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Abstract. Climate science needs more efficient ways to study high-impact, low-probability extreme events,
which are rare by definition and costly to simulate in large numbers. Rare event sampling (RES), including en-
semble boosting, offers a novel strategy to extract more information from those occasional simulated events, by
applying small perturbations to turn a moderate event into a severe one which otherwise might not come for
many more simulation-years. But how severe the events can become, and their estimated probabilities, depend
sensitively on the details of the perturbation. In particular, for sudden and transient events like precipitation,
performance of boosting depends sensitively on the choice of advance split time (AST) of the perturbation.
Heuristically, the perturbation must come early enough before the event to let the ensemble of simulations diver-
sify, but not so early that they forget the special initial conditions that led to the extreme. In pursuit of guidelines
for choosing the AST, we study the effect of AST in the task of sampling extreme fluctuations of a passive
tracer in a quasigeostrophic turbulent channel flow. This model system is idealized, but captures key elements of
midlatitude storm track dynamics while exposing similar algorithmic challenges. We formulate AST selection
as a concrete optimization problem for statistical accuracy against a ground truth. Given that such a ground truth
would not generally be available, we propose a proxy objective function to optimize in practice: thresholded
entropy, which rewards ensembles with both a high mean and a large spread. We show that ensemble boost-
ing, when given a well-chosen AST and equipped with methods to estimate probabilities, can accurately sample
extremes at long return periods. We furthermore find evidence that thresholded entropy successfully identifies
an optimal AST, which is roughly 1–3 ddy turnover timescales in the quasigeostrophic system. Moreover, this
proxy captures the variation of AST with the target location of the tracer within the flow field, suggesting it can
generalize to more general chaotic systems including realistic climate models. Applying our boosting methodol-
ogy at scale will require further development in adaptive optimization strategies, but our work here is an essential
first step for establishing what must be optimized.

1 Introduction

1.1 Background and motivation

The outsize impact of extreme weather events, and the need
to understand the physical processes that cause them, have
driven substantial research interest in the tails of climato-
logical probability distributions. The fundamental challenge

is scarcity of data: the historical record is too short to en-
able robust estimation of extremes rarer than a few times per
century, even if the climate were stationary. Different mod-
eling paradigms have developed to confront the issue. The
most straightforward is direct numerical simulation (DNS),
whereby a climate model is integrated extensively and the ex-
treme events tallied, either as a single long run with station-
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ary forcing (e.g., Huang et al., 2016; O’Gorman and Schnei-
der, 2009) or as an ensemble with non-stationary forcing
(e.g., Thompson et al., 2017; John et al., 2022). This in-
creases the sample size of extreme events, and reduces the
relative error (mean/standard deviation) of an empirical es-

timate p̂ = #extremes
N=#total samples , but at a slow rate of

√
V[p̂]

E[p̂] =
√
p(1−p)/N

p
∼ (Np)−1/2 for p� 1 (Zuev, 2015). For exam-

ple, estimating the probability of a once-per-century storm
(p = 0.01 yr−1) to within 10 % relative error would take
roughly N = 1

0.01 (0.1)−2
= 104 model years. Most of that

simulation time is wasted, just waiting for the next event.
Rare event sampling (RES) takes a shortcut by repurpos-

ing that time to generate more extremes instead, perturbing
simulations in a targeted way to favor extreme behavior –
with the tradeoff of having to account for bias properly. The
need to track probabilities makes rare event sampling distinct
from optimization, i.e., finding the most extreme event pos-
sible (or plausible) given physical constraints. That problem
has been attacked successfully with constrained optimization
algorithms by Farazmand and Sapsis (2017) and Blonigan
et al. (2019) for extreme dissipation events in turbulence,
and in AI-based weather forecasting by Whittaker and Luca
(2025) for extreme heat waves. RES can benefit from these
techniques, but aims to represent the entire tail distribution of
extremes with statistical fidelity and not just the maximum.

RES was first developed for nuclear safety assessment
(Kahn and Harris, 1951), and has since been generalized
for diverse applications including structural reliability engi-
neering (Au and Beck, 2001), molecular dynamics (Zuck-
erman and Chong, 2017), and more recently climate and
weather (e.g., Ragone et al., 2018; Webber et al., 2019; Baars
et al., 2021). RES stands in contrast to many other strategies
which, in one way or another, replace the expensive physi-
cal model with a cheaper approximation. Extreme value the-
ory gives principles for parametrically estimating distribu-
tions tails (Coles, 2001), but its asymptotic assumptions are
not always justified by the finite datasets available, and it is
best suited to model univariate distributions (e.g., average
temperature over a region) rather than full spatiotemporal
processes like storms, although spatial extreme value mod-
eling is steadily progressing (Huser and Wadsworth, 2022;
Huser et al., 2025). Hybrid statistical/physical models aim
to parameterize physical processes rather than the final out-
put statistics, and include linear inverse models (Penland
and Magorian, 1993); stochastic weather generators based on
analogues or Markov state models (van den Dool, 1989; Ghil
et al., 2011; Yiou and Jézéquel, 2020; Finkel et al., 2023;
Pons et al., 2024); empirical downscaling (Vandal et al.,
2017; Saha and Ravela, 2024; Rampal et al., 2025); statis-
tical (including machine-learned) emulation (Tebaldi et al.,
2020; Boulaguiem et al., 2022; Mahesh et al., 2024a, b);
and generative modeling (Watt and Mansfield, 2024; Sundar
et al., 2024; Giorgini et al., 2024). Machine learning mod-
els in particular are proliferating at a dizzying pace, and they

can indeed generate new samples at low cost, but their ability
to represent physics outside their training data – perhaps the
most essential requirement for extreme event modeling – is
rightly regarded with suspicion.

In light of these options, modelers have several tools to
help deal with the tradeoff between bias (incorrect physics or
limited resolution) and variance (erratic statistical estimates
due to limited sample size). The methods are not mutually
exclusive, with many interesting synergies possible (e.g., as
conceptualized in Lucente et al., 2022), but RES in particular
is our focus here as an under-utilized and under-developed
strategy to reduce variance without incurring extra bias.

1.2 Rare event sampling: promise and pitfalls

The generic RES procedure can be summarized as follows.
We denote the full state vector by x(t) ∈ Rd , and the mea-
sure of severity by R∗: some functional of a trajectory x that
is user-defined, e.g., rainfall averaged over any time interval
and spatial region of interest.

1. Generate an ensemble of initial conditions to serve as
candidate extreme events. Call these “ancestors”.

2. Select a subset of ancestors with high propensity to pro-
duce extreme events (large R∗), discarding the others.
Apply small perturbations to this subset to generate “de-
scendants”: new simulations likely to generate large R∗

like their parents, but to do so in diverse ways.

3. Adjust the probability weights downward on these se-
lected ancestors, spreading their weight across their de-
scendants to correct for the over-sampling.

4. Repeat steps 2–3 multiple times on the new, extreme-
skewed population, until hitting a termination criterion.

5. Estimate any climatological statistics of interest by tak-
ing weighted averages of all the simulations.

This template must be specialized for the kind of target
event. Diffusion Monte Carlo (DMC), as applied to season-
long hot extremes (with a variant called “GKTL” after its
inventors; Ragone et al., 2018) and tropical cyclones (with
a variant called “QDMC” that applies quantile mapping to
intensity values; Webber et al., 2019), performs the split/kill
operation at a chronological sequence of time points, extend-
ing the timespan of surviving members while aborting dis-
carded members before they can run to completion—thus,
before their R∗ values can even be measured. This is appro-
priate when the propensity for a future extreme R∗ is well-
approximated by some property R(x(t)) measurable at the
present: for example, if R∗ is the mean temperature from
June to August,R(x(t))= (running average temperature from
1 June to t) is a good splitting criterion (Ragone et al., 2018).
If R∗ is peak wind speed over a tropical cyclone’s lifetime,
R(x(t))= (minimum sea-level pressure in the eye) is a good
splitting criterion (Webber et al., 2019).
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But suppose that no good predictor exists. In particular, as-
sume that the severity functionR∗ of a simulation is the max-
imum over the event’s timespan of a user-defined observable
R(x(t)), such as the accumulated rainfall over a small region
between t−1 day and t , which we generically call the inten-
sity function. Assume further that no better predictor for R∗

is known besides R itself at the present time. In this case,
a better choice of RES algorithm might be adaptive multi-
level splitting (AMS; Cérou and Guyader, 2007), or more
general versions such as “anticipated AMS” (Rolland, 2022)
and “trying-early” AMS (TEAMS), which we previously in-
troduced in Finkel and O’Gorman (2024) – itself a special
case of subset simulation (Au and Beck, 2001) from engi-
neering – in which every ensemble member runs to comple-
tion and produces an actual value of R∗, not some proxy for
it. Descendants are then spawned from the ancestor at some
advance split time (AST) A before R∗ is achieved, to give
them enough time to diversify and perhaps exceed their an-
cestor’s severity, but not so much time to forget their ances-
tor’s special initial conditions. Figure 1 illustrates this trade-
off when selecting AST in the context of a simple stochastic
system, namely Langevin dynamics (Pavliotis, 2014) with a
logarithmic potential which is specified in Appendix A, but
the picture alone conveys the essential phenomenon of an op-
timal AST. The existence of a nontrivial (i.e., strictly pos-
itive) optimum is obvious when looking at isolated events,
but its precise value is subtle to quantify when our purpose
relates to climatological statistics, i.e., averages over many
events.

There is no general procedure for selecting AST and
other hyperparameters, which impedes the application of
RES methods to arbitrary target events and models. We have
shown empirically in Finkel and O’Gorman (2024) the exis-
tence of an optimal AST – in the sense of accuracy of long
return period estimates – that is roughly approximated by the
time until 3

8 of error saturation. But this result might be spe-
cific to the Lorenz-96 system and a number of choices made
in Finkel and O’Gorman (2024), in particular relating to

1. The target variable defining intensity (energy den-
sity, x2

k , with site index k = 0, though for Lorenz-96 all
sites are statistically equivalent).

2. The spatial and temporal scale for averaging the target
variable (we simply studied the instantaneous maximum
at a single site, k = 0).

3. The stochastic parameterization (smooth in space, white
in time).

4. The metric in which to measure distances between
ensemble members (Euclidean distance, D(x,x′)=√

1
K

K∑
k=1

(xk − x′k)
2).

Practitioners working with models more complicated than
Lorenz-96 face a vast menu of choices in all four domains,

the first two falling under the purview of domain science
and the last two falling under algorithm design. If the phys-
ical model or the choice of target variable changes, it stands
to reason that the choice of metric should also change, and
any single prescription of AST

(
like the 3

8 -saturation time
)

is unlikely to work for all cases. Indeed, in our recent ap-
plication of TEAMS to extremes of temperature and daily
precipitation in a general circulation model, we found that
the 3

8 rule provided some guidance but underestimated the
optimal AST for both temperature and precipitation (Finkel
and O’Gorman, 2026). Error norms incorporating global in-
formation will be less relevant than local norms around the
target region, which tend to saturate more slowly (Finkel and
O’Gorman, 2026).

Our primary goal in this study is to establish a general
principle for optimizing AST for intermittent extreme events
in meteorologically relevant dynamical systems. To balance
computational economy with physical realism, we select a
system of intermediate complexity between Lorenz-96 and
a moist GCM: a 2-layer quasigeostrophic (QG) flow with
a passive tracer. Since its original formulation in Phillips
(1956), the 2-layer QG model has served as a useful paradig-
matic minimal model for baroclinic instability and associ-
ated jets, waves, and vortices in the atmosphere and ocean.
It has been augmented in many ways to study specific pro-
cesses, for example by Lapeyre and Held (2004), who cou-
pled in a moisture component and found the resulting pre-
cipitation and latent heating to strongly affect the balance
between waves and vortices in the underlying flow. How-
ever, even the simpler addition of a passive tracer – one with-
out feedback through latent heating – is enough to advance
the algorithmic questions we pursue here. Passive tracer dy-
namics is physically interesting in its own right, as seen by
many studies of intermittency and heavy-tailed tracer statis-
tics in turbulent flows (Castaing et al., 1989; Gollub et al.,
1991; Pumir et al., 1991). In climate science too, extremes of
pollution concentration and temperature can be captured par-
tially through passive tracer advection (Bourlioux and Ma-
jda, 2002; Neelin et al., 2010; Linz et al., 2020).

Our choice of the 2-layer QG model as a test system is thus
a major upgrade in physical relevance as well as algorithmic
difficulty from Lorenz-96, which resembles QG dynamics
only loosely via its Hopf bifurcation structure (van Kekem
and Sterk, 2018). This path up the model hierarchy has
been trodden before by Qi and Majda (2016, 2018), who
added passive tracers to Lorenz-96 and a QG model respec-
tively and studied extreme fluctuations in the tracer’s Fourier
modes. Also, Gálfi et al. (2017) quantified extreme value
statistics – including local and global statistics – of QG wind
fields themselves. All these works have inspired and guided
this one, but we focus distinctly on the link between short-
time perturbation dynamics and long-term climate statistics.

