scheme is more accurate than the 22 



ETKF scheme based on the first-order Taylor approximation and is comparable with 1 

the scheme based on nonlinear optimization and tangent-linear multiplicative inflation. 2 

However, it is less accurate than the nonlinear optimization and nonlinear inflation 3 

estimation ETKF scheme proposed in this study. On the other hand, both schemes have 4 

similar F-RMSE over F-Spread ratios. 5 

Despite the advantage that the objective functions (Eqs. (24) and (27)) are easier 6 

to minimize, the computational cost of the ETKF with the second-order Taylor 7 

approximation may increase from computing   f

T
f f

| ,i
i ii kx

X w H X w . Because the most 8 

typical nonlinear observation operator in numerical weather prediction is the radiative 9 

transfer model RTTOV, the related computational issue is discussed and is documented 10 

in Appendix E. In fact, unlike forecast operators, the observation operators are usually 11 

localized, and therefore, the computation of   f

T
f f

| ,i
i ii kx

X w H X w  is still feasible. For 12 

the observation operators which are not localized, the computation of the second-order 13 

term may be complex. 14 

In additional, there are other ways to address this problem. For example, in the 15 

deterministic variational framework, Met Office re-linearizes the observation operator 16 

every 10 iterations (Rawlins et al., 2007), and ECMWF uses a nonlinear outer loop. 17 

Both approaches retain the efficiency of a tangent-linear approximation in the inner 18 

loop, while allowing for nonlinearity at a higher level. To better understand the efficacy 19 

of the ETKF scheme with second-order Taylor approximation, a more careful 20 

comparison with alternative assimilation schemes is necessary. We plan to face this 21 

challenge in the near future. 22 



 1 

4.3. Caveats 2 

 3 

This study assumes the inflation factor to be constant in space, but this is 4 

apparently not the case in many practical applications，specifically when observations 5 

are sparse. Applying the same inflation value to all state variables may overinflate the 6 

forecast errors of the state variables without observations (Hamill and Whitaker, 2005; 7 

Anderson, 2009; Miyoshi et al., 2010; Miyoshi and Kunii, 2012). If the forecast model 8 

has a large error, a multiplicative inflation may not be effective enough to improve the 9 

assimilation results. In this case, the additive inflation and localization technique may 10 

be applied to further improve the assimilation quality (Wu et al., 2013). 11 

This study also assumes that the analysis increment can be expressed as a linear 12 

combination of ensemble forecast errors (Eq. (8)). This assumption is true if the 13 

observation operator is tangent-linear, but the nonlinear observation operator can affect 14 

the combination of possible increments that produce the optimal analysis (Yang et al., 15 

2012). However, our examples demonstrate that the proposed ETKF methods can still 16 

work well when the observation operators are not tangent-linear. 17 

For general nonlinear or even non-smooth radiative transfer operators (Steward et 18 

al. 2012), the utility of higher-order elements in Taylor expansion may be questionable. 19 

Also, the development of the second order term may be time consuming and difficult 20 

in case of complex observation operators, especially when the observation operators 21 

cannot be localized. 22 



At the last but not the least, the results concluded in this study are related to the 1 

Lorenz-96 experiment and may not be regarded as general rules. However, they can 2 

serve as counter examples to validate some ideas. 3 

 4 

5. Conclusions 5 

 6 

In this study, a new approach to inflating the ensemble forecast errors is proposed 7 

for the ETKF with a nonlinear observation operator. For an idealized model, it is 8 

shown that the proposed inflation approach can reduce analysis error compared with 9 

the tangent-linear multiplicative inflation, despite it being computationally more 10 

expensive. An ETKF scheme with the second-order Taylor approximation is also 11 

proposed. In terms of analysis error, the scheme is better than the first-order Taylor 12 

approximation ETKF scheme and traditional ETKF scheme, especially when the model 13 

error is larger. However, it is comparable to the scheme based on nonlinear 14 

optimization and tangent-linear multiplicative inflation. The proposed ETKF scheme 15 

