Nonlinear Processes in Geophysics (2001) 8: 9-19 .
Nonlinear Processes

in Geophysics

© European Geophysical Society 2001

Formation of vortex clusters on a sphere

V. Pavlov}, D. Buisine!, and V. Goncharov?

IDMF, UFR de Matématiques Pures et Appligas, Universi de Lille 1, 59655 Villeneuve d’Ascq Cedex, France
2Institute of Atmospheric Physics, Russian Academy of Sciences, 109017 Moscow, Russia

Received: 4 October 1999 — Accepted: 25 April 2000

Abstract. This paper applies the Hamiltonian Approach (HA)
to two-dimensional motions of incompressible fluid in curvi-
linear coordinates, in particular on a sphere. The HA has
been used to formulate governing equations of motion anc
to interpret the evolution of a system consistingholocal- 5
ized two-dimensional vortices on a sphere. If the number of
vorticesN is large,N ~ 10? — 103, a small number of vor-
tex collective structuresclusterg is formed. The surprise &=
is that a quasi-final state does not correspond to completel?
disorganized distribution of vorticity. Numerical analysis has
been carried out for initial conditions taken in the formaof
fewaxisymmetric chains of point vortices distributed initially
in fixed latitudes. The scheme of Runge-Kutta of 4th order
has been used for simulating an evolution of resulting flows.
The numerical analysis shows that the Kelvin-Helmholtz in- Which strongly affect the motion and interaction of vortex
stability appears immediately formating initial disorganized fields and vortices. A study combining all these factors is a
structures which are developed and finally “bursted”. TheVvery complicated problem, and therefore until now has been
system evolves to a few separated vortex “spots” which exisfrequently investigated separately, or with some simplified
sufficiently for a long time. assumptions.

There have been numerous studies of the stability, interac-
tions, and mergers of small numbers of isolated vortices (see
1 Introduction Overman and Zabusky, 1982, and Refs therein). An evolu-

tion of large-scaled vortices have been discussed in the works
In the past, a number of theoretical and experimental studie§f Bogomolov (1977), Zabusky and McWilliams (1982), Rez-
have been devoted to the understanding of the dynamics dtik (1992) and Polvani and Dritschel (1993) (see Refs therein
atmospheric and oceanic vortices which are frequently ob2ls0). Marcus (1990) has carried out dynamical simulation
served in nature (Fig.1). Vortices of planetary scale are in-calculations (concerning the Great Red Spot which can be
teresting to a large extent because of their longevity, their ro.considered as a persistent spot of cyclonic vorticity) on a flat
bustness to perturbations, their coexistence with surroundingnnulus with rigid boundaries. The effect of planetary cur-
turbulence, and their ubiquity in laboratory, geo- and astro-vature and rotation was incorporated by fhelane approxi-
physical flows. The interest in the problem is also driven by mation. In the model of Miller et al. (1992), the Monte Carlo
the anxiety of the civilization’s impact on the environment Simulations were compared with the long-time dynamics of
(see, for example, Mclntyre (1991) for a review on the ozoneMarcus (1990). Smith and O’'Neill (1990) confined their re-
h0|e’ or works on the Stratospheric po|ar Vortex)_ search to the pOint-VorteX limit (See Miller et al., 1990) The

Compared to the traditional fluid dynamics, atmosphericlist of similar works can be continued.
and oceanic vortex dynamics includes a number of physi- With few exceptions, most of the works on this topic are
cal restrictions (quasi-two-dimensional motion of wave andfocused generally on the development of complex three-di-
vortex structures on a curvilinear (spherical) surface, strati-mensional numerical models. However, these giant models
fication, presence of shear flows, rotation of the Earth, etc.have somehow obscured the fact that a number of fundamen-