The QG model has enough “space” to explore the effects
of all four decision axes listed above on optimal AST. In
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Figure 1. Schematic summarizing the ensemble boosting and tail estimation procedure, using a simple Langevin dynamics with a potential
that is quadratic for x ∈ (−0.25,0.25) – the blue-shaded region in (a)- – and logarithmic outside this range. Appendix A specifies the system
completely. The position variableX(t) exhibits intermittent, transient extremes (a.i) and power law tails P{|X|> |x|} ∼ |x|−3.1 (a.ii). We set
a threshold for severity (horizontal black dashed line) at roughly the minimum probability estimable from a relatively short (duration 1600)
timeseries (see the black empirical PDF in a.ii and the black empirical complementary CDFs (CCDFs) in (b, c, d).iii, as compared with the
true PDF and CCDF in gray). We then identify the peaks over the threshold (marked by vertical black dashed lines in a.i), and perturb the
simulation in advance of these peaks. Three choices of advance split time (AST) are shown in rows (b)–(d) marked by vertical red lines,
each resulting in “boosted” peak ensembles, shown as red curves in (b–d).(i,ii) and summarized by CCDFs shown in light red in (b–d).(iii).
Combining these conditional CCDFs together using the “MoCTail” estimator introduced later in Eq. (17) gives the dark red dashed line,
which is meant to approximate the ground truth (gray line) better than the short DNS alone can do, including by going to higher values of x.
The intermediate AST (c) is best among the three for this task, and our goal is to formulate and characterize this optimal AST more generally.

principle, one can do this with an exhaustive suite of ex-
periments: for every target region (location, size) and every
version of stochastic input (e.g., perturbation magnitude and
spatial scale) of interest, run TEAMS with a wide range of
AST parameters, measure the skill of each AST in match-
ing a reference ground truth distribution, and select the op-
timal AST. In practice, this exhaustive procedure is not fea-
sible, in part because of the huge number of potential tar-
gets, but more fundamentally because TEAMS’ performance
is highly subject to randomness. Measuring the effect of any
parameter change on the algorithm’s performance requires
many repetitions – several dozen at least – to average out the
variability inherent in Monte Carlo. Moreover, other hyper-
parameters related to “population management” exist within

TEAMS and other rare event algorithms: the number of ini-
tial ensemble members, how many of them to kill and clone
at every iteration, and the termination criterion, to name a
few. Randomness appears not only as physical forcing, but
also in selecting which members to clone, thus interacting
tightly with the population hyperparameters. One can think
of this as confounding due to sampling bias, which further
blurs the imprint of AST itself on performance.

So instead of using TEAMS for our investigation, we turn
to a related method of ensemble boosting (Gessner et al.,
2021; Fischer et al., 2023). The idea of ensemble boosting is
simple: identify some extremes from an initial climatic time-
series, and re-simulate them with perturbed antecedent con-
ditions to generate unrealized but physically plausible (and
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possibly more extreme) scenarios. By focusing on a limited
set of ancestor events to boost, we avoid the additional ran-
domness that occurs in TEAMS as the level is raised and ad-
ditional ensemble members are stochastically added, which
simplifies our investigation. In addition, Bloin-Wibe et al.
(2025) has developed an approach to estimate probabilities
based on the boosted ensembles, and we have also been de-
veloping such an estimator that is introduced below. With
the addition of an ability to estimate probabilities, ensemble
boosting may now be viewed as an RES algorithm.

We suspect that the optimal AST is closely related to a
physically intrinsic quantity that is not particular to a given
algorithm. Analogously to Lyapunov exponents, which en-
code the timescale for small perturbations to double, the
optimal AST should encode the timescale for extreme val-
ues of some target variable to maximize in variability. This
statement is heuristic, and a primary goal here is to propose
some quantities that are very close to the optimal AST and
that, like Lyapunov exponents, are intrinsic to the system and
do not depend on arbitrary algorithmic choices. We propose
and evaluate several candidates, including entropy and ex-
pected improvement: two functionals of ensemble distribu-
tions which are drawn from reinforcement learning.

We have three major contributions. First, we develop a
new estimator for low probabilities of extreme fluctuations
from boosted ensembles, similar to the estimator of Bloin-
Wibe et al. (2025) but distinct in the aggregation step. Our
approach includes an optional parametric fit of the response
function to perturbations (applicable to both estimators), a
simple quadratic regression model that imposes regularity on
the resulting severity distribution. Second, we use the two es-
timators to measure the quality of a range of ASTs across a
range of target events (tracer concentration at different tar-
get locations), finding evidence for an entropy-based opti-
mality principle. Third, and most importantly from a practi-
cal perspective, we demonstrate that both estimators success-
fully approximate low probabilities when the ensembles are
launched from a good AST, which the optimality principle
can help to select efficiently. Our goal here is not to demon-
strate a performant rare event algorithm – only to elucidate
a necessary ingredient (AST) to be optimized in future algo-
rithms – but even when comparing statistical errors at equal
cost, we find (and report at the end of the analysis, in Fig. 13)
that our boosted ensembles are already competitive with an
equal-cost DNS.

The rest of the paper is organized as follows. Section 2
details the procedure of generating samples and estimating
tail statistics, at a model-agnostic level, and proposes sev-
eral candidate indicators of measuring ensemble dispersion
that may help select an optimal AST. Section 3 specifies the
QG system, its numerical simulation, and its extreme value
statistics. Section 4 specifies the perturbed-ensemble design
at a model-specific level. Section 5 visualizes some examples
of perturbed events, and how the AST selection criteria be-
have on these examples. Section 6 reports the performance

of different AST choices, and visualizes the overall “opti-
mization landscape”. Section 7 concludes with an outlook
and proposed roadmap for subsequent research – theoretical,
algorithmic, and applied.

2 Sampling and estimation methodology

Our methodology can be separated into three parts, summa-
rized here and expounded in three subsections. For a given
target variable and location defining the extreme event, we

1. run a relatively short direct numerical simulation (“short
DNS”), identify the extreme events within it, and gen-
erate a dataset of boosted ensembles for each event at a
range of ASTs;

2. estimate tail distributions, conditional on the event and
the AST;

3. combine the conditional tails into an unconditional
(“climatological”) tail, using the estimators specified
below, for a range of ASTs, and select the optimal AST
based on the skill of the corresponding tail estimate in
reproducing the tail of a “long DNS”.

We then display the results of applying this procedure to a
range of target locations in the model flow domain.

2.1 Generating the dataset of boosted ensembles

There are many design choices in ensemble boosting (Gess-
ner et al., 2021): how to select extreme events to boost, how
many boosts to generate, when to launch them, etc. This sub-
section details the choices used here.

We run a direct numerical simulation (“short DNS”)
{x(t) : 0≤ t ≤ Tshort}, long enough to generate some ex-
tremes but not enough to estimate probabilities smaller than
1/(ε2Tshort)= 100/Tshort for a relative error tolerance of
ε = 0.1. The premise of RES, and ensemble boosting, is
that the extremes it does generate might have been even
worse, perhaps just a butterfly flap away from the more in-
tense extremes one would see with a “long DNS” of dura-
tion Tlong� Tshort. We generate such a long DNS as well to
serve as a ground-truth for validation. Following the ensem-
ble boosting methodology laid out in Gessner et al. (2021);
Gessner (2022) Fischer et al. (2023) and Noyelle (2024),
we first identify a threshold µ with exceedance probability
q(µ) that is moderate enough to estimate precisely with the
short DNS. In other words, µ is the [1− q(µ)]th quantile,
or “q(µ)th complementary quantile”. Equivalently, q(µ) is
the complementary cumulative density function (CCDF) of
the random variable R, evaluated at µ. In line with the
peaks-over-threshold procedure (Coles, 2001), we take clus-
ter maxima of exceedances above µ as the “ancestral” ex-
treme events. Concretely, a cluster maximum is a state from
the DNS, x∗ = x(t∗), such that

R∗ = R
(
x
(
t∗
))
=max

{
R(x(t)) : t∗−Amax ≤ t ≤ t

∗
+B

}
> µ. (1)
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where Amax and B are buffer times longer than the mixing
timescale of the dynamics (i.e., how long two perturbed sim-
ulations need to become independent), ensuring that two con-
secutive events (x(t∗n ),x(t∗n+1)) are genuinely independent
from each other. Amax is an upper bound on the ASTs used
for boosting.

We collect all such peaks occurring in the short DNS,{
x∗n = x

(
t∗n
)
: n= 1, . . ., Nshort

}
, (2)

and for a sequence of increasing ASTs {Aj : j = 1, . . . , J }
bounded between 0 and Amax, launch an ensemble of de-
scendants {x∗n,j,m :m= 1, . . . ,Mn,j } by applying Mn,j dif-
ferent perturbations to the DNS at time t∗n −Aj , and running
each simulation to time t∗n +B. Note thatMn,j could in prin-
ciple vary between ancestors n and lead times j , which is
not needed for our exhaustive sweeps in this paper, but cer-
tainly would be needed in an “online” rare event sampling
procedure that iteratively homes in on a subset of the most
extreme-ogenic ancestors {n} and ASTs {j} to draw more
samples from.

A bit more notation helps clarify how the perturbing is
done, abstractly at first and concretely in Sect. 3 when we
specialize to the QG system. For each (n, j , m), we draw
a random sample ωn,j,m from some sample space �. De-
noting by 81t : Rd ×�→ Rd the flow map that integrates
the perturbed dynamics forward by a time interval 1t , the
(n, j , m)th descendant’s trajectory through state space Rd
can be written
xn,j,m(t)={

x(t) for t∗n −Amax ≤ t ≤ t
∗
n −Aj

8t−(t∗n−Aj )
(
x
(
t∗n −Aj

)
,ωn,j,m

)
for t∗n −Aj < t ≤ t

∗
n +B.

(3)

In words, the descendant shares its ancestor’s past up until
the time of perturbation t∗n −Aj , after which it diverges.

There are two main forms of commonly used perturbation.
An impulsive perturbation is a kick applied at a single time
(which is used in ensemble boosting), in which case �= Rk
or Ck , typically with k� d, and a sample ω is transformed
to spate space via a function G : Rk→ Rd (e.g., a low-rank
matrix multiplication). Then, the perturbed dynamics can be
written 81t (x,ω)=81t (x+G(ω)), where 81t with only
one argument is the unperturbed dynamics. We also use the
convention that G(0)= 0, i.e., ω = 0 corresponds to no per-
turbation.

The other common case is where x(t) is a stochastic pro-
cess, e.g., an Itô diffusion forced by white noise, as we used
in Finkel and O’Gorman (2024) as well as the schematic in
Fig. 1. In that case, ω is a white noise process sampled at
discrete times, whose dimensionality scales with the number
of timesteps. In the QG experiments, we adhere to impul-
sive perturbations for three reasons: it introduces fewer arbi-
trary parameters, it is less disruptive to the system’s intrin-
sic dynamics, and it keeps the dimensionality of the random
space low. If, as we conjecture, even low-dimensional butter-
fly flaps are sufficient to excite the more extreme fluctuations,

it would make deterministic search methods – which should
always be preferred over Monte Carlo – more viable.

Following the perturbation, the descendant drifts away
from the parent and achieves its own severity R∗ (peak of
its intensity function R) at some time t∗n,j,m possibly differ-
ent from its ancestor’s peak time t∗n :

R∗n,j,m = R
(
xn,j,m

(
t∗n,j,m

))
= R∗n,j

(
ωn,j,m

)
(4)

where the latter notation emphasizes dependence on ω, while
recognizing that each (n, j ) induces a different severity func-
tionR∗ because perturbations may be felt differently depend-
ing on the initial condition.

If the perturbation is small, the descendant’s peak
time t∗n,j,m will be close to the ancestor’s peak time t∗n . How-
ever, if the intensity function R(x(t)) tends to oscillate, e.g.,
with each passing Rossby wave crest, a large-enough pertur-
bation might cause the next wave crest after t∗n to outgrow
the original peak, misappropriating the imposed perturba-
tion to fuel a different event than the original target. Tersely,
t∗ = argmaxtR(x(t)) might be a discontinuous function of ω,
and R∗(ω) a non-differentiable function of ω, which is a nui-
sance for our goal to optimize over ω and, more importantly,
complicates the causal chain between perturbation and re-
sponse. We explicitly prohibit this behavior by restricting the
range of t∗n,j,m as follows.

– Set an “argmax drift” parameter δt∗ based on physical
timescales, e.g., half an oscillation period. Initially set
t∗n,m,j = argmax{R(xn,j,m(t)) : t∗n − δt

∗
≤ t ≤ t∗n + δt

∗
}.

– If t∗n,j,m is a local maximum in R, then do not change it.

– Otherwise, shift t∗n,j,m backward (if at the beginning of
the interval) or forward (if at the end of the interval)
until it is at a local maximum.