with nonlinear optimization and nonlinear inflation was found to be the best among all 16 

schemes presented in this study. Finally, the proposed method is computationally 17 

feasible to assimilate satellite observations with radiative transfer models as the 18 

nonlinear observation operators (see Appendix E) which are broadly used in 19 

atmospheric, ocean and land data assimilations. 20 

In the future studies, we plan to further investigate the computational efficiency of 21 

the proposed ETKF schemes and to validate them using more sophisticated dynamic 22 



models and observation systems. 1 

 2 

Appendix A: Derivation of Eq. (6) 3 

The estimation of the inflation factors   is based on the innovation statistic 4 

normalized by the square root of the observation error covariance matrix 5 

  1/2 o f( )i i i i iH d R y x  6 

    1/2 o t 1/2 t f( ) ( ) ( )i i i i i i i i iH H H    R y x R x x , (A1) 7 

where o

iy , f

ix  and t

ix  are the observation, forecast and true state vector at the i-th 8 

time step, respectively, and iH  is the observation operator. The mean value of T

i id d  is 9 

           
T
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  

d d R y x R x x R y x R x x .(A2) 10 

where E is the expectation operator. Especially, if the observation operator is a linear 11 

matrix (
iH ), Eq. (A2) can be simplified to 12 

  T 1/2 T 1/2ˆ
i i i i i i iE   d d R H PH R I , (A3) 13 

where I  is the i ip p  identity matrix. Then the covariance matrix of the random 14 

vector id  can be expressed as a second-order regression equation (Wang and Leblanc, 15 

2008): 16 

         
T

T 1/2 o t 1/2 t f 1/2 o t 1/2 t f( ) ( ) ( ) ( ) ( ) ( )i i i i i i i i i i i i i i i i i i i iE H H H H H H           
  

d d R y x R x x R y x R x x Ξ, (A4) 17 

where Ξ  is a zero-mean error matrix. The expectation in (A4) has the decomposition 18 
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Assuming the forecast and observation errors are statistically independent, we 22 

have 23 
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From Eq. (2), o t( )i i iHy x  is the observation error at the i-th time step, and hence, 3 
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In a perfect system, truth would be statistically indistinguishable from one of the 8 

ensemble forecast states, but in a real system this is not guaranteed. Hence, we use an 9 

inflation factor to adjust the ensemble forecast states 
f

,i jx  to  f f f

,i i j i x x x , 10 

( 1, , )j m . Because the ensemble forecast states may be regarded as sample points of 11 

t

ix  (Anderson, 2007), we have 12 
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 ( )i C . (A9) 15 

Substituting Eqs (A5)-(A9) into Eq (A4), we have 16 
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It follows that the second-order moment statistic of error Ξ  can be expressed as 18 
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 ( )iL  . (A11) 20 

 21 

Appendix B: Derivation of i|J w  and i|J w  22 



The first-order derivative of the objective function ( )iJ w  (Eq. (10)) is 1 
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where  3 
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 (B2) 4 

is the first-order derivative of iH  evaluated at 
f fˆ
i i ix X w . Then, the second-order 5 

derivative of ( )iJ w  is 6 
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where A  is an m m  matrix with the ( , )k l  entry 8 
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The notation “ ” denotes an outer product operator of the block matrix defined in Eq. 10 

(23). 
f fˆ| i i ii x X w

H  is the second-order derivative of iH  at 
f fˆ
i i ix X w , that is, 11 
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Appendix C: Details of the first-order approximation method in Section 2.2.1 14 

Suppose iH  can be approximated by its first-order Taylor expansion at 
i

f
x , 15 
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The term ( )i C  in Eq. (6) can be simplified to 17 
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It follows that the objective function ( )iL   of Eq. (5) can be simplified to 5 
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Because 1, ( )iL   is a quadratic function of   with positive quadratic coefficients, the 7 

inflation factor can be easily expressed as 8 
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Similarly, 10 
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Substituting (C3) into Eq (8), we can simplify the objective function ( )iJ w  to 12 
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The first-order derivative of 
1, ( )iJ w  is 14 
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Setting Eq (C6) to zero and solving it leads to 17 
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Lastly, the second-order derivative of 
1, ( )iJ w  is  19 
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Appendix D: Details of the second-order approximation method in Section 2.2.2 3 