Fig. 1. Cyclone.
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tal responses can be found from simpler models that possess In spite of some difficulties in the interpretation of phys-
distinct physical fundamentals. It should be kept in mind thatical results, the concept of localized (in particular, singular)
without addressing, in the beginning, the "big picture”, the vortices is largely used in problems of geo- and astrophysical
brute-force computer calculations of vortex phenomena forhydrodynamics. Singular vortices offer a simplified descrip-
complex configurations are not very appealing. Their resultgion, valid when the vortices are concentrated and well sep-
often depend on a number of factors of secondary importancarated. In recent years a large number of publications have
which can both distort the overall picture and introduce de-appeared in which different models of behavior of localized
tails frequently even nonexistent. vortices have been proposed. For various reasons such mod-
With this in mind, we extend in the present work the study els were found attractive. In many cases the study of the dy-
of the Hamiltonian dynamics of vorticei atwo-dimensio-  namics of the localized vortices and their interaction is sim-
nal thin layerof incompressibldluid by examining their be-  pler than in analogous problems for continuous vortex dis-
havior when they are movingn the curved surface tribution. An arbitrary initial hydrodynamical field can be
Thus, in the following consideration, there are two concep-represented in the form of superposition of fields generated
tual aspects: a two-dimensional approximation of hydrody-by such vortices, etc.
namical motions, and the use of the Hamiltonian Approach. In the framework of the presented approximation, the vor-
Let us briefly review some of the key factors of the two- t€X field evolution can be interpreted as a result of the inter-
dimensional hydrodynamic models (for detailed discussionaction of the localized vortices, and the averaged vorticity is
and justification of the models, the reader can be directed télefined via their superposition.
classical textbooks, for example, Pedlosky (1987)). In our work, we assume that the physics of the considered
Let the fluid motions be characterized by the following Processes is de_scribed by inviscid Euler equations i_n two di-
typical scales: the horizonta¥;, and vertical, W, velocities =~ Mensions. In this case, 2D Euler flows can be described by a
of the fluid, as well as the horizontal length-scdlepfavor-  System of point vortices: the full vorticity is given by
tex structure. The layer thickned3, will be regardzed as.the Q- Z v 8@ (x — x1).
vertical length-scale. If the Froude numbgr, = V</gL, is _
small, and the Reynolds numbetep = V D?/vL is large,
the problem can be considered as two-dimensional and in©Obviously, a model of point vortices provides a convenient
viscid. Hereg is the gravity acceleration, andis the kine-  mathematical model where one neglects the effects of finite
matic viscosity of the fluid. Here the dominant mechanismvortex cores. (Effects of finite-area vortices are frequently
of bottom Rayleigh friction is taken into account (Pedlosky, addressed using uniform vortex patches, but neither system
1987, and Refs therein). If the horizontal size of the vor- — point-vortices or vortex patches — is entirely satisfactory).
tex structure has a scale bf~ 10* — 10°m, the thickness In astrophysics, a similar double standard is used. For ex-
of the atmosphere is ab ~ 10*m, then for a moderate ample, point masses are considered to describe problems of
velocity of flows V. ~ 1 + 10'ms™! and typical viscos-  celestial mechanics, but fluid globes are used to model stellar
ity v ~ 10~°m?s~1, the characteristic Reynolds number is structure.
Rep > 10° >> 1. Thus, the inequalitie§r <« 1, Rep > Let us make here some comments about the difficulties
1, DK L, W« V hold true, and we can consider the fluid associated with the concept of singular vortices.
layer as “thin”, and motions as two - dimensional. Such es- (i) In the traditional description of experimental results,
timations of dimensionless numbers are typical for geophysflows involve continuous distributions of vorticity. How
ical hydrodynamics (Holton, 1992). Obviously, in venturing can one approximate a continuous distribution of vorticity
applications to the Earth’'s conditions, the neglected effectdy means of point vortices? The response can be as fol-
of dissipation, radiation and vertical structure distance thislows: the physical meaning has only the averaged distribu-
idealized model from the real thing. However, certain impor-tion (Q) = [; do Q where the characteristic size of the
tant features of the complex dynamics of vortex motion candomain of space averagingx)/?, satisfies the condition
be captured by this simple model. (D/N)Y?2 « ()2 « DY2. HereN is the full number of
The vorticity in real atmospheric and oceanic eddies of-vortices, andD the area of the domain where the vortices are
ten largely exceeds the background vorticity (for example, inlocalized. The averaging procedure has to be applied after
oceanic rings or typhoons). Such localized vortex structuresalculatings2 only.
have a relatively large life-time. On the other hand, in the (ii) For a vorticity field consisting of point vortices, in-
approximation ofRe=! — 0 when a fluid is considered as tegrals of any finite power of the vorticity involve powers
inviscid, the governing hydrodynamical equations admit theof delta-functions and are therefore singular. Yet in typical
singular vortices as its solution. Thus, point (singular) vor- physical models the vorticity field has perfectly, well-defined
tices, as a mathematical model, can be used as basic elemem@®ments. How can one define these integrals and moments?
in a constructed model. The interpretation of the integrals is simple if we use the
following consideration (see Landau and Lifshitz, 1987):

1

IThere exists a few versions of the Hamiltonian Approach. We

use the version formulated in the works of Goncharov and Pavlov n . 1
(1993). dx 8" (x) = |Im0 dx 8777(0) 8(x).
€—>
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Here, s, (x) is a “spreaded” delta-function with (0) = ¢ 1 where the Hamiltoniar#{, of the system is the quantity func-
and the condition of normalizatiofidx é.(x) = 1. € is the tionally dependent on the fields;. The Hamiltonian struc-
characteristic scale of the domain where the “spreaded” deltaure of hydrodynamical models consists, this way, of the Ha-

function is localized. Thus, we obtain miltonian,H, given by the total energy expressed in terms of
field variablesy;, and of the functional Poisson bracKet}.
/dx §"(x) = e "7V / dx8(x) = e 7Y, Conservation of energy follows from the given formulation,
sinced,H = {H, H} =0.
If Qx) = va:l i 8@ (x — x;) (for the two-dimensional The detailed consideration of the subject has been given in
description), we obtain the estimate for the moment the works of Goncharov and Pavlov (1993), Goncharov and
N Pavlov (1997a).
M — /dx Q' (x) = Z pr o~ =D It is well known (Arnold, 1969, see also Morrison, 1982,
P Goncharov and Pavlov, 1993, 1997) that the system (1) may

. - . . be presented on the phase space of the vorticity field
Here,o is the characteristic area of the domain occupied by P P P y

a localized vortex. The numbey of vortices is fixed by @, = ¢**f§, 4 (3)
the number of moment& ™ in question. Parameteys are _ o _ o

found by solving the set of equations (¢**# is the Levi-Civita tensor) in Hamiltonian form as