Although it is ad-hoc, this adjustment aims to uphold the
core idea of ensemble boosting to augment existing events,
while preserving their basic identity, rather than discover to-
tally new events – which may as well be done by extending
the DNS. In general this is a nontrivial condition to impose,
as multiple spikes in a sequence may be dynamically corre-
lated to each other, but we use only this simple strategy as
demonstration.

2.2 Estimating conditional and climatological
probabilities from boosted ensembles

Assume now there is a probability measure P� on � with
associated density function p�(ω), which might for example
place higher weight on smaller kicks. The � superscript will
generally relate to statistics over this conditional probabil-
ity measure, to distinguish it from long-term climatological
statistics. A major aim of this paper is to show how they re-
late to each other. Each ensemble of descendants at each lead
time gives rise to its own conditional severity distribution:
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Q�
n,j (r)= P�

{
R∗n,j > r

}
=

∫
�

I
{
R∗n,j (ω)> r

}
p�(ω)dω, (5)

which can be estimated from the samples {R∗n,j,m :m=
1, . . . ,Mn,j }. Here conditional means starting with a per-
turbation of the nth ancestor’s particular initial condition at
time t∗n −Aj and running forward until time t∗n +B. By con-
trast, we refer to the climatological severity distribution as
that resulting from a long DNS.

Integrals of the form (Eq. 5) arise in many diverse risk
analysis tasks, such as reliability engineering, where � often
represents wind, waves, or tremors buffeting a built struc-
ture (Au and Beck, 2001; Mohamad and Sapsis, 2018),
and is therefore high-dimensional. The default strategy for
high-dimensional sampling is vanilla Monte Carlo, whose
infamously slow convergence has motivated more efficient
workarounds. A particular class of “variational” (Demat-
teis et al., 2019; Tong et al., 2021) and “first- and second-
order reliability” methods (Breitung, 2021) approximate
the sampling by constrained optimization, relying on the
large-deviation principle that increasingly rare events have a
shrinking space of possible pathways, concentrating around
a single point of �. We could certainly make use of those
methods here, but there is a crucial distinction: in our setting,
the perturbation space is an arbitrary design choice aiming at
an indirect goal (climate estimation), rather than some exter-
nally imposed distribution (e.g., a Gaussian process model
for ocean bathymetry in Dematteis et al., 2019 and Tong
et al., 2021). Therefore, nothing stops us here from delib-
erately choosing low-dimensional perturbations instead of
high-dimensional ones as in Ragone et al. (2018) and Bloin-
Wibe et al. (2025). This enables numerical quadrature instead
of Monte Carlo or elaborate large-deviation approaches, and
saves on cost by allowing sample re-use across different in-
put distributions.

It is possible that higher-dimensional spaces are more ef-
fective for exciting extreme fluctuations, which would make
the above-cited methodologies very useful for our purpose
in future research. They can also be useful when conditional
risk estimation (for near-term weather forecasting) is the end
goal, as well as the previously-mentioned optimization meth-
ods demonstrated in Farazmand and Sapsis (2017), Blonigan
et al. (2019), and Whittaker and Luca (2025). But our first
goal is to determine whether our chosen low-dimensional
kicks can suffice for climatological estimation.

Based on the samples drawn from �, we fit a regression
model R̂∗n,j (ω;θ ) with parameters θ , in our case coefficients
for linear and quadratic polynomials. In general R̂n,j could
be a more elaborate parametric model, e.g., a Gaussian pro-
cess or neural network with learned weights θ , as often used
in modern uncertainty quantification (Kabir et al., 2018; Sap-
sis, 2020; Pickering et al., 2022). Then the integral over �
can be estimated, either analytically (if p and R̂∗ take sim-
ple enough forms) or numerically by densely filling� with a

grid of points, evaluating R̂∗ and p at each point, and taking
the inner product of I{R̂∗ > r} with p for any r . The result is
an estimate Q̂�

n,j (r) for the conditional CCDF, Q̂�
n,j (r), ob-

tained by replacing the R∗n,j with R̂∗n,j in Eq. (5). The final
step is to estimate the tail of the conditional CCDF,

Q�
n,j (r;µ)= P�

{
R∗n,j > r|R

∗

n,j > µ
}
=
Q�
n,j (r)

Q�
n,j (µ)

, (6)

which we could do just by putting hats (̂·) on the Qs on the
right-hand side. However, this risks dividing by zero, because
the fitted function Q̂n,j may imply zero probability of ex-
ceeding the threshold, particularly at long ASTs when de-
scendants have enough time to decorrelate totally with their
ancestor. This loss of ancestral “wisdom” is a more funda-
mental problem than the numerical issue of zero denomina-
tor, and we address it by implementing a continuous ver-
sion of the “accept-reject” step of the TEAMS procedure
in Finkel and O’Gorman (2024). Wherever the descendant
severity R̂∗n,j (ω) falls below µ, we replace it with the ances-
tor severity, denoted R∗n (with no second subscript):

Q̂�
n,j (r;µ) :=∫

�

{
I
{
R̂∗n,j (ω)> r

}
if R̂∗n,j (ω)> µ

I{R∗n > r} otherwise

}
p�(ω)dω (7)

=

∫
{
R̂∗n,j (ω)>µ

}I
{
R̂∗n,j (ω)> r

}
p�(ω)dω+

∫
{
R̂∗n,j (ω)≤µ

}I
{
R∗n > r

}
p�(ω)dω (8)

=

∫
�

I
{
R̂∗n,j (ω)> r

}
p�(ω)dω+

I
{
R∗n > r

} ∫
{
R̂∗n,j (ω)≤µ

}p
�(ω)dω (9)

= Q̂�
n,j (r)+ I

{
R∗n > r

}[
1− Q̂�

n,j (µ)
]

(10)

(Q̂�
n,j (r)= 0 when Q̂�

n,j (µ)= 0 since Q�
n,j is decreasing,

hence the two terms in the last expression correspond to the
two cases).

This estimator can be extended to other expectations of in-
terest conditional on the target variable being extreme. De-
note by 8[Xn,j ] =:8n,j a generic function of the trajec-
tory Xn,j launched at AST Aj ahead of ancestor n, such as
time-averaged wind speed or air temperature. It is actually a
random variable (a function of ω, 8n,j (ω)) and its mean can
be estimated by replacing each I{R∗(ω)> r} with 8(ω) to
obtain
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E
[
8n,j |R

∗

n,j > µ
]
≈ 8̂n,j =

∫
�

8n,j (ω)I
{
R̂∗n,j (ω)> µ

}
p�(ω)dω+8n,j (0)

[
1− Q̂�

n,j (µ)
]
. (11)

The first term collects statistics of the part of the W -disc that
contributes to the tail {R∗ > µ}, and the second term just
moves the remaining (“rejected”) probability mass back onto
the ancestor at ω = 0. We do not explore the properties of
this estimator for different 8s, but note it could be important
to an applied study with RES.

Another heuristic way to justify the accept-reject expres-
sion for Q̂n,j (r;µ) in Eq. (10) is to stipulate that we care
about approximating only the extreme part of the boosting
distribution, i.e., those ωs near enough to 0 that R∗(ω)> µ,
excluding the descendants bound to fall below µ. We re-
allocate the probability mass in the “non-extreme” region of
the disc (where R∗(ω)≤ µ) to the very center of the disc (the
ancestor, where R∗ > µ by construction). This rearrange-
ment ensures that Q̂�(µ) is close to 1, justifying a Taylor
series expansion in 1− Q̂�(µ)

Q�
n,j (r;µ)=

Q�
n,j (r)

Q�
n,j (µ)

(12)

=
Q�
n,j (r)

1−
[
1−Q�

n,j (µ)
] (13)

≈Q�
n,j (r)+

[
1−Q�

n,j (µ)
]
Q�
n,j (r) (14)

≈ Q̂�
n,j (r)+

[
1− Q̂�

n,j (µ)
]
I
{
R∗n > r

}
(15)

=: Q̂�
n,j (r;µ) (16)

The crux of our hypothesis is that these conditional distri-
butions from boosting can be aggregated across ancestors
to approximate the climatological distribution Q2(r,µ)=
P (R∗ > r|R∗ > µ), where 2 is used to denote the ground
truth that would be obtained from a long DNS. We specifi-
cally propose to aggregate the conditional CCDFs as a uni-
form mixture over ancestors, selecting one representative
AST Ajn from each ancestor n to best represent its alternate
realities according to some selection rule (different rules will
be evaluated thoroughly for the QG system in Sect. 6). We
write the mixture as

Q̂M(r;µ)=
1

Nshort

Nshort∑
n=1

Q̂�
n,jn

(r;µ), (17)

and call it the “MoCTail” estimator ofQ2(r,µ), for “Mixture
of Conditional Tails”.

The recent works Noyelle (2024) and Bloin-Wibe et al.
(2025) formulate a different estimator, which makes for
an interesting comparison. Rather than summing Nshort tail

CCDFs, each approximating a ratio of the form (Eq. 6), they
construct a single ratio by summing Nshort numerators and
Nshort denominators. Translated into our own notation, this
becomes

Q̂P (r;µ)=

Nshort∑
n=1

Q̂�
n,jn

(r)

Nshort∑
n=1

Q̂�
n,jn

(µ)

. (18)

We call this the “PoPTail” estimator of Q2(r,µ), for
“Pool of Perturbed Tails”. Bloin-Wibe et al. (2025) do
not model R∗(ω) parametrically, but instead use a stan-
dard Monte Carlo estimate Q̂�

n,j (r)= (fraction of descen-
dants exceeding r), which is probably necessary for their
high-dimensional perturbations. However, we can convert
the PoPTail estimator to our parametric version just by think-
ing in terms of CCDFs, hence the formulation in Eq. (18).
The more important difference is that PoPTail avoids the po-
tential degeneracy Q̂�(µ)= 0 by “pooling” non-extreme de-
scendants together with extreme ones in the denominator.

One could argue for either estimator based on the valid-
ity of its underlying assumptions which are challenging to
rigorously verify. Here we adopt a more openly empirical
perspective in testing the skill of both.

An important advantage of both estimators is extensibil-
ity with respect to the dataset: if the variance is too high,
one can always either generate new ancestors by extending
the short DNS, or extend the range of ASTs sampled, or
enlarge the ensemble at any ASTs deemed promising, with-
out discarding the laborious samples already generated. This
is unfortunately not the case with an algorithm like AMS,
TEAMS, GKTL, or QDMC: because of the random rules by
which ancestors are selected and new members generated, a
completed run cannot be enlarged while retaining its estima-
tion properties unless we are willing to do an entirely new
additional run and combine estimates from multiple runs as
was done in Ragone et al. (2018), Webber et al. (2019) and
Finkel and O’Gorman (2024). This results in waste during
the fine-tuning process of calibrating TEAMS. For example,
one might decide in retrospect that a TEAMS run was too
aggressive in killing non-extreme simulations and raising the
threshold and we cannot easily extend the run with a new set
of hyperparameters. With boosting, we can simply go back,
perturb those less-extreme simulations, and incorporate them
into the dataset, without needing to re-generate everything.
To make boosting competitive at sampling the highest levels
of severity, we suspect it will be necessary to augment our
current scheme with an iterative level-raising schedule, like
TEAMS, but with less restriction on the sampling procedure.
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2.3 Evaluating performance: statistical accuracy and
computational cost

We evaluate the MoCTail and PoPTail estimators Q̂M and Q̂P

by comparing to the ground truth Q2 as estimated from a
long DNS. DNS is in fact a trivial special case of ensemble
boosting with M = 0 (no descendants), reducing each sum-
mand of Eq. (17) and the numerator of Eq. (18) to I{R∗n > r}
and the denominator of Eq. (18) to Nshort. Both estimators
reduce to the same vanilla empirical CCDF in this case, and
this is what we use to estimate Q2.

We use χ2-divergence to measure the disparity of Q̂M

and Q̂P from Q2. This is estimated from a discrete his-
togram with a sequence of thresholds µ= r0 < r1 < r2 <
.. . < rK−1 < rK =∞, and define the probability mass func-
tion 1Q2

k =Q
2
k −Q

2
k+1 as the probability contained in the

kth bin (note that Q2
K = 0 and so 1Q2

K−1 =QK−1). As de-
scribed further in Sect. 3.3, we select the rks as quantiles with
consecutively halving exceedance probabilities, i.e., Q2

k =(
1
2

)5+k
for 0≤ k < K = 11. These quantiles change with

latitude, as the tail is different for each. Note the same set
of rk’s based on the climatological distribution is used also
for evaluating estimated distributions. The χ2-divergence of
either estimator Q̂ ∈ {Q̂M,Q̂P

} is then defined as

χ2(1Q̂‖1Q2)=
K−1∑
k=0

(
1Q2

k −1Q̂k

)2
1Q2

k

. (19)

We will compute both the MoCTail and PoPTail estimates
on the same dataset, and find them numerically quite similar,
both in terms of skill and in terms of individual bin estimates.
It would be interesting to develop test cases where they differ
more systematically, to clarify which (if either) is generally
superior.