Suppose iH  can be approximated by its second-order Taylor expansion at f

ix , 4 
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The notation “ ” is defined as in Eq. (23). The term ( )i C  in Eq. (7) can be 6 

simplified to 7 
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where  16 
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and 18 
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are 
i ip p  matrices, which are independent of  . 2 

It follows that the objective function ( )iL   of Eq. (5) can be expressed as 3 
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which is a polynomial algebraic equation 
1/2 . 6 

Similarly, 7 
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Substituting (D6) into Eq (10), we can simplify the objective function ( )iJ w  to 9 
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The first-order derivative of 
2, ( )iJ w  is 12 
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where 1B  is a ip m  matrix with the ( , )k l  entry f

f T f
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The second-order derivative of 
2, ( )iJ w  is 16 
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where 2B  is an m m  matrix with the ( , )k l  entry 18 



   f f f

T
f f T f f 1 o f f f T f

, ,| | |

ˆ
ˆ( ) ( ) ( ) ( ) ( )

2i i i

i
i k i i l i i i i i i i i ii i i

H



 

         
 

x x x
x x H x x R y x H X w X w H X w .

 

1 

 

2 

Appendix E: Computational feasibility 3 

We take the radiative transfer model (RTTOV) as an example of observation 4 

operators in numerical weather prediction to discuss the computational feasibility of the 5 

ETKF with second-order approximation assimilation method. Generally speaking, the 6 

ensemble size m is from tens to hundreds, the dimension of observations (including 7 

gauge observations and AMSU brightness temperature) ip  is hundreds of thousands, 8 

and the dimension of state vector n is tens of millions. If the storage and the number of 9 

multiplications for computing any array are not in the dimension of n n ,  in p  or 10 

i ip p , the computation should be feasible. 11 

In our proposed ETKF with second-order approximation, the most expensive part 12 

is in computing the array 13 
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Therefore, we only discuss the problems related to the computation of 15 

  f

T
f f

| ,i
i ii kx

X w H X w . 16 

 17 

a. Storage problems 18 

By the matrix multiplication rule, 19 
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T
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| ,i
i ii kx

X w H X w  f

T f T f

| ,
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i
i ii kx
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where the matrix in the middle of the right hand-side of Eq. (E2) 21 



f

f T f

| ,
( )

i
i ii kx

X H X  (E3) 1 

is of dimension m m , because subscript k runs from 1 to ip , the size of the array in 2 

Eq. (E1) is   im m p . Therefore, there is no storage problem to save this array. 3 

 4 

b. The computational cost of Eq. (E3)  5 

Usually, ( )mn m n  times multiplication are required to compute a matrix such 6 

as the one in Eq. (E3). However, in the case of the RTTOV observation operator, 7 

f| ,ii kx
H  is a sparse matrix with a large number of zeros and the non-zero part has a 8 

simple regular structure. This is because an MSU brightness temperature measurement 9 

on a grid point (denoted by ( )o

iy k ) is only related to the meteorological state variables 10 

on the transmission route. Suppose the meteorological model has 50 layers and 6 types 11 

of variables, the number of state variables on the transmission route of the MSU 12 

brightness temperature ( )o

iy k  is approximately s=300. For the variables not on the 13 

transmission route, the corresponding entries in f|
( )

ii
k

x
H  (Eq. (22)) are zero. Therefore, 14 

the computation of Eq. (E3) only requires ( ) 2ms m s  times of multiplication.  15 

On the other hand, computing the first and second derivatives requires additional 16 

number of operations, but it is manageable. 17 

 18 

Acknowledgements This work was supported by the National Program on Key Basic 19 

Research Project of China (Grant Nos. 2010CB951604 and 2010CB950703), the Open 20 