N _ _ , , . 6H

Yyl =0 tMY, j=12 N OS2y = (820, H} = /dx (62, Dphsar )

i=1
In Section 2 we present the fundamentals of the Hamilto-11€re and further, prime denotes that the field variables de-
pend on space coordinaigé. The functionalH = H[R]

nian Approach. The governing equations for vortices moving - N .
on a spherical surface are formulated in Section 3. Vortex in_und_er the symbol of the variational derivati¥<;, the ki-
teractions are examined in Section 4. We show how the vor!€t¢ €nergy of flow:
ticity rearranges itself forming large vortex clouds. Numer- 1 2
ical calculations, for several initial distributions, show that 7 = E/dx v ®)
such collective structures form taking the formabfisters ) o ) ] )
like galaxies emerging from a system of point masses. It is'S the Hgmlltonlan. The skew-sy_mmetrlc fun_ctlonz_;\I Poisson
still a surprise that this regime does not correspond to a comPracketin Eq. (4){€2(x), 2(x")}, is local and is defined for
pletely disorganized (homogeneous) distribution of vorticity. (€ given model by expression
Our conclusions reg_arding_the results and the use of the mema’ Q}}} _ gaoygykvgﬁvuaggzlaﬂ(s(x —x). (6)
thod are presented in Section 5.
Here and furtherdx = dx1dxzdx3.

The curvilinear generalization of (6) and (5) in the case of
when the used coordinates= (x1, x», x3) are not Cartesian,

may be written (see Goncharov and Pavlov, 1993) as

2 Basic equations
2.1 Hamiltonian approach

. s b Qfy =

The second important aspect of the present work consists i _1/2 a0y o _1/2 ,
the application of the Hamiltonian Approach (the versionde- = 8 ' € &yawe” To 29y 778(x — x7), )
veloped in works of Goncharov .and Pavlov, 1993, 1997a,b)fH _ }/dxgl/Zgaﬁvavﬁ, @8)
to the problems of the geophysical hydrodynamics. One o 2
the motivations of the present work is connected \pitécti-
cal applications of this method.

Let us consider the dynamics of incompressible flows gov-
erned by equations

whereg® is the metric tensorg is its determinant® are

contravariant components of the vorticity, are covariant

components of the velocity. Here,

8V + Vp0pve = da(p"ip + x).  dpvp =0, 1 Q=g V.. ©)

wherev, are velocity componentsy(8 = 1,2,3) in the is the curvilinear generalization of (3).

Cartesian system of coordinatésis the partial derivative of

a field variable with respect to time, is pressurep is den-

sity (furtherp = 1). The summation convention is implied

on repeated Greek indices when tensor notation is used.
The so-called hydrodynamical Hamiltonian systems

evolve according to the law

2.2 Two-dimensional approximation

We will consider effectively two-dimensional incompressible
flows whose particles move along non-intersecting stationary
fluid surfaces. Depending on the symmetry of the problem,
it is convenient to study such flows in a suitable system of
, ,. 8H orthogonal curvilinear coordinates, x2, x3 so that coordi-
dui = {u;, M}y = fdx {ui, MJ}W’ (@) nate linests coincide with vortex ones while coordinate lines
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x1 andx» lay on the fluid surfaces. In such coordinate sys- Here, quantityQ2 is a generalized vortex on a non-flat, two-
tems the vector field of the velocity has two components dimensional flowyg are covariant components of the hydro-
{v1, v2, 0} and the vector field of the vorticity has only one dynamical velocityug = gg, u®, A is a two-dimensional
componen® = {0, 0, Q}, whereQ = g~ Y2(31vs — d2v1). operator, similar to the Laplace operator, defined by:

The incompressibility equatiory - v = 0, which is pre- ~1/2_ap —1/2_yv
sented obviously in the form A=g e 0pguayg Ty

= ¢ Y2(31g208 Y201 + d2g118Y%02) (17)

~1/2 1/2. 8\ _
& % (g v ) =0 (10) In expression (15), the space-independent pag of.e.
allows us to introduce the stream functién (€2), can be eliminated too, because of the condition on the
stream-function;/ d¢ ¥ (Q) = () [d¢ ¥ = 0.
v = g M2ePuy,w, (11) The coordinate-dependent part of stream functiosan

be expressed in terms of the full vortex fiefd, From equa-
tion (16) we find the relationship between these characteris-
tics of field, i.e. betweed and<2 :

wheres®? is an anti-symmetrical unit tensor of second order,
el2=1 ¢1=—1

Let us note here thab possess symmety — ¥ + C*¢,
i.e. the coordinate-independent part of the stream functioru, = — [ac'Ge. eHaw) (18)
(W) may be omitted. ’ ’

By virtue of the incompressibility condition the basic Here, Green’s functiog (¢, ¢') is a solution of the equation
quantities can be expressed in terms of the stream function

v as AGE. &) =82 ¢h -V (19)

v = g118 Y200, vp = —gopg~ Y2010 (12) }Nhe;'e |14 _isdthf(? “\(/joll;me” of ha QOTaianher(tahth? dlelta—”
_ - - unction is defined (for a spherical surface, the “volume

Q = —g M2(d1g208 201 + Dag118" 202 W (13) ( P

is V = 47 R? and the concrete structure 6fis given be-

In the two-dimensional case the Poisson bracket (8) reducetow). This result follows from the fact that the surface of a

to the more simple expression: sphere, for example, has a “volume”, but has no boundaries.
op ) If V — oo, one has the traditional equati@mpplying op-

(Q.9) = e 9Q 9 d(x —x )’ (@, fp=1,2). (14) eratorA to expression (19), we find the correct relationship,
8 0xq dxp /8 AV =Q — (Q).