Computational efficiency is another important considera-
tion besides accuracy, as the entire goal of rare event algo-
rithms is to improve efficiency or accuracy (or both) relative
to DNS. For a boosting-like rare event algorithm to be useful,
its error should decrease faster by perturbing existing ances-
tors (increasing M) than by extending DNS by generating
new ancestors (increasing N and not M), at least in some
range of N that samples the attractor broadly but not exhaus-
tively. However, this paper does not present a complete rare
event algorithm per se, in the sense we do not yet stake our
claim on a speedup. Rather, we ask a pre-requisite question:
does increasingM decrease the error at all? Clearly boosting
can increase the maximum severity, but that could happen
in ways that do not respect the tail CCDF’s shape, e.g., if
perturbations tend to maximize the event’s severity while by-
passing moderate severities that carry significant statistical
weight.

We will thus make two comparisons between boosting and
DNS: accuracy at fixed N , and accuracy at fixed cost (where
DNS runs an additional length equal to the cost of simulating
descendants, allocating its full budget to “exploration” rather

than “exploitation”). Specifically, we approximate the cost of
the boosting approach for a given AST A as

Averageboosting cost per ancestor=M
(
A+ δt∗

)
+ (mean return period), (20)

where δt∗, the “argmax drift” parameter, accounts for the ex-
tra time needed to run after the ancestor’s peak to account for
changes in peak timing. “Mean return period” is the average
time between consecutive independent peaks over the thresh-
old µ, which will be longer than 1/(1−q(µ)) because of de-
clustering. The dependence on A is a complication, as each
AST tried would merit a different-length DNS for cost com-
parison, and we do not want to penalize boosting too severely
by summing over all ASTs because in practice we would not
bother simulating the obviously sub-optimal ASTs. Rather,
we optimistically estimate the cost if A is already known. On
the other hand, our chosen M(= 21) is likely more samples
than necessary to fit a satisfactory parametric model, as we
have deliberately sampled the perturbation space more gen-
erously than we would if chasing a speedup. We simplify the
comparison by fixing A to 1

2Amax in Eq. (20), which is close
to or slightly greater than the optimal values that we found
empirically.

We will show (Fig. 13b) that boosting is unambiguously
more accurate than DNS when fixing the number of an-
cestors N , and similarly accurate with marginal improve-
ments when fixing cost, though with variation across lati-
tudes and AST criteria. Thus, we do achieve some speedup,
even though it is not (yet) our main objective. Any fixed-cost
performance gains we achieve here (not our main objective)
should be viewed as a lower bound for future algorithms,
which will benefit from the conceptual insights into AST that
we glean presently.

To emphasize the conditional nature of the AST – its pos-
sible dependence on the ancestor n due to initial condition-
dependent predictability – we refer toAjn as the “conditional
advance split time” (CAST), and its optimal value (by χ2

or other criteria) as the “conditionally optimal advance split
time” (COAST). Our goal is to define the COAST, calculate
it given extensive sampling from boosted ensembles, and fi-
nally to suggest useful criteria to estimate it when sample
size is limited, as in a real rare event algorithm deployment.

2.4 AST selection criteria

With a data-generating plan and an estimator in place, we
return to our central question of interest: how to select the
CASTs {Ajn}? There are three natural kinds of criteria.

1. Choose a single uniform AST Ajn = A
U for all ances-

tors (“U” for “uniform”). In this case, the CAST is
not really “conditional” at all. In Finkel and O’Gorman
(2024), we found the COAST for TEAMS by systematic
grid search through candidate ASTs, and found post-
hoc an empirical relationship for the COAST: AU

≈
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t3/8, where tε(x0) is the time until an ensemble dispers-
ing from initial condition x0 (each member forced by
a different noise realization) reaches a fraction ε of its
asymptotic root-mean-squared-error (RMSE), and tε is
the average of tε(x0) over different initial conditions x0.
In Finkel and O’Gorman (2024), we sampled x0 from
the stationary distribution; here, for computational ex-
pediency, we will repurpose the boosting ensembles
for estimating tε , i.e., sampling x0 from pre-peak an-
tecedent conditions.

2. Choose the CAST An separately for each ancestor n
such that that an ensemble launched at t∗n−An disperses
to a pre-defined threshold at time t∗n . One could measure
dispersal in different ways like RMSE, but here we opt
instead for a pattern correlation, defined with respect
to spatiotemporal fields F0 (from the ancestor) and Fm
(from the mth ensemble member) as

ρ [F0,Fm] :=
f0fm√(
f 2

0

)(
f 2
m

) where f := F −〈F 〉,

〈·〉 = time-average (climatology)

and (·)= space-average. (21)

Unless noted otherwise, ρ will refer to the average
of ρ[F0,Fm] over all members m= 1, . . . ,M . The rea-
son for subtracting time-averages is to fairly weight spa-
tial regions with smaller background 〈F 〉, e.g., poles if
F is temperature. Dividing by spatial standard devia-
tions is simply a useful normalization that restricts ρ to
the range [−1, 1] by the Cauchy-Schwarz inequality. ρ
ends to decrease over time from 1 to 0 except for oc-
casional negative values when F0 and F1 are similar up
to translation (but this effect usually disappears when
averaging large-enough ensembles). We then choose
some threshold ρU

∈ (0,1), and select the correspond-
ing CAST Ajn = A

PC
n [ρ

U
] – a function of the thresh-

old—as the smallest sampled AST An for which ρ

creases from 1 to ρPC between the split time t∗n −An
and the peak time t∗n . (PC stands for “pattern correla-
tion”.) Note that the CAST varies with n, but the cor-
relation threshold, denoted ρU, is uniform. Finding the
COASTs APC

n then boils down to finding the optimal
value of ρU.

The 3
8 rule from Finkel and O’Gorman (2024), which

used Euclidean distance D2
[F0,Fm] = (F0−Fm)2 =

(f0− fm)2 as the dispersion indicator, can be approx-
imately restated in terms of pattern correlation:

D2
=ε2
〈D2
〉

〈D2
〉 = saturation value of D2 (22)

⇒f 2
0 + f

2
m− 2f0fm = ε

2
(
〈f 2

0 〉+ 〈f
2
m〉

)
Using〈f0fm〉 = 〈f0〉〈fm〉 = 0 (23)(
f 2

0 − ε
2
〈f 2

0 〉
)
+

(
f 2
m− ε

2
〈f 2
m〉

)
√(
f 2

0

)(
f 2
m

)
=

2f0fm√(
f 2

0

)(
f 2
m

) = 2ρ (F0,Fm) (24)

(
1− ε2)

〈f 2
0 〉+

(
1− ε2)

〈f 2
m〉√

〈f 2
0 〉〈f

2
m〉

≈ 2ρ (F0,Fm)

Approximating f 2 ≈ 〈f 2〉 (25)

1− ε2
≈ρ (F0,Fm)

Using 〈f 2
0 〉 = 〈f

2
m〉. (26)

(The approximation invoked in the second-to-last step,
f 2 ≈ 〈f 2〉, will hold when the spatial region is large
enough that global fluctuations in the same direction
are unlikely.) This calculation shows that the time un-
til RMSE reaches 3

8 of its saturation value is roughly
equivalent to the time at which pattern correlation drops

to 1−
(

3
8

)2
= 0.86. We do not assume this threshold

is optimal, but include it as a reference for comparison.
And we stress that the 3

8 rule implemented in Finkel and
O’Gorman (2024) determines a uniform AU, not a con-
ditional APC, because their averaging was performed
over the attractor, whereas here we will use ρ as an ini-
tial condition-specific diagnostic.

3. Define the CAST as the solution to an optimization
problem, where we seek to maximize a functional on
the boosted severity distribution that favors both a high
mean and high variability of the severity. This would
implicitly favor intermediate ASTs, as short-AST en-
sembles have high mean but low variability while long-
AST ensembles will have high variability but low mean
(approaching the climatological distribution). We pro-
pose and evaluate two such functionals in this paper:

a. Expected improvement (EI):

E
[(
1R∗

)
+

]
=

∫
�

p�(ω)
[
R∗(ω)−R∗(0)

]
+

dω, (27)

where (·)+ :=max(·,0) and we recall that ω = 0
means no perturbation (i.e., the ancestor)
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b. Thresholded entropy (TE):

S
[(
R∗−µ

)
+

]
=−

K−1∑
k=0

1Qk log1Qk, (28)

where the bin boundaries rk start at µ, and so only
the tail part of the conditional CCDF contributes.
The thresholded entropy is thus defined based on
probability over discrete bins (with the bin bound-
aries rk set based on quantiles of the ground-truth
distribution) and would change if the bins were
changed.

Where it does not cause confusion, we will also call
the CASTs AEI and ATE themselves COASTs because
they optimize something, although it is something dif-
ferent than χ2. We conjecture that that these two notions
of optimality coincide: if each ancestor separately opti-
mizes I or TE, the resulting aggregate of distributions
(via MoCTail or PoPTail estimators) will minimize χ2-
divergence from the true climatological tail. Our results
will approximately confirm the conjecture in the case
of TE.

These criteria are each in turn more complex, but also
more theoretically appealing. The correlation-based CASTs
{APC

n }
Nshort
n=1 , unlike the synchronized AST AU, can vary with

n to respect differences in predictability between different
initial conditions, a well-recognized phenomenon in chaotic
systems (Maiocchi et al., 2024), including the atmosphere
(Lucarini and Gritsun, 2020). Still, both AU and APC

n re-
quire the user to set some arbitrary global threshold. The
open question is whether optimizing AEI

n or ATE
n individually

for each n will also optimize the accuracy of the uncondi-
tional (MoCTail) climatological CCDF estimator against the
ground truth climatological CCDF from a long DNS.
Main result: climatological tails are estimated more accu-
rately with perturbed ensembles than with un-perturbed an-
cestors alone (fixed-N comparison between DNS and boost-
ing). This holds with few exceptions for both MoCTail and
PoPTail estimators, for all COAST selection rules, and for
all target spatial locations. At fixed cost, boosting and DNS
are tied overall, but with some variation across latitudes and
the value that cost is fixed to, suggesting that substantial
speedups are possible with more highly optimized boosting-
like algorithms. No single selection rule is superior across the
board. The EI and TE criteria, however, have a distinct ad-
vantage of needing no arbitrary threshold choices. TE-based
estimates strike a reasonable compromise between statistical
error and arbitrariness, which is strong enough support that
we recommend TE as a generic AST selection rule.

The remainder of the paper demonstrates the theoretical
framework above on the QG system. Section 3 specifies
the dynamical model and its numerical simulation, displays
some representative output, defines the target intensity func-

tions of interest, and reports on their basic tail statistics. Sec-
tion 4 specifies the perturbation protocol (i.e., the space �
and probability densities p�(ω)) and visualizes representa-
tive examples of the system’s response, providing motivation
for our choices of AST selection criteria. Section 6 compares
the performances of all proposed AST selection criteria crite-
ria in matching the climatological tail CCDF. Section 7 con-
cludes with a summary and outlook on important future lines
of work.

Throughout, we present more in-depth results for one se-
lect target latitudes just south of the domain center, and only
summarize for the wider range of target latitudes, which re-
veals large-scale variations in extreme event predictability
and representability across space.

3 The quasigeostrophic model

The model setup aims to distill some challenges we have en-
countered with rare event algorithms. We first recognized
the need for advance splitting (or “trying early”) to sam-
ple extreme precipitation in an aquaplanet GCM (Finkel and
O’Gorman, 2026). A minimal surrogate model replicating
this challenge was found in Lorenz-96 (Lorenz and Emanuel,
1998), which provided a testbed for the first working version
of TEAMS and a recognition of an “optimal advance split
time” (Finkel and O’Gorman, 2024). There is a huge gap in
model complexity between Lorenz-96 and the GCM (see Ta-
ble 1), and we wish to test our idea in this middle ground
where the target spatial location can have an effect. Lorenz-
96, with a one-dimensional domain and homogeneous forc-
ing, is too simple. For this reason, and to make closer contact
with physics, we selected the two-layer QG model as a suit-
able intermediate between Lorenz-96 and the GCM.

3.1 Equations of motion and numerical simulation

We implement a version of the QG model combining ele-
ments of several classic studies. Our numerical method and
friction form follow Haidvogel and Held (1980), but on a
smaller domain with weaker friction magnitude as in Panetta
(1993) to contain only 1–2 more energetic zonal jets. We
furthermore add bottom topography in the lower layer as
in Thompson (2010) to fix preferred latitudes for jets while
still allowing them to temporarily split, merge, and meander.
Thus climate statistics, and hence the COAST itself, can vary
with latitude. Further, we augment the system with a passive
tracer to represent a key component of precipitation dynam-
ics, following the spirit of Bourlioux and Majda (2002) and
Qi and Majda (2016, 2018) who used turbulent advection-
diffusion as a paradigm for intermittency.