Fund of State Key Laboratory of Remote Sensing Science (Grant No. 21 

OFSLRSS201418), the Natural Sciences and Engineering Research Council of Canada 22 



(NSERC), and the Fundamental Research Funds for the Central Universities (No. 1 

2012LYB39). 2 

3 



 1 

References 2 

Anderson, J.L. and Anderson, S. L.: A Monte Carlo implementation of the non-linear 3 

filtering problem to produce ensemble assimilations and forecasts. Mon. Wea. Rev. 4 

127, 2741-2758, 1999. 5 

Anderson, J. L.: An adaptive covariance inflation error correction algorithm for 6 

ensemble filters. Tellus 59A, 210-224, 2007. 7 

Anderson, J. L.: Spatially and temporally varying adaptive covariance inflation for 8 

ensemble filters. Tellus 61A, 72-83, 2009. 9 

Bishop, C. H. and Toth, Z.: Ensemble transformation and adaptive observations. J. 10 

Atmos. Sci. 56, 1748-1765, 1999. 11 

Bishop, C. H., Etherton, J. and Majumdar, J.: Adaptive sampling with the ensemble 12 

transform Kalman filte. Part I: Theoretical aspects. Mon. Wea. Rev. 129, 420-436, 13 

2001. 14 

Burgers, G., van Leeuwen, P. J. and Evensen, G.: Analysis scheme in the ensemble 15 

Kalman Filter. Mon. Wea. Rev. 126, 1719-1724, 1998. 16 

Butcher, J. C.: Numerical methods for ordinary differential equations. John Wiley & 17 

Sons. ISBN 0471967580, 425pp, 2003. 18 

Chen, Y., Oliver, D. S. and Zhang, D. X.: Data assimilation for nonlinear problems by 19 

ensemble Kalman filter with reparameterization. J. Petrol. Science and 20 

Engineering 66, 1-14, 2009. 21 

Courtier, P., Thépaut, J. N. and Hollingsworth, A.: A strategy for operational 22 



implementation of 4D-Var, using an incremental approach. Q. J. Roy. Meteor. Soc. 1 

120, 1367-1387, 1994. 2 

Daescu, D. N., and Navon, I. M.: Efficiency of a POD-based reduced second-order 3 

adjoint model in 4D-Var data assimilation. Int. J. Numer. Meth. Fluids 53, 4 

985-1004, 2007. 5 

Le Dimet, F. X., Navon, I. M. and Daescu, D. N.: Second-order information in data 6 

assimilation. Mon. Wea. Rev. 130, 629-648, 2002. 7 

Evensen, G.: Sequential data assimilation with a nonlinear quasi-geostrophic model 8 

using Monte Carlo methods to forecast error statistics. J. Geophys. Res. 99, 9 

10143-10162, 1994a. 10 

Evensen, G.: Inverse Methods and data assimilation in nonlinear ocean models. 11 

Physica D 77, 108-129, 1994b. 12 

Evensen, G.: Advanced data assimilation for strongly nonlinear dynamics. Mon.Wea. 13 

Rev. 125, 1342-1354, 1997. 14 

Flowerdew, J. and Bowler, N.: Improving the use of observations to calibrate ensemble 15 

spread. Q. J. Roy. Meteor. Soc. 137, 467-482, 2011. 16 

Hamill, T. M. and Whitaker, J. S.: Accounting for the error due to unresolved scales in 17 

ensemble data assimilation: a comparison of different approaches. Mon. Wea. Rev. 18 

133, 3132-3147, 2005. 19 

Han, Y., van Delst, P., Liu, Q. H., Weng, F. Z, Yan, B. H., Treadon, R. and Derber, J.: 20 