To avoid confusion, it should be noted that contravariant vor- The kinetic energy of fluid may be written in the form

ticity €2 is named later merely as a vorticity and differs from , , ¢ , / p
the usual physical vorticitf2g/2 (g11¢22) ~*/2. Both defini- H = 2 dgdg Q2 G, ¢). (20)

tlonst clomilde o?ly Int cases V\;h%n: .tglllgztz). Tr:je furlga-f If in the considered system there exist localized zones of in-
mental nature of contravariant vorticity 1S based on the aCttensive concentration of vorticity, the full stream function

th?t in tWO'd'”?eT‘S!O”a' mcompressyble n_on-plane flows Only(vorticity field) may be presented as a sum of a regular part of
this characteristic is a scalar quantity which obeys to the Iawthe field,w" (or "), and a singular onel* (Q*), associated
HQ+ 09,2 =0, (a=12). with localized vortices (see the following section).
The HamiltonianH*, (integral of motion, energy expres-

That is,Q is conserved conveying fluid particles along their sed in terms of the canonical variables) is in this case
Lagrangian trajectories. N

Without the loss of generality we assume thatoincides «_ P v (.
with streamlines of the unperturbed stationary problem. ForH 2 /d;(V\IJ ) p;y’\p &0
this wide class of layer models, geometric properties of the 0
space associated with such coordinate systems are character- ~ — 5 Z Vivi-Gij (21)
ized only by componentgi1, g22, g33 of the metric tensor L
and by its determinang which are deemed independent of The first term here represents the regular current energy, the
x1, just as the velocity profile of the unperturbed flow. second,H,, describes the Hamiltonian of interaction be-

L;sing equation (11), the Hamiltoniad* may be rearran-  tween theregular currentandlocalized vorticesand the last
ged as

2For a two-dimensional ideal incompressible fluid, we have

« P 2 P AV = Q, for quasi-geostrophic flows in the barotropic atmo-
H =3 / dg (V)" = —3 / dg v spheric model, taking into consideration its “compressibility” and
the so-called gyroscopic rigidity, and for the ocgan— R2|¥ =

__r / d§1d§2g1/2 v Q, (15) Q. Here,Q is the potential vorticityR = /gH /B is the Obukhov
2 scale (Obukhov, 1949}/ is the ocean depth or the characteristic
where atmospheric heighg is the gravitational acceleration, agds the

Coriolis parameter. Operataex, the Laplacian, is written in the
Q=—g 2Py, ug = —AW. (16) spherical metric.
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term H;,,, describes thénteraction between localized vor- we can find for the Hamiltonian of localized vortices
tices N
Thus, the study of the motion of two-dimensional vortices 1
' . . . H=—= (Vi i ). 27
when they are interacting among themselves is assured by 2 ;y’ 7i9Qi. &) 1)
the HamiltoniariH;,,. Their behavior when they interact and
are embedded, for example, in regular shearing zonal flowd he final expression fok via the implicit Green'’s function

is described by,s + Hin:, etc. is obtained by substituting (22) into (20).
_ _ The expression foH has a shortcoming by having an un-
2.3 Pointvortices certainty which arises from turning into infinity of the energy

) . . _of the interaction wheh = j. We can write
Consider now, in the framework of such a modified Hamil-

tonian formulation, an evolution of a system consistingvof 1 1«
singular vortices: two-dimensional models of perfect fluid /¢ = i + Hint = =3 Z vEGii — EZ viviGij- (28)
permit the existence of singular (point) vortices. ' aa
We assume that the vortex system consists of a linear suone can show that the first terrt;, has a logarithmic di-

perposition of point “sources”, and the field, is character-  vergence. But this term can be excluded from the considera-
ized by the following distribution of vorticity tion, because it is independent on the space coordinates due
Q- Z y'8(2)(2; i) to the independence dfl-_i on the coordinates. Spherical co-

- ! ! ordinates may be considered as an example of a system of

curvilinear coordinates which satisfy this requiremént.
=g 2> st =t sV - Ay, (22)

In this case, a total vorticity is given by 3 Governing equations for vortices on the sphere
We consider the dynamics of an incompressible, unforced
Q) = ;. 2 R L : ' o
/dC &) Z vi (23) inviscid and thin fluid shell on the spherical surface of radius

R. We will work through our article in a frame of reference
Here, y; are independent of time intensities of the vortices, that is fixed in space. This formulation is opposed to the
il = L2T, ¢; = (¢} ¢?) are their coordinates depen- more common geophysical conventions considering a frame
dent on timeg@ (¢ — ¢;) is the two-dimensional function of  rotating with the system (the Earth, for example).
Dirac (see (A10))¢; = ¢, (). We suppose that the reader should not be confused as to
Notwithstanding this, let us agree that in this chapter thewhether the vortex dynamics presented below is in a rotating
repetitive index will not mean a summation which will be fluid or not. It is clear that a simple change of the coordinate

shown asy _. system cannot affect the dynamics of the processes.
Calculating the corresponding Poisson brackets gf} The dynamics of point vortices moving on a curvilinear
which follows directly from (14) and (22) (see also the defi- surface is described by equations (25). On a sphere the loca-
nition of the delta-function), we find tion is given by longitude and latitudep. Coordinates;
w B 112 e are (6;, ¢;), wherea = 1,2, g~1/2 = r2sing, tensors®?
&' &Y=y, g 771", (24)  has components'? = —¢21 =1, 11 = —¢22 = 0. Spher-

ical coordinates, 6, ¢ are connected with Cartesian ones as

x = r sind cosg, y = r sind sing, z = r cosy. We

have, thusgt = 6, ¢2 =¢, 3 =71, g1 =12 g =
r2sirf 6, ga3 = 1, andg = r*sirf6 > 0. For a spherical
surface the basic system of dimensionless equations becomes

whereg; = g(¢ = ¢;) is calculated in the point where the
vortex is localized.