The model equations are as follows, in non-
dimensionalized form using the deformation radius λ

as the length scale and a velocity scale U . To make plain the
role of the background shear, we define a non-dimensional
wind U as the ratio between the imposed upper-level zonal
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Table 1. Three rungs on the model hierarchy. Left: the Lorenz-96 system used in Finkel and O’Gorman (2024) has a one-dimensional
spatial domain (“longitude”) divided into discrete sites k = 0, . . . , 39, on which generic meteorological variables {xk} evolve in time. Its
state space dimension is 40. Right: the aquaplanet model used in Finkel and O’Gorman (2026) has a three-dimensional spatial domain:
latitude λ, longitude φ, and pressure normalized by its surface value, σ = p/ps. It has six prognostic fields: zonal wind u, meridioal wind v,
temperature T , and humidity q vary in all three dimensions, whereas surface pressure ps and precipitation rate R vary only in the horizontal.
Center: the 2-layer quasigeostrophic model used in this study has two layers (z= 1,2) of two dimensions each (longitude x, latitude y), and
two dynamical fields: streamfunction ψ which is discretized spectrally, and tracer concentration c which is discretized on a grid.

Model One-tier Lorenz-96 2-layer quasigeostrophic channel Global aquaplanet

Domain k ∈ {0, . . ., 39} (x,y,z) ∈ [0,L)2
×{1,2} (λ,φ,σ ) ∈ [0,360)×[−90,90)×[0,1)

Fields {xk} {ψz,cz}(x,y) {u,v,T ,q}(λ,φ,σ )∪ {ps,R}(λ,φ)

wind and U . All non-dimensional parameter values are
listed in Table 2. The horizontal coordinates (x, y) each
run from 0 to L. The integer-valued vertical coordinate z is
an index for the layer (1 for the top and 2 for the bottom,
appearing as a subscript). ψ represents the streamfunction
minus a background of−Uyδz,1. h is the bottom topography
which is specified to vary sinusoidally with wavenumber 2
in latitude. q represents potential vorticity minus a back-
ground of βy+hδz,2, due to planetary vorticity gradient and
topography. c represents the passive tracer field.

[∂t + (∂xψz)∂y +
(
Uδz,1− ∂yψz

)
∂x
](
qz+hδz,2+βy

)
=−κδz,2∇

2ψz− ν∇
6ψz

(29)[
∂t + (∂xψz)∂y +

(
Uδz,1− ∂yψz

)
∂x
]
cz = 0 (30)

for (x,y,z) ∈ [0,L)2
×{1,2} (31)

where (32)

qz =∇
2ψz+ (−1)z

(
ψ1−ψ2

2

)
(33)

h(y)= h0 sin
(

2 ·
2πy
L

)
(34)

For ψ , we impose doubly periodic boundary conditions and
timestep with a pseudo-spectral method with 64 Fourier
modes in each dimension and standard 2

3 -dealiasing (hence,
an effective maximum wavenumber of 20). We time-
step linear terms with the trapezoid rule (Crank–Nicolson)
and nonlinear and topographic terms with a predictor-
corrector (Heun’s) method. Meanwhile, boundary conditions
on c are periodic in x and Dirichlet in y, with values (0, 1)
at y = (0,L). Together with a first-order upwind monotone
finite-volume scheme, this setup guarantees that 0≤ c ≤ 1
everywhere, making clear that its probability distribution has
compact support. Note there is no explicit dissipation for c,
but the low-order discretization creates some effective diffu-
sivity.

The number of degrees of freedom, or state space dimen-
sion, is

Table 2. Non-dimensional physical parameters used for the numer-
ical simulation, similar to those chosen in Panetta (1993).

Description Symbol Value

Coriolis gradient β 0.25
Ekman friction coefficient κ 0.05
Wind shear U 1
Hyperviscosity ν (0.292)3

Topography amplitude h0 0.25
Domain size L 6 · 2π

d =(2layers)×
(

412Fourier modes forψ + 642grid

cells for c)= 11554, (35)

and we will sometimes refer to the full state vector as
{ψ,c}(x,y,z, t)= x(t) ∈ Rd – not to be confused with the
spatial coordinate x. For simplicity, we refer to one time unit
as a day, which is ∼ 1

10 of an eddy turnover timescale (see
Fig. 3). The common timestep for ψ and c is 0.025 d, and the
output frequency is once per day. The spatiotemporal resolu-
tion is coarse by modern standards, but we are not seeking to
calculate any real-world physical quantity: we are seeking a
general rule that will help make the COAST clear for a wide
class of models.

3.2 Baseline simulation and statistics

We run a “short DNS” of length Tshort = 4×103 d≈ 11 years
(after a 500 d spinup) to supply the pool of initially un-
perturbed (“ancestral”) events. Then, to provide “ground
truth” statistics, we run a control simulation, or “long
DNS”, of duration Tlong = 16× 103 d≈ 44 years, which is
O(1600) eddy turnover times and O(160) jet meandering
times (see Fig. 3 caption for timescale definitions). However,
in estimating climatological statistics from the long DNS, we
take advantage of statistical zonal symmetry by concatenat-
ing the timeseries of all 64 longitudes, increasing the effec-
tive sample size by a factor of ∼ L/(some typical correla-
tion length). Conceptually, the short and long DNS are anal-
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Figure 2. Snapshots of the QG system configuration in the upper layer. Contours indicate the anomaly streamfunction ψ , which varies over
a non-dimensional range of approximately ±18, dashed contours indicating negative anomalies. Colors indicate (a) tracer concentration c,
(b) zonal wind velocity u= U − ∂yψ , where U = 1 is the basic background shear, and (c) meridional velocity v = ∂xψ . The timestamps
increase from left to right, and come from the long DNS. The small square represents an example target region in which to sample extremes of
the local tracer concentration, in this case centered at x0 =

1
2L,y0 =

26
64L and extending ±`= 2

64L in both meridional and zonal directions.
This same region is the target used in the following results, and we consistently refer to the domain coordinates in fractions of 64 across all
figures.

ogous to “training” and “validation” datasets in standard ma-
chine learning procedures, in the sense that we want to infer
properties of the validation set using only information ex-
tracted from the training set (for example, by perturbing and
re-simulating events seen in training). As we show below,
simply counting events from the short DNS gives probability
estimates that deterioriate at high levels of severity, which we
aim to rectify with boosting.

Figure 2 shows representative snapshots of three dynami-
cal fields in the upper layer from the long DNS: tracer con-
centration c, zonal velocity u= U − ∂yψ , and meridional
velocity v = ∂xψ . Figure 3 shows Hovmöller diagrams of

zonal-mean anomalies of c and u (not v, since zonal-mean
meridional velocity is zero), as well as their climatological
means and standard deviations plotted alongside the topog-
raphy. These are statistics of the grid-cell values, not zonal
means, but depend only on latitude because so does topogra-
phy. Two eastward jets are prominent in the snapshots Fig. 2b
and in the zonal mean profile Fig. 3b.iii, with preferred lat-
itudes of ∼ 1

4L and ∼ 3
4L. The Hovmöller diagram gives a

sense of characteristic timescales: jets tend to remain roughly
stationary for stretches of ∼ 100 d at a time before shifting,
as seen by the group of closed contours of ψ and associated
dipole of u centered at time t = 3400. and persisting±50 d to
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Figure 3. Hovmöller diagrams of anomalies (departures from time-means) of zonal-mean concentration (a.i) and zonal-mean zonal
wind (b.i). Contours indicate zonal-mean streamfunction anomaly (range ±10, negatives values dashed). Column (ii) shows bottom to-
pography, which directly affects the lower layer only, but indirectly sets the preferred jet positions in the upper layer as well. For the same
quantities, column (iii) shows the zonal and time mean and column (iv) shows the zonal mean of the temporal standard deviation. The Hov-
möller diagrams give context to the snapshots of u from Fig. 2b, which come from times (i) 3300, when the upper and lower jets are both
shifted south; (ii) 3400, when the jets are unusually far apart; and (iii) 3500, when the jets are unusually close together. These intermittent,
discrete shifts in jet location happen every ∼ 100 d, which we call the “jet meandering timescale”. During a typical 100 d timespan of sta-
tionary jet, the fields oscillate roughly 10 times (not shown here; see Fig. 7); hence we assign the eddy turnover timescale a nominal value of
10 d.

either side. Within these stretches of quasi-stationarity, there
are shorter undulations of duration ∼ 10, which we identify
as the eddy turnover timescale.

The tracer statistics (Fig. 3a.iii and iv) have some easily
explainable large-scale patterns and some subtler small-scale
patterns. The tracer time-mean 〈c〉(y) increases linearly over-
all as y

L
, in keeping with its Dirichlet boundary conditions.

However, in the central region of the domain (inside the weak
westward jet) the tracer mean varies more rapidly with lat-
itude and has a larger standard deviation (see also dashed
curves in Fig. 4b and c).

In the eastward jets, the tracer mean varies more slowly
with latitude and has a smaller standard deviation. Compari-
son with the Hovmöller diagram (Fig. 3a.i) suggests that the
central region owes its high variance to short-lived anoma-
lous pulses, both positive and negative, which are more in-
tense than in surrounding regions. We won’t try to explain
these patterns from first principles, but simply state that the
setup accomplishes our intention to provide a variety of sta-
tistical behaviors as a suite of test cases for our approach.

3.3 Target variable

We define the intensity function of interestR(x) as the upper-
level concentration, c1 (henceforth, simply c), averaged over

a small square box [x0− `,x0+ `]× [y0− `,y0+ `] of half-
width `= 2

64 . This function is designed to capture the real-
world considerations and algorithmic difficulties that origi-
nally motivated the AST: it describes localized conditions,
similar to concentrated pollution, high heat, or heavy rainfall
over a region on Earth, and it is mediated by traveling baro-
clinic waves, and as a result it displays intermittency, with ex-
treme spikes that come and go quickly. The choice of upper-
instead of lower-level concentration is simply to weaken the
impact of arbitrary aspects of the model setup like the surface
topography. Real-world applications would of course refine
this choice in many ways, but our choice is suitable for the
QG level of model idealization.

To investigate the effects of location-dependent flow
regimes, we vary y0 across 23 evenly spaced latitudes y0 ∈{

10
64 ,

12
64 , . . .,

54
64

}
L, restricted to the central region to avoid

boundary effects. The central longitude x0 is fixed to L/2,
but by zonal homogeneity any longitude would be statisti-
cally equivalent. We also repeated the analysis with double
the box length, and found results to be qualitatively similar,
so we only show results for the smaller box size. The effect
of spatial scale is worth considering in its own right with a
wider range, which we postpone to future work.
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Figure 4. Summary statistics of latitude-dependent climatological tail distributions of local tracer concentrations, also called “intensities”,
which are denoted R and defined as the average concentration c over a box (x,y) ∈ (x0,y0)+ [−`,`]2. x0 =

1
2L and `= 1

32L are fixed,
while y0 varies across the midlatitudes from 10

64L to 54
64L. Panel (a) shows the lower-layer topography in this same range of middle latitudes,

(b) shows the mean intensity 〈R〉(y0), after subtracting a nominal trend of y0
L

to reveal a finer-scale structure that resembles the underlying

topography, and (c) shows the standard deviation of intensity
√
〈R2〉− 〈R〉2. Dashed curves in (b) and (c) indicate the mean and standard

deviation, respectively, of the concentration field c without box-averaging. Panels (d)–(f) summarize the distribution of intensities R∗ via the
parameters of the generalized Pareto distributions (GPD), inferred by the peaks-over-threshold fitting procedure (see Sect. 3.3 for details).

The threshold is set to the
(

1
2

)5
-complementary quantile, denoted µ

[(
1
2

)5
]

and shown in (d) with linear trend removed. Panels (e) and

(f) display the estimated (scale, shape) parameters (σ, ξ ).

Figure 4 displays some summary statistics of R(x(t)) as
functions of the target latitude y0: alongside (a) the to-
pography for reference, we show (b) the meridionally de-
trended time-mean 〈R〉(y0)− y0

L
and (c) the standard de-

viation
√
〈R2〉(y0)−〈R〉2(y0). Note the restricted latitude

range. In Fig. 4a and b, dashed lines show the corresponding
mean and standard deviation of c itself, as in Fig. 3c and d,
of which R is a regional average: note that R has the same
mean as c but a smaller standard deviation, and larger box
sizes would reduce it even further.

While the low-order moments capture ordinary behavior
of intensities R, the intensity peaks – i.e., severities R∗, de-
fined in Sect. 2 – are better viewed from an extreme value
theory perspective, and summarized with the peaks-over-
threshold procedure (Coles, 2001). We set a threshold µ

as the
(

1
2

)5
th complementary quantile of R, also denoted

µ

[(
1
2

)5
]

, i.e., the level whose exceedance probability is

q(µ)=
(

1
2

)5
. Severities R∗ are extracted as cluster max-

ima above µ, with buffer times Amax = 40 d and B = 20 d.
All cluster maxima from the long DNS are used as input

data points to infer the parameters (scale σ , shape ξ ) of a
generalized Pareto distribution (GPD), using the maximum-
likelihood routine of the Extremes.jl package (Jalbert
et al., 2024):

P
{
R∗ > r|R∗ > µ

}
≈Gµ(r;σ,ξ )

=


[
1+ ξ

(
r−µ
σ

)]−1/ξ
+

ξ 6= 0

exp
[
−
(
r−µ
σ

)
+

]
ξ = 0

(36)

where (·)+ =max(·,0). Figure 4d–f displays the threshold
(detrended by y0

L
), scale parameter σ , and shape parameter ξ .