Community Radiative Transfer Model (CRTM) – Version 1, NOAA NESDIS 21 

Technical Report 122pp, 2006. 22 



Hunt, B. R., Kostelich, J. and Szunyogh, I.: Efficient data assimilation for 1 

spatiotemporal chaos: A local ensemble transform Kalman filter. Physica D 230, 2 

112-126, 2007. 3 

Ide, K., Courtier, P., Michael, G. and Lorenc, A. C.: Unified notation for data 4 

assimilation: operational, sequential and variational. J. Meteor. Soc. Japan 75, 5 

181-189, 1997. 6 

Lawson, W. G. and Hansen, J. A.: Implications of stochastic and deterministic filters as 7 

ensemble-based data assimilation methods in varying regimes of error growth. 8 

Mon. Wea. Rev. 132, 1966-1981, 2004. 9 

van Leeuwen, P. J.: Particle filtering in geophysical systems. Mon. Wea. Rev. 137, 10 

4089–4114, 2009. 11 

Li, H., Kalnay, E. and Miyoshi, T.: Simultaneous estimation of covariance inflation and 12 

observation errors within an ensemble Kalman filter. Q. J. Roy. Meteor. Soc. 135, 13 

523-533, 2009. 14 

Liang, X., Zheng, X. G., Zhang, S. P., Wu, G. C., Dai, Y. J. and Li, Y.: Maximum 15 

likelihood estimation of inflation factors on forecast error covariance matrix for 16 

ensemble Kalman filter assimilation. Q. J. Roy. Meteor. Soc. 138, 263-273, 2012. 17 

Liu, C., Xiao, Q. and Wang, B.: An ensemble-based four-dimensional variational data 18 

assimilation scheme. Part 1: Technical formulation and preliminary test. Mon. Wea. 19 

Rev. 136, 3363-3373, 2008. 20 

Liou, K. N.: An Introduction to Atmospheric Radiation. Academic Press, 583pp, 2002. 21 

Lorenc, A. C.: The potential of the ensemble Kalman filter for NWP - a comparison 22 



with 4D-Var. Q. J. Roy. Meteor. Soc. 129, 3183-3203, 2003. 1 

Lorenz, E. N.: Predictability—a problem partly solved, paper presented at Proc. 2 

Seminar on Predictability, ECMWF, Shinfield Park, Reading, Berkshire, U. K, 3 

1996. 4 

Lorenz, E. N. and Emanuel, K. A.: Optimal sites for supplementary weather 5 

observations: Simulation with a small model. J. Atmos. Sci. 55, 399-414, 1998. 6 

McNally, A.: The direct assimilation of cloud-affected satellite infrared radiances in the 7 

ECMWF 4D-Var. Q. J. Roy. Meteor. Soc. 135, 1214-1229, 2009. 8 

Miller, R. N., Ghil, M. and Gauthiez, F.: Advanced data assimilation in strongly 9 

nonlinear dynamical systems. J. Atmos. Sci. 51(8), 1037-1056, 1994. 10 

Miyoshi. T., Sato, Y. and Kadowaki, T.: Ensemble Kalman filter and 4D-Var 11 

inter-comparison with the Japanese operational global analysis and prediction 12 

system. Mon. Wea. Rev., 138, 2846-2866, 2010. 13 

Miyoshi, T.: The Gaussian approach to adaptive covariance inflation and its 14 

implementation with the local ensemble transform Kalman filter. Mon. Wea. Rev. 15 

139, 1519-1535, 2011. 16 

Miyoshi, T. and Kunii, M.: The Local Ensemble Transform Kalman Filter with the 17 

Weather Research and Forecasting Model: Experiments with Real Observations. 18 

Pure and Appl. Geophys., 169, 321-333, 2012. 19 

Miyoshi, T., Kalnay, E. and Li, H.: Estimating and including observation error 20 

correlations in data assimilation. Inverse Probl. Sci. Eng. 21, 387-398, 2013. 21 

Oke, P. R., Sakov, P. and Schulz, E.: A comparison of shelf observation platforms for 22 



assimilation in an eddy-resolving ocean model. Dynam. Atmos. Oceans. 48, 1 

121-142, 2009. 2 

Palmer, T., Buizza, R., Hagedorn, R., Lawrence, A., Leutbecher, M. and Smith, L.: 3 