Thus, in terms of variableg* the dynamics of a system of
singular vortices will be described by the equations

ef OH -
¥ =1{¢f, H) = ——— (25) 36 = (v Sin6;) 0y, Hint.

.o1/2 B’
Vi8 0c! .
SR o = —(y; Sin6;)Lp, Hins. (29)

where canonical pair of dynamical variablesfs {., .} is

30hvi : —
the functional Poisson bracket expressed in terms of varia- Obviously, only in the case when the character of these infini

. | derivati o is the Hamiltoni . héull ties does not depend on the location of the vortices, the self-action
tiona erlvatlve_sé/sgi . H 'Sf the Hami tomf_in’ 1.€. t corresponding to the infinite energy which does not affect the evo-
energy of the fluicexpressed in terms eanonical variables  |ytion of the vortices may be excluded from the Hamiltonian (27).

The Hamiltonian does not depend explicitly on time, and thusThe mathematical nature of these infinities is universal. It is defined

it is an integral of motiond; H = {H, H} =0. by the fact that wheinz — ¢’| — 0 Green’s function has a logarith-
Using Green'’s functiog (¢, ¢’), which satisfies the equa- mic divergence. Because the above-described divergence appears
tion only under the assumption of singular vortices, when the vorticity

distribution is described by the delta-function, this problem does not
AGE, =8P, ¢H—-v (26) occur for objects of finite sizes.
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=
R \_‘

Fig. 2. The evolution of the system when = 0.0613. The dis-
tance between patches exceeds their initial diameter. The instabilit_/

of the spot position is observed at the late stage of the simulation' . A
approximately after 300 time steps.
Here,d, is the dimensionless derivative-operator with respect =
to time applied to a spherical coordinate of a vortex, time is
measured in units of = r2/yo, Yo = max(yil), vi = Fig. 3. The evolution of the system whgn = 0.1. The distance
vi/vo, lvil <1, i =1 .., N, dy = 9/9¢;, 0, = 9/06;, between patches is slightly less then their initial diameter. The in-
0<0<m,0<¢p—2mk <27, k=0,%1,+£2, .... stability is developed due to the intensive exchange of localized vor-

If the regular current is absent, the Hamiltonian is given tices.
by the expression

1 where
Hint = =5 Z YiviGij- (30)
" 1 ¢ 2 2

The diagonal terms are absent in the syim,". Hine ==, Z vivi [0 —x )=+ Gi =y,

The calculation of the Green’s function (see Appendix B) i#
give and we arrive at the equations of motion of point vortices in

1 oy theunbounded planésee Lamb, 1932)

G(cospi)) > L pi(cosfiy)
ij) = —>— b ij
dr = 11+ 1)

1 4 Results of calculations and discussion

=1 In(1 — cosp;;). (32)

T
In our numerical calculations we use the expression for the
Green’s function given by (31). System of equations (29) is
reduced to

Here, P;(z) are Legendre polynomials. Obviously, the
Green'’s function is defined up to a constant.

Let us note that if; — 1, we obtain the approxima-
tion used frequently in plane motions. Evidently, in this 4t is a classical result of Kirchhoff (1876) stating that the
case,G(z) ~ (4r)~1Inp? + .... This expression leads equations of a point-vortex motion can be writtenjag;x; =
to the classical equations for vortices moving in the planed¥/dy;, v;dy; = —0W/dx;, where thestream functiond =

x0y (evidently, in this case, one obtaing = r¢y, yi = W (x;, y;) is frequently called theKinetic energy of interactidn
rug, ol < 1, Jux] < 1) In this connection, let us note that the detailed discussion on the

problem of the motion of point vortices has been reviewed by Aref
Vioryi = =0y, Hines  ¥i0eXi = 0y, Hins, (32) (1983).




Pavlov et al.: Formation of vortex clusters on a sphere

Fig. 4. The evolution of the system when= 0.157. The patches,

15

The numerical analysis shows that the dynamical behavior
of the structures in question includes an exchange of point
vortices (dipoles) between clouds of vortices and the appear-
ance of the fragmentation of the original structures, formed
of initially regularly distributed vortices. We also analyze the
fragmentation of an equatorial, initially homogeneous, jet.

We initialize the system ofz equidistant distribution of
vortices centered at the latitude = 7 /2, and composed
of n2 point vortices. The parameters of the problem are: a)
the fractional area occupied by the vortices: this parameter
is defined as the total area enclosed by the vortex patches
divided by 4t : u ~ még 80 sinf./4r and b) the number
m of domains. The results of the numerical simulations are
given in Figures 2 - 6. The trajectories and the distribution
density of the clouds of point vortices are given here in the
framework of the so-called “sinus” - representation where the
coordinates are defined by= ¢ sind andy = 6.

The results are presented in Figures 2 - 4 for 5 equatorial
patches each containing 64 point vortices and characterized
by the parameterg = 0.0613 0.100 and Q157.