Several characteristics are noteworthy.

– The detrended threshold µ− y0
L

has a maximum-over-
minimum profile similar to the the detrended mean in-
tensity 〈R〉− y0

L
, but shifted southward. The maximum

of µ− y0
L

is close to the mid-channel maximum in the
standard deviation of R, perhaps because extremes de-
pend more on variability than on average behavior.
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Figure 5. Probability distributions of local tracer concentrations at latitude y0 =
26
64L and averaged over a box of half-width `= 2

64L. (a) The

full PDF of intensity R. (b) The CCDF (tail integral) of intensity R, restricted to R > µ
[

1
2

]
. (c) Further zoomed-in CCDF of the severity

R∗
(

peaks of R over µ
[(

1
2

)5
])

. In all three panels, solid black and red lines represent estimates from long and short DNS, respectively,

with shaded 90 % confidence intervals obtained by repeating the inference 64 times, once for each possible longitudinal rotation of the
dataset. Error bars become degenerate at levels experienced by < 5 % of longitudes. Black dashed lines show the mean over all longitudinal
rotations, our best estimate of ground truth. The gray line in (b, c) represents the GPD fit to R∗ with µ= 0.52, σ = 0.06, and ξ =−0.31,
and this is a much better fit to the severities in (c) which makes sense given they are defined in terms of peaks.

– As expected for an upper bounded tail, we find ξ < 0 at
all latitudes (Fig. 4f).

– The GPD scale parameter, σ , is anti-correlated with
the (detrended) mean. The constraint R∗ ≤ 1 can ex-
plain this, as a higher distribution center leaves less
room for an expansive tail. In addition, the threshold µ
tracks approximately with the mean, and we can un-
derstand the anticorrelation mathematically through the
non-uniqueness of GPD parameters: the same tail can be
adequately described by two different choices of thresh-
old (µ1,µ2), and the two corresponding scale parame-
ters will be related by σ2− σ1 = ξ (µ2−µ1). Only the
shape parameter, ξ , is invariant with respect toµ. Seeing
that ξ is negative and varies only slightly with latitude,
σ and µ would vary inversely even if the tail itself were
not changing.

– The mean appears odd-symmetric and the standard
deviation appears even-symmetric about the midline
(Fig. 4b and c), which is not surprising given the tracer
boundary conditions which transform as c 7−→ 1− c
when y 7−→ L−y, negating the sign of fluctuations but
leaving their absolute value constant (or perhaps dis-
rupted slightly by topography). However, the GPD pa-

rameters are not symmetric (Fig. 4d–f), because they de-
scribe the upper tail of the local R∗ distribution, and the
transformation c 7−→ 1− c swaps the lower and upper
tails. The subsequent figures (Figs. 5 and 7) demonstrate
pronounced skewness, so the upper and lower tails are
markedly different. These partial symmetries will im-
print upon the COAST’s latitudinal variation seen later
in Figs. 14 and 15.

We implemented the boosting and estimation procedures
for every latitude separately, but for illustration focus the in-
depth analysis on y0 =

26
64L (the small boxes in Fig. 2), an

interesting location where the (detrended) mean and thresh-

old µ
[(

1
2

)5
]

are both low, the GPD scale σ is large, and

the GPD shape slightly more negative than in surrounding
regions. Figure 5 displays the underlying probability distri-
butions at y0 =

26
64L to show the nature of the tails of the

distributions and also to help clarify the relationship between
intensities, severities, and GPD parameters. The full PDF of
intensity, in Fig. 5a, has a positive skew and sub-Gaussian
tail. Black and red solid curves are estimates obtained from
the long and short DNS, respectively, and 90% confidence in-
tervals are obtained by longitudinal translation. Specifically,
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the shaded intervals are the 5th–95th percentile ranges of in-
tensities at the same y0, but with x0 shifted from its base
location of 1

2L by 0
64 , 1

64L, 2
64L, . . . , 63

64L. The dashed black
curve is the mean of all 64 curves, our best available estimate
of ground truth. The discrepancy between short and long
DNS is most pronounced in the upper tail, which in Fig. 5b
is magnified and integrated from the top, giving the CCDF.
Gray lines mark the threshold, µ= 0.52, and its CCDF value
1

32 ≈ 0.03. Above this level, the short DNS becomes rapidly
more uncertain (error bar widens), and severely underesti-
mates probabilities smaller than ∼ 0.005.

Both short and long DNS estimates diverge markedly from
the GPD fit shown in gray in Fig. 5b. This is where the dis-
tinction between intensity and severity comes into play: the
GPD is fitted to peaks over the threshold µ – i.e., severities –
whose distribution differs (most notably in the upward direc-
tion) from that of all exceedances over µ, which would in-
clude the clusters surrounding the peaks. Figure 5c confirms
that the GPD fit is much more appropriate for severities R∗

than for intensities R, and thereby clarifies the distinction.
If the threshold were raised, the clusters would shrink, the
sequence of peaks would form a Poisson process, and the
CCDFs of R and R∗ would converge. For computational
economy and because non-asymptotic extremes are of inter-

est for climate risk, we keep the threshold at µ
[(

1
2

)5
]

and

formally define our goal with boosting as correcting the dis-
tribution of severities – not intensities. Hence, our measure
of success will be whether the short-DNS severity CCDF in
Fig. 5c, when augmented by boosting, will become closer to
the long-DNS severity CCDF.

4 Ensemble design

4.1 Stochastic inputs

We perturb the QG model with impulsive forcing, which we
now specify as a concrete version of the generic form in
Sect. 2. The stochastic input ω lives in the complex plane
C(=�, the “input space”), and the state-space perturba-
tionG(ω) consists of a single Fourier mode to be added to ψ .
We stress that our focus here is on optimizing AST, not the
perturbation space �, so the choice of mode is arbitrary so
long as� remains low-dimensional. The optimal AST would
probably change if � changes, e.g., if we perturbed a differ-
ent mode or multiple modes at once; but the rule for choosing
it based on entropy may well generalize, which will have to
be tested in follow-up research.

Bearing these caveats in mind, we select a mode that is
likely to grow fast, according to linear stability analysis,
which is more easily explained as a procedure than as a
closed formula:

1. Decompose ψ into a Fourier basis ψz(x,y)=∑
k,`

ψ̂z(k,`)ei(kx+`y), and write the linearized dynamics

(about the baroclinically unstable background state with
vertical zonal wind shear and ψ = 0, and neglecting to-
pography) into the abstract form

C(k,`)
d
dt

[
ψ̂1(k,`)
ψ̂2(k,`)

]
= D(k,`)

[
ψ̂1(k,`)
ψ̂2(k,`)

]
(37)

where C ∈ C2×2 represents the conversion from stream-
function to potential vorticity, and D ∈ C2×2 represents
the advection and linear dissipation terms (excluding to-
pography).

2. Calculate the eigenvalues and eigenvectors
{(λ(m)(k,`), ϕ̂(m)(k,`)) :m= 1,2} of the Jaco-
bian matrix C−1(k,`)D(k,`), ordered by sta-
bility: Re{λ(1)

} ≥ Re{λ(2)
}, and select (k∗,`∗)=

argmaxk,`{Re{λ
(1)(k,`)}, i.e., the linearly most un-

stable mode from the background state. Restrict the
optimization to (k,`) both nonnegative, and not both
zero.

3. For z= 1,2, increment ψ̂z(k∗,`∗) by ωϕ̂(1)
z (k∗,`∗), and

to maintain the solution’s reality add the complex con-
jugate (c.c.) to ψ̂z(−k∗,−`∗). The perturbation can be
written as a function of space,

G(ω)= δψz(x,y)= ωϕ̂(1)
z

(
k∗,`∗

)
ei(k

∗x+`∗y)+ c.c., (38)

which can have pointwise magnitudes up to 2|ω|. In
the QG model, the mode we identify is (k∗,`∗)= (4,0),
and G(ω) is plotted in Fig. 6c for three different exam-
ple ωs, which correspond to the points labeled 1, 2, 3
in Fig. 6a. All share the same inter-layer relative phase
and magnitude, as these are properties of k∗,`∗, and
ϕ̂

(1)
z (k∗,`∗), but differ in absolute phase and magnitude.

Note that points 2 and 3 are approximately diametri-
cally opposed, and hence spatially ∼ 180° out of phase,
whereas point 1 is approximately one-quarter revolution
away and spatially∼ 90° out of phase with both 2 and 3.
Points (2, 3) are (closest to, farthest from) the center
of the circle, and hence have the (smallest, largest)-
magnitude spatial perturbations. of the three examples
shown.

The steps above completely specify G(ω), a linear map
from C to functions of (x, y, z), which can be easily com-
puted offline before running any ensembles. One could argue
for two obvious refinements of this choice: (1) specializing
the linearization to the actual initial state, not just the back-
ground state, by linearizing the quadratic form J (q,ψ) and
including that in the calculation of D(k,`); and (2) account-
ing for finite time horizons by using the leading singular vec-
tor of the linear propagator, i.e., the initial infinitesimal er-
ror whose magnitude amplifies the most over a given time
horizon (Farrell and Ioannou, 1996a, b) and which could be
estimated by a bred vector approach (Norwood et al., 2013).
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Figure 6. Structure of perturbations and their probability distribution. (a) Level sets of each considered input distribution from scales
s = 0.06 (red) to s = 0.9 (blue), each scale restricted to 1

15 of the circle each so that all scales may be seen. Labels on the outer edge of the
circle indicate the corresponding scale. Dots show the 21 impulses used at each AST before each ancestor, sampled by quasi-Monte Carlo.
(b) One-dimensional transects of p(ω;s,W ) at each scale. (c) The shape of perturbations to the streamfunction corresponding to ω1, ω2, ω3.
Note that the absolute amplitudes and phases vary, sampling the two degrees of freedom in the disc, but the relative amplitudes and phases
of the upper and lower layers are fixed.

For this study, we stick to the simpler choice of the most
unstable modes of the background shear, choosing to focus
attention on the less-studied optimization of the advance split
time given a fixed perturbation shape. There are several rea-
sons that singular vectors may not be suitable for our goals.
First, it is easier to compare different initial conditions, dif-
ferent advance split times, and even different topographies
(which we do not do here) when they are all subject to
precisely the same perturbation. Second, as our results will
demonstrate, the COAST tends to lie beyond the time range

where linearized error dynamics are appropriate, which is
natural because we aim for finite-amplitude boosts in ex-
treme events. Third, singular vectors are typically designed
to optimize global errors, which might not be as relevant for
local extremes. Fourth, such highly specialized perturbation
shapes might not be accessible in a generic GCM. Nonethe-
less, sensitivity analysis with respect to perturbation shape
leads the agenda for follow-up work.

Having fixed a subspace �= C for perturbations ω, we
need to specify an input distribution p�(ω) over that space.
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We design the PDF for ω as a radially symmetric, smooth,
“bump function” which has compact support in order to pre-
vent perturbations so large as to induce oscillatory transients.
The PDF is parameterized by two scales: W which is the
maximum permissible magnitude of ω, and s which sets the
typical perturbation strength:

p(ω;s,W )∝exp

[
−
|ω|2

2s2

(
1−
|ω|2

W 2

)−1]
for |ω|<W, and 0 for |ω| ≥W. (39)

When s�W , p is approximately a bivariate Gaussian den-
sity with diagonal covariance s2I . When s &W , p is approx-
imately uniform over the W -disc {ω : |ω| ≤W }, with rapid
(but mathematically smooth) transition to 0 on the boundary.
We fixW = 0.3, limiting the maximum possible perturbation
amplitude to |δψ | ≤ 2W = 0.6 (see text after Eq. 38), which
is small compared to the characteristic streamfunction am-
plitude of |ψ | ∼ 10. We include s as a parameter to vary be-
cause there is no established principle to set the magnitude of
impulses for the purpose of rare event sampling. In contrast,
numerical weather prediction has an established (if heuristic)
practice of tuning noise amplitude to match ensemble spread
with model error (e.g., Berner et al., 2015). Optimizing for
climatological accuracy is a different, murkier goal calling
for less prejudice with regard to perturbation magnitude. We
therefore vary s widely from 0.06 to 0.9 in increments of 0.06
for 15 total values. s is the impulsive-forcing analogue to the
continuous-forcing amplitude that we called F4 in Finkel and
O’Gorman (2024), which strongly influenced the perturba-
tion growth rate and therefore the optimal advance split time.