Ensemble prediction: a pedagogical perspective. ECMWF Newsletter, 106, 10-17, 4 

2006. 5 

Parrish, D. F. and Deber, J. C.: The National meteorological center’s spectral 6 

statistical-interpolation analysis system. Mon. Wea. Rev. 120, 1747-1763, 1992. 7 

Reichle, R. H.: Data assimilation methods in the earth sciences. Adv. Water Resour. 31, 8 

1411-1418, 2008. 9 

Rawlins, F., Ballard, S. P., Bovis, K. J., Clayton, A. M., Li, D., Inverarity, G. W., 10 

Lorenc, A. C. and Payne, T. J.: The Met Office global four-dimensional variational 11 

data assimilation scheme. Q. J. Roy. Meteor. Soc. 133, 347-362, 2007. 12 

Sakov, P. and Oke, P. R.: A deterministic formulation of the ensemble Kalman filter: 13 

an alternative to ensemble square root filters. Tellus 60A, 361-371, 2008. 14 

Saunders, R., Matricardi, M. and Brunel, P.: An improved fast radiative transfer model 15 

for assimilation of satellite radiance observations, Q. J. R. Meteor. Soc. 125, 16 

1407-1425, 1999. 17 

Steward, J. L., I. M. Navon, M. Zupanski, and N. Karmitsa: Impact of Non-Smooth 18 

Observation Operators on Variational and Sequential Data Assimilation for a 19 

Limited-Area Shallow-Water Equation Model. Q. J. R. Meteor. Soc. 138, 323-339, 20 

2012. 21 

Stewart, L. M., Dance, S. and Nichols, N. K.: Data assimilation with correlated 22 



observation errors: experiments with a 1-D shallow water model. Tellus, 65A, 19546, 1 

http://dx.doi.org/10.3402/tellusa.v65i0.19546, 2013. 2 

Wang, L. and Leblanc, A.: Second-order nonlinear least squares estimation. Annals of 3 

the Institute of Statistical Mathematics. 60, 883-900, 2008. 4 

Wang, X. and Bishop, C. H.: A comparison of breeding and ensemble transform 5 

Kalman filter ensemble forecast schemes. J. Atmos. Sci. 60: 1140-1158, 2003. 6 

Wu, G. C., Zheng, X. G., Wang, L. Q., Zhang, S. P., Liang, X. and Li, Y.: A new 7 

structure of error covariance matrices and their adaptive estimation in EnKF 8 

assimilation, Q. J. Roy. Meteor. Soc.139, 795-804, 2013. 9 

Yang, S. C., Kalnay, E. and Hunt, B.: Handling Nonlinearity in an Ensemble Kalman 10 

Filter: Experiments with the Three-Variable Lorenz Model. Mon. Wea. Rev. 140, 11 

2628-2646, 2012. 12 

Zupanski, M.: Maximum likelihood ensemble filter: theoretical aspects. Mon. Wea. Rev. 13 

133, 1710–1726, 2005. 14 

 15 

16 



Table 1. The time-mean values of A-RMSE, F-RMSE, the ratio of F-RMSE over 1 

A-RMSE and objective function (second-order distance of the squared innovation 2 

statistic to its expectation) in the five ETKF methods for Lorenz-96 model with 3 

forcing parameter F=12 and parameter of observation operator 0.1  . ETKF: 4 

Traditional ETKF in linear approximation (Eq. (12)) and optimization (Eq. (10)); 5 

TT: Tangent-linear approximation in both inflation (Eq (17)) and optimization (Eq. 6 

(20)); TN: Tangent-linear approximation in inflation (Eq (17)) and nonlinearity in 7 

optimization (Eq. (10)); SS: Second-order Taylor approximation in both inflation 8 