Figure 2 shows the evolution of the system of vortices
whenp = 0.0613 This parameter corresponds to the dis-
tance between patches exceeding their initial diameter. The
instability of the spot position was observed at the late stage
of the simulation, approximately after 300 time steps. This
instability evidently is a result of the growing exponential of
the accumulated numerical mistakes. The spots behave as

which are initially at sufficiently short distances, exchange immedi- isolated structures, and no exchange of vortices has been ob-
ately with each other numerous vortices and merge forming rapidlyserved.

a perturbed strip. Appearance of 2 or 4 structures is accompanied Figure 3 demonstrates the case:of 0.1. In this scenario

by the pushing out of vortices.

N
%60 = (4m) 1Y " 'y (1—cosp -
j=1

. Singj sin(¢>j — i),

N
dhpi = (4m)~t Z "y (1 — cosp;;) " (coss;
=1

— sing; coss; sin~16; cosg; — ¢r)), (33)
where

cosp;; = sing; sind; cod¢; — ¢;) + COSP; COSP;.

the distance between the patches is slightly less than their
initial diameter. In this case, from the very beginning, the
episodical exchange of vortices is observed. After 180

the instability of the positions appeared. This instability is
developed due to the intensive exchange of localized vor-
tices. 4 or 5 compact structures with densities similar to the
ones in the initial configurations are formed. Finally, the sys-
tem evolves into three patches. Several isolated point vor-
tices ejected from the clusters are clearly observed. Figure
4 shows the evolution of the system when= 0.157. The
patches, which are initially at sufficiently short distances, ex-
change immediately with each other numerous vortices and
merge forming rapidly a perturbed strip which can be qual-
ified as turbulent. Originating from this unstable strip, 4
structures are formed without “pushing out” of vortices at
t = 130 Later, the appearance of 2 or 4 structures is accom-
panied by the pushing out of vortices. Finally, 3 structures

The system has been treated by means of a 4-order Rungere formed with the vortex density comparable to one of ini-
Kutta scheme. The time step is restricted by the conditiontial clusters.

At < n AV /sup(|9,:6;], 10;¢;]) where Ay is the character-

Let us present some results of the dynamic behavior of an

istic angle between two point vortices. To avoid the polar equatorial jet consisting oV = 100 point vortices. The in-

singularity due to the metrics, a polar cap of0Q radian

tensities of the vortices are defined by the expresgjoa

is excluded from the domain. The energy conservation hast1l/N sing;. These singular vortices are distributed along

been evaluated during the calculations. The Hamiltofian

tries small variations:—0.0192401 < H < —0.0192344
during the process of iterations fram= 0 tor = 400 with
the the root-mean-square error3 - 104,

the strip with a transversal sizel®r radian, on circles of
latituded; = 7 x (0.5+0.15¢;), where§; = —0.5+(( —1)/9.
This distribution corresponds to an equatorial jet with the fol-
lowing parameters: maximum of the velocity on the axis and
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-2 133401 5 Conclusion
o S The paper was motivated by several reasons. First, the ques-
Vorticity s e tions regardingvhatthe Hamiltonian looks like anhatthe

structure of the canonical equations is in concrete situations
Fig. 5. Destruction of the strip and the formation of 3 or 4 clusters arenot as trivial as they may appear at first glance. Indeed
atr = 305 they must be addressed at the very beginning of the analysis
of any practical application. Second, development of the Ha-
miltonian Approach would remain incomplete if no practical
application of the theoretical analysis were given. As one of
the important examples we consider A& geophysical flow
of an incompressible fluid.

As an application of the method, in this paper, we have
examined two of the simplest configurations of flows on the
surface of a sphere: a systempoint vortices initially reg-
ularly distributed, and an equatorial jet. We have found that
fthe vortex dynamics contains a change of vortices (vortex

Finally, these structures develop into two large clusters of ; ich ith th £t
positive vorticity and three weak zones of negative vorticity pairs) among vortex patcnes, wi € appearance ot frag-
mentation of the structures. Second, we have analyzed the

(t = 374) (Figure 6). These structures are accompanied by~ .~ ; -
isolated vortices ejected during the process of transition. stab|I|ty_an_d the fragmen_tatlon of the initially homogen.eou_s
The averaged space density of vortex distribution has bee quatorial jet. The most important result of the simulation is

obtained from the following expression: that the system forms cluster structgreg. ) )
These obtained results are only indicative, since the pro-

N N posed model is a very crude approximation of the real sit-
(w(x)) = Z vitd (e —xi)) = Z viw(Bii), uation. However, it is interesting to note that in the frame-

i=1 i=1 work of the proposed model we can explain the appearance
wherew(B;;) = K supl — B;;/7v, 0), B = Blx, xi] > of vortex structures. As the number of point vortices is in-
0, x; is the coordinate of poin®;, x; is the coordinate of the creased, individual trajectories become of less concern be-
i"" singularity, 8 [x;, x;] is the angle between the positions cause groups of many vortices are formed. With simple ini-
of P, and P;. ConstantK is defined by the normalization tial conditions these collective structures take the form of
condition: K1 = [do w(Bi) = 731273, In our model  clusters jor regions of intense vorticity, like galaxies emerg-
calculations we used = 10~ 1. ing from a system of point masses. The surprise is that this

transversal variations of the velocityVs; = +0.1. The
sliding near the edges of the jet is the cause of the appeal
ance of instability which is displayed for the first time at
t = 158 andr = 193 Figure 5 illustrates fluctuations on the
edges of the strip in a form of small quasi-symmetrical rings.
These structures develop between 226 and = 246. Very
rapidly, appearing oscillations lead to the destruction of the
strip and to the formation of 3 or 4 dipolesrat 305
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regime does not correspond to a completely disorganized (hdution of a system which follows Hamilton’s equations is,
mogeneous) distribution of vorticity. therefore, an ideal task for a computer.