Figure 6a and b depicts p(ω;s,W ) in two ways: (a) two-
dimensional level sets of the unnormalized density (Eq. 39)
logarithmically spaced from e−4 to e−0.01, each value of
s occupying one of 15 sectors of the circle; and (b) one-
dimensional transects across p(ω;s,W ) fixing Re{ω} = 0.
To save the labor of drawing Monte Carlo samples from
p(ω;s,W ) separately and simulating the perturbed children
for each value of s, we compute the MoCTail and PoP-
Tail estimators using numerical quadrature over the W -
disc using a single set of samples drawn by quasi-Monte
Carlo (QMC), and displayed as black dots in Fig. 6a. QMC
is a general strategy which places samples deterministi-
cally across the input space in a way that mimics prop-
erties of randomness, but with lower discrepancy (fewer
clumps and patches), thereby aiming to reduce variance in
estimated statistics (Leobacher and Pillichshammer, 2014).
We specifically use the LatticeRuleSampler from the
QuasiMonteCarlo.jl Julia library (Rackauckas, 2023)
to distribute points {(Um,Vm)}Mm=1 quasi-uniformly on the
unit square [0, 1]2, and transform them to the W -disc with
the formula

ωm =W
√
Um exp(2πiVm) . (40)

Since Um is a “quasi-random sample” of the uniformly dis-
tributed random variable U ∼ U([0,1]), we have

P {r1 ≤ |ω| ≤ r2} = P
{
r2

1 ≤W
2U ≤ r2

2

}
= P

{
r2

1
W 2 ≤ U ≤

r2
2
W 2

}
=
r2

2 − r
2
1

W 2 (41)

which is the fraction of the W -disc between the radii r1
and r2. The phase 2πV is clearly U([0,2π ]). If U and
V were independent random variables, we would immedi-
ately conclude ω is uniformly distributed over the W -disc;
in QMC they are not independent, but the conclusion still
holds true (Leobacher and Pillichshammer, 2014). In all ex-
periments to follow, M = 21, corresponding to the 21 points
plotted in Fig. 6a. While other sampling rules are possible,
the LatticeRuleSampler enjoys a distinct advantage of
being extensible: sampling 12 points at first and later decid-
ing to add 9 more gives the same result as sampling 21 in one
batch.

4.2 Sweeping over ancestors and advance split times

Following the procedure laid out in Sect. 2, we apply each
perturbation {ωm}Mm=1 to a collection of ancestor events
{x(t∗n )}Nn=1 at a range of ASTs {t∗n −Aj }

J
j=1. We set the

number of ancestors, N to whichever is smaller: the total
number of cluster maxima (see Sect. 3) in the short DNS,
or 32. Considering all latitudes, the minimum N was 14,
the median was 22, and the maximum 32 was found at four
latitudes including y0 =

26
64L which we consider in more

depth. In the equal-cost comparisons to be shown later,
we restrict N to smaller values. The ASTs sampled are
{Aj }

J=20
j=1 = {2,4, . . ., 40}, with a two-day spacing chosen as

roughly half the period of small fluctuations in R(x(t)) (see
Fig. 7).

5 Results: conditional severity distributions

In this section we present some case studies of conditional
perturbed ensembles (from individual ancestors) and corre-
sponding dispersion measures to be subsequently used in the
MoCTail and PoPTail estimation. The results will add con-
text and motivation to the protocols laid out above, and set
the stage for the aggregation of results across ancestors.

5.1 Perturbed ensembles: case studies

Figure 7 displays a small but representative sample of
boosted ensembles at two target latitudes at the inner edges
of the two eastward jets: (a) y0 =

38
64L and (b) y0 =

26
64 . The

ancestors’ intensity (black dashed curves) reach their respec-
tive peaks at times t∗ = 4152 for (a) and 2702 for (b). Note
the differences in peak value and peak shape: the upper lati-
tude has long-lasting, flat maxima and the lower latitude has
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Figure 7. Boosted ensembles of two selected events: (a) time
t∗ = 4152 at latitude y0 =

38
64L, and (b) time t∗ = 2702 at lati-

tude y0 =
26
64L. These are times when the intensity function R(x(t))

from the short DNS (dashed black curves) achieved a peak value

(horizontal dashed black lines) above the threshold µ
[(

1
2

)5
]

(hor-

izontal gray lines). For each AST A ∈ {2,4, . . ., 40}, an ensemble
of perturbed events (descendants) is launched at t∗−A, indexed
by m= 1, . . . , 21. For three selected ASTs A= 2,16,32, the full
timeseries {Rm(t)}21

m=1 are shown in (a, b).i. The red-to-blue color
scale indicates short-to-long ASTs. Each descendant achieves a dif-
ferent severity R∗m (peak intensity), indicated by circles in (a, b).i
at (−A,R∗m) for all values of A. The peaks also occur at different
times t∗m, indicated in (a, b).ii by stars at (t∗m− t

∗,R∗m), again for
all A and colored accordingly.

brief, spiky maxima. The statistical properties at these two
locations, both in Figs. 7 and 3, are approximately equiva-
lent after reflection about 1

2 (c→ 1− c), meaning the upper
tail of one resembles the lower tail of the other. This can be
understood by the approximate north-south symmetry of the
tracer’s dynamics imposed by Dirichlet boundary conditions.

We show the perturbed intensities launched from three
ASTs A ∈ {2,16,32}, colored (red, orange, blue) respec-

tively. Following the split time, the ensemble members
spread apart from the parent and from each other, achieving
their own peak values (severities) that differ in both ampli-
tude and timing from the ancestor, the discrepancies increas-
ing with A. The red curves (A= 2) replicate the ancestral
peak very closely; the orange curves (A= 16) peak at sub-
stantially higher or lower levels, and up to ∼ 2 d earlier or
later. Still, the orange peaks are clearly dynamically related
to the ancestral peaks. This is no longer true for the blue
curves (A= 32), whose intensity peaks are widely scattered
in time and systematically lower than the ancestors’ peaks.

Besides these three selected ASTs, each descendant is
charted in Fig. 7a and b.i as a circle color-coded by AST,
positioned vertically at its severity value and horizontally at
its launch time. A corresponding star is plotted in Fig. 7a
and b.ii, positioned vertically at its severity value (on a
zoomed-in scale) and horizontally at its peak timing (con-
strained by the “argmax drift” parameter δt∗ = 5 d≈ half of
an eddy turnover timescale, as explained in Sect. 2.1). We can
see the transition of the R∗ ensemble from tightly clustered
(for short AST) to roughly independent and climatologically
distributed (for long AST), and in between there is a golden
window of opportunity where severities can be both large
and diverse. The optimal AST must balance these two ob-
jectives, a task akin to the exploitation-exploration tradeoff
in Bayesian optimization and reinforcement learning (e.g.,
Yang et al., 2022). In this light, the two functionals defined
in Eqs. (27) and (28) are candidate acquisition functions.

5.2 Relating severities to impulses: case studies

We now construct “severity response functions” R̂∗n,j (ω;θ )
mapping impulses ω ∈ C to severities R∗, approximating the
action of the flow map using some empirical parameters θ .
This will be needed to estimate conditional and uncondi-
tional probabilities through the MoCTail and PoPTail esti-
mators (see Eq. 5), and will also help to understand the joint
dependence between impulses ω ∈ C and the times {t∗n−Aj }
at which they are applied.

How should the response functions be parameterized? The
simplest choice would be a linear model, often used in nu-
merical weather prediction to optimize ensemble spread by
perturbing in the most-effective directions, so-called singu-
lar vectors (Diaconescu and Laprise, 2012). However, linear
models are strictly valid only for infinitesimal perturbations,
hence short lead times. Similar logic should apply when op-
timizing for severity instead of ensemble spread, and indeed
we demonstrate below that the COAST tends to lie beyond
the range where a linear model R̂∗ is valid. We therefore con-
struct a quadratic model as well, and it turns out that this
minor upgrade is sufficient. Future work with more com-
plex dynamics and objectives may call for more elaborate
response functions (orthogonal polynomials, Gaussian pro-
cesses, and neural networks for example), but we adhere to
quadratic models in this study as a proof of concept that is
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Figure 8. The response of an extreme event to perturbations: magnitude, phase, and timing. The event is the same as in Fig. 7b. Row
(a) represents impulses as in Fig. 6, but additionally shows the responses to them separately at six sampled ASTs (2, 10, 18, 24, 32, and 40 d
marked with vertical gray lines in c–e), which increase from right to left (launch time t∗−A increases left to right). Horizontal and vertical
scales are equal. At the shortest AST shown, A= 2, the response function is clearly linear: the impulses above and left of center are marked
by +, representing an increased severity, and those below and right of center are marked by •, representing decreased severity, with marker
sizes representing the magnitude of the change. Colored curves represent level sets of the fitted linear (blue) and quadratic (red) models,
with (solid, dashed, dotted) contours to differentiate (positive, zero, negative) changes to R∗. Row (b) displays the quality of these models
by plotting true vs. fit responses (again, horizontal and vertical scales are equal). As AST increases, the impulses causing higher and lower
severities become more intertwined and less linearly separable, as the red contours progressively bend and separate from the blue contours.
Accordingly, the modeled linear response ceases to correlate with the true response. The modeled quadratic response has a slightly longer
range of good quality, but also fails for AST & 26 d. Row (c) shows that the linear components θ1, θ2 are estimated similarly (at least in
magnitude) regardless of whether quadratic terms are also included. Row (d) shows that the quadratic model implies a local maximum (both
eigenvalues nonpositive) for most of the range A< 26, beyond which the landscape starts looking less like a hilltop and more like a saddle.
Row (e) displays the coefficients of determination, conventionally denoted R2 but not here so as to avoid confusion with intensity R.

easy to construct and interpret, which we do in the following
two figures.

The linear and quadratic response functions take the form

R̂∗(ω;θ )= θ0+ θ1Re{ω}+ θ2Im{ω}

θ0,θ1,θ2 fitted for both linear and quadratic models (42)

+θ3Re{ω}
2
+ θ4Re{ω}Im{ω}+ θ5Im{ω}

2

θ3,θ4,θ5 fitted for quadratic model only. (43)

We use ordinary least squares regression on theM = 21 sam-
pled impulses {ωm}Mm=1 and associated severities {R∗n,j,m}, in
addition to the non-perturbed ancestor (ω0 := 0) with sever-
ity R∗n,j,0 = R

∗
n. A different set of coefficients is calculated

separately for each ancestor n and AST Aj . The response
functions for the same ancestor event as in Fig. 7b are vi-
sualized in Fig. 8, using (a) the two-dimensional response
surfaces, (b) the true vs. fitted response values, (c) the over-
all slope, measured by the linear coefficient magnitudes,
(d) the overall curvature, measured by the eigenvalues of the
Hessian of the quadratic fit, and (e) the overall linear and

quadratic skills, measured by the coefficient of determina-
tion. The response surface gradually transforms from a lin-
ear plane, to a curved hilltop, to a saddle, to a jagged land-
scape, as AST increases. Accordingly, the linear and then
the quadratic model lose their skill. The quadratic model is
slightly better than the linear model for this particular event,
but substantially better when averaged across all events (see
the forthcoming Fig. 9c.i), and so we will use quadratic mod-
els only as R̂∗ in the tail estimators.

5.3 Conditional severity PDFs: case studies

Equipped with response functions approximated by
quadratic models, we can now construct conditional severity
PDFs using Eq. (10), which are displayed in Fig. 9. For the
same ancestor as in Fig. 8 and the same six ASTs, we can see
the relationship between actually sampled perturbed sever-
ities (red circles and lines), fitted severity PDFs (colored
curves, one color for each input scale s) evaluated at the bins

with lower boundaries
{
µ

[(
1
2

)k]
: k = 5, . . ., 14

}
, and the
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Figure 9. Severities and their conditional distributions for the same case study as Fig. 7b. For six ASTs (same as Fig. 8, decreasing from
left to right), perturbed severities are displayed as dark red circles along a vertical line, and the unperturbed (ancestral) severity is marked
with a horizontal black line. Colored curves and stars show the severity PDFs above µ= 0.52 as inferred from the quadratic regression, for
a range of scales s from 0.06 (red) to 0.9 (blue). Note that the longest ASTs (40 and 32 d) show a substantial probability mass beyond the
most-extreme sample. This is a sign of poor quadratic fit, which is consistent with Fig. 8e, and fortunately does not affect the later analysis
since optimal ASTs are well short of 32 d. Black curves with stars represent the climatological tail PDF, as inferred from the long DNS,
which we will seek to estimate by combining conditional distributions over many ancestors (not just the single ancestor considered here).

climatological PDF (black curves). As AST increases from
right to left, the severity PDFs morph from narrow spikes
centered at the ancestor severity to long, extended lumps
reaching far beyond the ancestor severity, and then recede

below the threshold µ
[(

1
2

)5
]

. The PDF’s motion resembles

a wave crashing onto a shallow beach, blanketing the sand,
and then retreating, hitting the true COAST somewhere
in the middle stages. But this general behavior is strongly
modulated by the choice of scale s: red PDFs, representing
the smallest scale s = 0.06, are narrower and located closer
to the ancestral severity (horizontal black line) for all ASTs,
whereas blue PDFs, representing the largest scale s = 0.9,
spread out further as a result of giving more weight to
bigger impulses. This underscores our claim that the input
distribution, an arbitrary choice, merits sensitivity analysis,
and so we carry it through the remaining steps.