(Eq. (24)) and optimization (Eq. (27)); NN: Nonlinearity in both inflation (Eq. (5)) 9 

and optimization (Eq. (10)). 10 

Scheme ETKF TT TN SS NN 

A-RMSE 2.74 2.50 2.25 2.29 2.08 

F-RMSE 3.20 3.00 2.77 2.66 2.52 

F-RMSE/ A-RMSE 1.17 1.20 1.23 1.16 1.21 

L 49700074 17078480 8768825 9177962 8458902 

 11 

Table 2. The time-mean values of F-RMSE, F-Spread and the ratio of F-RMSE over 12 

F-Spread in the four ETKF schemes for Lorenz-96 model with forcing parameter F=12 13 

and parameter of observation operator 0.1  . 14 

Scheme ETKF TT TN SS NN 

F-RMSE 3.20 3.00 2.77 2.66 2.52 

F-Spread 1.06 1.45 1.46 1.48 1.45 



F-RMSE/F-Spread 3.02 2.07 1.90 1.80 1.74 

 1 

 2 

Table 3. Similar to Table 2, but with F=8. 3 

Scheme ETKF TT TN SS NN 

F-RMSE 0.30 0.29 0.26 0.27 0.23 

F-Spread 0.20 0.22 0.21 0.22 0.21 

F-RMSE/F-Spread 1.50 1.32 1.24 1.18 1.09 

 4 

5 
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Figure captions 2 

Fig. 1. (a) Time-mean values of the A-RMSE as a function of forcing F for different 3 

assimilation methods on Lorenz-96 model and the observation operator (Eq. (32)) with 4 

parameter 0.1  . (b) Time-mean values of the A-RMSE as a function of parameter 5 

  for different assimilation methods on Lorenz-96 model with F=12. ETKF: 6 

Traditional ETKF in linear approximation (Eq. (12)) and optimization (Eq. (10))(cyan 7 

line); TT: Tangent-linear approximation in both inflation (Eq (17)) and optimization 8 

(Eq. (20)) (red line); TN: Tangent-linear approximation in inflation (Eq (17)) and 9 

nonlinearity in optimization (Eq. (10)) (green line); SS: Second-order Taylor 10 

approximation in both inflation (Eq. (24)) and optimization (Eq. (27)) (blue line); NN: 11 

Nonlinearity in both inflation (Eq. (5)) and optimization (Eq. (10)) (black line) The 12 

ensemble size is 30. 13 

Fig. 2. The proportions of residual ratios of the first-order (solid line) and second-order 14 

(dotted line) Taylor expansions over the nonlinear observation operator 15 

 t t

, ,exp 0.1k i k ix x  that fall outside the interval [-0.1, 0.1], as a function of forcing F. 16 

17 
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Fig. 1. (a) Time-mean values of the A-RMSE as a function of forcing F for different 2 

assimilation methods on Lorenz-96 model and the observation operator (Eq. (32)) with 3 

parameter 0.1  . (b) Time-mean values of the A-RMSE as a function of parameter 4 

  for different assimilation methods on Lorenz-96 model with F=12. ETKF: 5 

Traditional ETKF in linear approximation (Eq. (12)) and optimization (Eq. (10))(cyan 6 

line); TT: Tangent-linear approximation in both inflation (Eq (17)) and optimization 7 



(Eq. (20)) (red line); TN: Tangent-linear approximation in inflation (Eq (17)) and 1 

nonlinearity in optimization (Eq. (10)) (green line); SS: Second-order Taylor 2 

approximation in both inflation (Eq. (24)) and optimization (Eq. (27)) (blue line); NN: 3 

Nonlinearity in both inflation (Eq. (5)) and optimization (Eq. (10)) (black line) The 4 

ensemble size is 30.5 
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Fig. 2. The proportions of residual ratios of the first-order (solid line) and second-order 3 

(dotted line) Taylor expansions over the nonlinear observation operator 4 

 t t

, ,exp 0.1k i k ix x  that fall outside the interval [-0.1, 0.1], as a function of forcing F. 5 

 6 

 7 