Let us conclude with a few remarks concerning the pre-
sented concept. In the current time of the intense use of comAcknowledgementsv. Goncharov express his gratitude to the UFR
puters, the merits of advanced analytical methods are ofte@f Pure and Applied Mathematics and to LML (URA 1441) for
questioned: what good does a closed solution to a problenifs hospitality _during his visit to the Uniyersity of Lille 1. This
have, when it takes longer to analyze the problem analyti-work was partially supported by the Russian Fundamental Research
cally than to numerically integrate the underlying equations'?Found‘"‘t'On under grant No. 00-05-64019.
In the response to such scepticism we can present the follow-
ing argument.

Formal applications of finite-difference methods to sys-

tems of equations with Poisson brackets depending on fieldge appropriate orthogonal basis functions are the spherical

(i.e. in non-canonical form) can lead to equations which will harmonicsY;,, (¢) which are defined here by the expression
be not conservative. In such cases the loss of conservativ-

ity in Liuville’s systems can be frequently observed. How- ¥;,,(6, ¢) =
ever, often such a loss of conservativity, as well as violation [(21 +1a— m),]l/z

Appendix A Spherical harmonics

of the Jacobi property, may occur not due to the physical = (—1)"' P/"(cosd) ™. (A1)
changes in the system, but rather due to the numerical errors
accumulated in the finite-differential schemas (see commentgynctionsP,” (cosh) are the associated Legendre functions
in the work of Goncharov and Pavlov, 1997a). This remarkof the first kind of degree (see below). It is required that
is of particular significance because theoretical and computy;;| < ;. For negative ordem, the harmonics are defined by
ing physics widely uses discrete models with adequate cor-
respondence to continuous analogies. =Dy 0, @) = Y5, 0. 8). (A2)

The analytical manipulations in the framework of the HA
arenotreplicated according to the number of equations. TheHarmonicsY;,, with m < 0 are represented by (A1) where
Jacobi's property which defines whether or not the system id| is used in place of: and the coefficient—1)" is omitted.
Liuvillian is assured automatically. Indeed, in this approach, !t is clear thatm designates the zonal wave numbes, |m|
the object for approximating proceduresist the equations ~ designates the number of nodesRt in the interval—1 <
which are, as a rule, large in number, but a single quantity 0S¢ < 1 (i.e. between the poles) and, thus, measures the
Hamiltonian the full energy of the system presented in terms Meridional scale of the spherical harmonics.

4 (I + m)!

of canonicafield variables. The structures of the first several spherical harmoHigs
Let us emphasize that the use of numerical methods imare given below (here = cos®¢):
poses special requirements on the structure of the essential 1

element of the method — the Poisson bracket (see, Gonchardkpo = YL
and Pavlov, 1997a). It is evident that approximate methods (4m)
are most effectively realized in the framework of the Hamil- ,, _ <i>1/2 3
tonian (canonical) formulation with the Poisson tensor in- 4
dependent of field variables. In this case, there is only one 3\ /2 '
object for approximation — the Hamiltonian, and correspond-Y1 +1 = F (—) 1 — u?)Y2eF9,
ing calculations, which as a rule, could have a cumbersome, B
recurrent character, are not replicated in accordance to th? _( 3 1z 132
number of equations. 0=\ 16n (1 =37,

The merits of the Hamiltonian method are the ease of trans- 1/2
formation to new coordinates and the simplicity of perturba- Y, 11 = + (—) u(l — u?)1? etio,
tion calculus. The method is most convenient, not only for 8
the derivation of the dynamic equations, but also for the es- 15 \Y/? 2\ +i2g
timate of the extent to which one or the other of the used 2*2 = (E) (L —u?)e™,

approximations is universal. The method also allows one to 1/2
reduce analytical manipulations to a minimum when solving Yzg = —i (—) u(5u® — 3),
concrete problems. 167
In conclusion, let us note that casting one’s problem into [ 21\Y? 231/2, 2 Lig
. : . Y3 =4i | — A —u)7“(Bu—1) ™7,
the set of Hamilton’s canonical equations, (here the conju-"> 6471

gate variables arp andg) 9, p = —6H/8q, 9:q = 8H /dp, 105
brings benefits to the researcher. The computer is itself a3 1, = —i <_
“Hamiltonian device”: it has a memory (denote its state by 32
F) and a central processoH| programmed to operate in 35\ /2 ,

) p § prog p s in = il.( ) (1— u?)3/2 % (A3)

12 '
) u(l—u?) et

each cyclest : 8F = 8t H(F). A simulation of the evo- 6471
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An important property of the spherical harmonics is that

they satisfy the relationship
V2¥im(8) = =r 211 + DYy (2).

whereV? is the full 3D Laplacian.

(A4)
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Function

The spherical harmonics are normalized by the condition Yields from the equation

fd;YIin(e (b) /(9 (b) =r C‘;ll/(smm ’ (A5)

with d¢ = rd¢ do sinf = r2dx.

Thus, arbitrary field function® (9, ¢) on the sphere are

expanded in a series by letting

v, ¢) = i; mzll‘llszzm(é‘)
Wy, = / dde singd W(6, p)Y/:,(£). (A6)
From here, we can find
v, ) = / dg' @@ —gHwe', ¢)
= / d¢'do’ sine'r> v, ¢') -
-(r)*zfj mfjl Yim ()Y, (&) (A7)

=0 m=—1

The spherical harmonic expansion of the delta-function is

8P =) =r2Y" 3" Y)Y ). (A8)

=0 m=—1
The Dirac functions® (¢, ¢’) satisfies to the condition

/ d¢'§P@¢, ¢h=1 (A9)
D1ND>y

This function is connected with the one-dimensional Dirac

functions according to the relation

5@, ¢y =g V2Vt - YysD (2 - %), (AL0)
where

[ actsict - et = [ actsWie?-c?) =1 (awy)
D1 Dy

Appendix B Green’s function on a sphere

For a spheric surface, we hayé = 0, 2 = ¢, ¢3 =
r, r=C'" ¢~ Y2 = ;2sing > 0. FunctionG(¢, ¢’) satis-
fies the equation
9 d 32
sin16— sind— + sin™
" ( a0 ""59 T a¢>2> 9. &)
= 8P - ¢ — Gt (B1)

and can be expressed in terms of spherical harmaf)jag).

o m 1
g, ¢h)=- ——— Yim($) Y, (&), (B2)
;m;l I(l+1) !
1p ) ing d , 92 v
sin 3 sin o +sin~2 397 1m(¢)
= =l 4+ 1)Yim (). (B3)

Using the definition of spherical harmonics the Green func-
tion may be rewritten as

a1 @+ —m)!
L Zz(z+1) Z, I+ m)!

’Pl (u;) Pl (up) oM@ =)
_ 1 24+1 & (1 —m)!
o Zz(z+1) 2 T

P (uj) P" (u) codm(d; — )l

(B4)

Using the following result (see Landau and Lifshitz, p.697)

Pi(cosBji) =
=3 Emt gy B5
= m; oy @) P @) codm(@; — g0l (BS)
we can obtain after some manipulations that
1 & 2+1
G(cosyy) = —4— ; T Pi(cosBij)
1
= In(1 — cosp;;). (B6)

Here cojx = ujux + (1 — u?)l/z(l — u?)Y2 cog¢; —
1), Bjk is the angle between two directions defined by the
spherical angleg;, ¢; anddy, ¢y.

The obtained formula follows from

dG(Z)

20+ 1 P!
I( z(Z)

o0
nX; I+1
1 o0
D

(B7)

[ P/(z)+ ——P (Z)]

= [+1

where relations

(1-2%)P/(2) = (+ DIz Pi(z) —
(1-2)P/(z) =

Pri1(2)],
—1zP(2) +1P-1(2)

are used (heré’(z) = dPi(z)/dz). After the change of
indices and the summation, the final expression (B6) is ob-
tained.
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Appendix C Canonical equations
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Hamiltonian Approach, Moscow Univ., Moscow, 1993 (in Rus-
sian).

System (29) may be rewritten if it is necessary in the moreGoncharov, V. P. and Pavlov, V. I., Some remarks on the physical

convenient form using variablgg; = cosés, ¢;). In this
case

Yidrui = =0 Hine,  ViOrdi = 0y, Hins- (Cy)

The canonical (Hamiltonian) equations of motion M8f
pointvorticesonasphere( <u; <1, —00 < ¢; < +00)
can be formulated as

aH
Yi Orui = TS
=¥ > e @—ud2A—ud)?.
k
-G'(cosBix) sin(gx — ¢i), (C2)
aH
Yi % = S
=Y 4 /Vk [ug — GJLWG— u?)l/?).
-G'(CosBix) coSpr — ¢;). (C3)
Here,

cosBx = ujux + (1 — u5)2(1— up)/? cosep; — dr).

foundation of the Hamiltonian description of fluid motions, Eur.
J. Mech., B/Fluids, 16, no. 4, 509-555, 1997.

Goncharov, V. P. and Pavloy, V. I., Vortex structures generated by a
coastal current in harbour-like basins at large Reynolds number,
J. Fluid Mech., 351, 201-221, 1997.

Goncharov, V. and Pavlov, V., On the Hamiltonian approach: Appli-
cations to geophysical flows, Nonlinear Processes in Geophysics,
5, 219-240, 1998.

Holton, J. R., An Introduction to Dynamic Meteorology, 3th ed.,
Academic Press, 1992.

Lamb, H., Hydrodynamics, 6th ed., Cambridge University Press,
Cambridge, 1932, (reprinted by Dover, New York, 1945).

Landau, L. D. and Lifshitz, E. M., Physique theorique: Mecanique
Quantique, IYeme ed., Mir, Moscou, 1982.

Landau, L. D. and Lifshitz, E. M., Fluid Mechanics, 2nd ed., rev.,
Pergamon Press, Oxford, 1987.

Mclintyre, M. I., Atmospheric dynamics: some fundamentals with
observational implications, in Proc. Int. School of Physics “En-
rico Fermi”, CXV Course, (ed. J. C. Gille and G. Visconti), 1991.

Marcus, P. S., Vortex dynamics in a shearing zonal flow, J. Fluid
Mech., 215, 393-430, 1990.

Morse, P.M. and Feshbach, H., Methods of Theoretical Physics,
McGraw-Hill, 1953.

Novikov, E. A., Generalized dynamics of three-dimensional vorti-
cial singularities (vortons), Sov. Phys. - JETP, 57, (3), 566-569,

andg; is the angle between two directions which define the  1983.

locations ofj- andk-vortices on the sphere.
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