5.4 AST selection criteria: case studies

Figure 10 display the criteria proposed in Sect. 2.4 that might
help determine in which stage of “wave breaking” the sever-
ity PDF finds the COAST. The EI and TE criteria shown
in Fig. 10a and b both exhibit non-monotonic behavior by
design, maximizing at COASTs denoted AEI and ATE (see
Sect. 2.4). The AST dependence can be heuristically under-
stood in light of the PDFs in Fig. 9:

– At small AST, the narrow PDFs have a relatively high
probability of improvement over the ancestor

(
∼

1
2

)
,

but only by small amounts, hence a small EI. By a sim-
ilar token, the TE terms in Eq. (28) are almost all posi-
tive because the PDF is situated well above µ, but being
concentrated in a small number of bins makes its infor-
mation content low.

– At intermediate ASTs of 10–20 d, the PDFs remain
roughly centered at the ancestor’s severity, meaning that
improvements remain highly probable, but are larger
when they happen thanks to the long upper tails, con-
tributing to a large EI. Meanwhile, both upper and lower
tails contribute to a large TE, which does not directly
favor exceptionally high severities but rather diverse
severities that are high enough to exceed µ.

– At large AST past ∼ 25 d, the PDFs have diminishing
mass above µ, let alone above the ancestor severity R∗n,
which zeros out most of the contributions to both EI
and TE.

The COAST can change with the scale s: even though the
overall shapes of TE and EI do not change very much, the
location of their maxima might. Fortunately, we will find
changes in scale for s & 0.24 to have negligible impact.

Figure 10c and d displays two versions of pattern corre-
lation ρ, defined in Sect. 2.4 for an arbitrary field F : the
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Figure 10. Ensemble dispersion indicators as a function of AST, again for the same case study as Fig. 7b: (a) expected improvement EI,
(b) thresholded entropy TE, (c) local and (d) global correlations. Colors indicate input scales s, from small (red: s = 0.06) to large (blue:
s = 0.9). In (a, b), vertical bars mark the respective optimal ASTs, which may depend on the scale. In (c, d), horizontal dashed lines are

positioned at 1−
(

3
8

)2
, corresponding to the rule of thumb from Finkel and O’Gorman (2024).

“global correlation” ρ[c] uses the whole two-dimensional
upper-layer concentration field F (x,y)= c1(x,y), and the
“local correlation” ρ[c(·,y0)] uses only the single-latitude
transect F (x)= c1(x,y0) at the target latitude y0. Both drop
off steadily with AST, although local correlation fluctuates
more due to averaging a smaller spatial region. The influ-
ence of perturbation scale s enters at the ensemble-averaging
step, where the mth member’s pattern correlation ρ[F0,Fm]

is weighted by p(ωm, s,W ). Since smaller perturbations take
longer to grow, smaller input scales lead to slower dropoff
of ρ with A – but only at short lead times, where errors
are still tiny. Beyond A≈ 6 and 10 d for global and local
correlations respectively, decorrelation proceeds at a similar
rate with respect to increasing AST for all scales. The nom-

inal threshold ρ =

√
1−

(
3
8

)2
is marked in both, and gives

a similar AST for local and global correlations but generally
longer than implied by EI or TE.

5.5 AST selection criteria: aggregate results

Figure 11 goes beyond the case study to show dispersion in-
dicators averaged across all ancestors. The coefficients of de-
termination for linear and quadratic models (Fig. 11a) are
farther apart on average than they are for the case study (see
Fig. 8e), the quadratic model enjoying much higher skill
especially during the pivotal 10–20 d range when EI and
TE tend to maximize (Fig. 11b and c). This validates our
choice to use the quadratic model. Overall, the EI, TE, global

and local correlations (Fig. 11b–e) are similar on average to
the case study, but smoother.

Note, however, that these averaged dispersion indicators
are never used directly in AST selection: the COASTs are
chosen separately for each ancestor as the maximizer of its
own EI or TE, or at the longest AST such that global or
local correlation is above ρU. This nuance is further illus-
trated in Fig. 12a and b, where (EI, TE) are plotted as joint
functions of AST and input scale. Whereas the heatmaps
are averages over ancestors of EI and TE just like Fig. 9c.ii
and iii, the red circles indicate the fraction of ancestors whose
EI or TE is maximized at a particular AST for each par-
ticular scale. We call the red circle sizes “COAST frequen-
cies”. For example, at s = 0.24, the mean EI maximizes at
A= 14 d, and that same AST is the most frequent COAST.
However, the second-largest circle indicates that A= 20 d
is a close second-most frequent COAST according to EI.
At the same scale, the most frequent COASTs according to
TE are A= 18 and 20. In general, we gather two patterns
from Fig. 12a and b: the average EI and TE values (i) are
well-correlated with their corresponding COAST frequen-
cies, and (ii) both change rapidly at small scales but stabi-
lize above s ≈ 0.24, at which point the input distributions are
close enough to uniform over theW -disc. This relative stabil-
ity is reassuring, but we generally prefer smaller noise which
disturbs the model dynamics less. To balance these consid-
erations, we select s = 0.24 as the nominal scale to examine
more closely going forward.
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Figure 11. Ensemble dispersion metrics averaged across ancestors at y0 = 26/64L. (a) Coefficients of determination for linear (cyan) and
quadratic (orange) regressions, averaged across ancestors. (b–e) Same quantities as in Fig. 10a–d but averaged across ancestors, with only the
largest and smallest scales shown (red: s = 0.06, blue: s = 0.9). Shaded regions indicate variation across ancestors, which we quantify using
truncated upper- and lower-means. For example, the upper truncated mean for correlation ρ is the mean of ρ across ancestors with above-
average ρ: E[ρ|ρ > E[ρ]], separately at each AST. We choose truncated means to avoid the awkward properties of more standard measures
of spread: interquartile ranges would be erratic for the relatively small sample size of ancestors, whereas standard deviation envelopes can
misleadingly fall outside the bounds [0, ] to which ρ is constrained.

6 Results: climatological severity distributions

Having explained the construction of conditional distribu-
tions, we now aggregate across ancestors using MoCTail and
PoPTail estimators to obtain our estimates of the climato-
logical severity distribution from the boosted ensembles. We
evaluate the skill of each AST selection rule by the χ2 di-
vergence of the resulting climatological distribution from
ground truth as obtained from the long DNS. We first restrict
attention to extremes at y0 =

26
64L and then assess a broader

swath of latitudes.
First, consider the simplest AST selection rule A= AU, a

uniform AST over all ancestors. We have no a priori prin-
ciple for AU, so we search through all possible values from
2 to 40 d. Figure 12c displays the resulting χ2 divergence be-
tween the MoCTail and ground truth, as a function ofAU and
input scale. A clear optimum emerges at AU

= 14 d and per-
sists for all scales s & 0.24, after rapid changes across smaller

scales. Red contours also indicate the local correlation, aver-
aged across ancestors to give a smooth and monotonic func-
tion of AST. In terms of correlation, the COAST AU

= 14 d
corresponds to ρU

≈ 0.92 depending on the scale, which is

slightly above the nominal value 1−
(

3
8

)2
= 0.86, meaning

one should split a little bit closer to the event than the rule of
thumb implies.

Overall, the χ2 landscape (inverted) roughly aligns with
the EI and TE landscapes, as do their respective optima. This
is remarkable and encouraging: allowing each ancestor to de-
termine its own COAST independently, with no knowledge
of the ground truth or even other ancestors’ COASTs, leads
to a similar solution as the policy of synchronizing them all.
Boosting based on EI and TE, therefore, is more paralleliz-
able (optimizations are decoupled across ancestors), extensi-
ble (new ancestors can be added without changing the opti-
mal split times for pre-existing ancestors), and interpretable
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Figure 12. Three optimization landscapes as joint functions of AST and input scale for y0 = (26/64)L: (a) expected improvement (EI),
(b) thresholded entropy (TE), and (c) χ2 divergence between the MoCTail and ground truth. Lighter gray indicates better performance –
smaller χ2 divergence or larger EI and TE – and the corresponding “best” ASTs consistently fall in the interior of the domain, across all
scales. Contours of local correlation ρ[c(y0, ·)] are overlaid in (c), giving a rough map of correspondence between correlation levels and AST.
The size of red circles in (a, b) indicate the “COAST frequency”: the fraction of ancestors whose (EI, TE) is maximized at the corresponding
AST while holding the scale fixed. Note the multiple local maxima in mean EI and TE (as indicated by the lightness of the gray color in a, b),
each of which is the global maximum for some significant set of ancestors.

(one can see the optimum clearly based on a case study, with-
out complicated averaging procedures across initial condi-
tions).

Figure 13 makes a tail-to-tail comparison between all the
AST selection rules (a.i–v: AU, APC local and global, AEI,
ATE), fixing the scale to s = 0.24 and (in the case of AU

and APC) selecting post-hoc the best-performing threshold
to set the COASTs. We used subsets of only 11 of the 32 an-
cestors, resampling such subsets 64 times to obtain medians
(solid) and interquartile ranges (shading) on CCDFs. The nu-
merical values of optimal AST and ρ reported above a.i–iii,
with PoPTail optima parenthesized, are the optima obtained
from N = 32, i.e., the best estimates of the true optima; they
do not necessarily correspond to the values used for plotting
withN = 11, which are optimized separately for each resam-
pling. The brown CCDF in panel a.vi is the estimate from the
unboosted acestors alone (“equal-N”), and the black is the
estimate from a larger number of ancestors to equal the cost

of boosting. The curves underneath in panel (b) show the rate
of improvement of χ2 with N .

In terms of quantitative improvements in χ2 for a fixed
cost (vertical differences between curves), all the rules con-
sidered (AU, APC, AEI, ATE) improve substantially upon an
equal-N DNS and modestly upon an equal-cost DNS. The
size of the advantage varies withN in the way that we expect
from boosting: substantial improvements in χ2 with mod-
erate N , (∼ 5–10) when the DNS has sampled the attrac-
tor broadly but sparsely and extremes are within reach by
perturbation. The advantage might diminish if N increases
enough for DNS to see those extremes without perturbation,
but we haven’t reached that regime yet. MoCTail and PoPTail
performances are similar, but not identical: PoPTail seems
more suited for threshold-based rules (AU, APC local and
global in b.i–iii), whereas MoCTail seems more suited for
optimization-based rules (AEI, ATE in b.iv and v). Another
way to measure boosting advantage is by “speedup”: given
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Figure 13. CCDF approximations by various mixing criteria and associated errors, at the latitude y0 =
26
64L and input scale choice s = 0.24.

(a.i–v) Tail CCDFs by various estimates using only N = 11 ancestors, with lines showing medians and bands showing interquartile ranges
across many size-11 subsamples of the total set of 32 ancestors. Dotted lines with open circles are PoPTails, while solid lines with crosses are
MoCTails. Dashed black lines show the ground truth estimate. Panel (a.i) shows the tail approximation using a single uniform AST indicated
at the top: 14 d for MoCTail and 8 d (parenthesized) for PoPTail. Panels (a.ii, iii) show the tail approximations using thresholds of (local,
global) correlations as AST selection criteria. Panels (a.iv,v) show the tail approximations obtained by maximizing (EI, TE), which unlike
the other criteria do not rely on knowing the ground truth to select ancestor-wise ASTs, either directly or through threshold choice. (a.vi) also
shows estimates from DNS with equal cost to boosting on 11 ancestors (black stars, gray envelope) and DNS from only N = 11 peaks
(brown circles and envelope), in both cases estimating uncertainty by longitudinal rotation. The GPD fit to ground truth is shown as a gray
curve. In (a.i–iii), the thresholds shown at the top (PoPTail thresholds parenthesized) are obtained by using all 32 ancestors, but the CCDFs
displayed each choose an AST to minimize χ2 divergence from ground truth, separately for each subsample. Because this requires ground
truth knowledge, the χ2 divergences must be interpreted as practical lower bounds. The 90 % error bar applies to the MoCTail estimator
only, and comes from bootstrapping on entire “families” or in other words mixture components (not individual descendants) and choosing
the best AST (by χ2 divergence) for each particular subsample. The error bar widths, too, must then represent lower bounds. (b) χ2 values
for the estimator directly above in each case as a function of N , and compared with DNS at equal cost and equal N . DNS does not run long
enough to equal the total cost accrued by boosting 32 ancestors, so the black curve stops before the others.

a prescribed χ2 error, how much extra simulation is needed
with DNS relative to boosting to achieve it. These are the
horizontal distances between curves. Across all AST criteria,
speedup varies from 1.5× to 3×, and accelerates sharply as
the DNS curve flattens around χ2

∼ 10−1 while the boost-
ing curves continue to decrease linearly. These are modest
speedups compared to other published rare event algorithms,
which report between one and four orders of magnitude
speedup depending on the event definition and the algorithm
(e.g., Ragone and Bouchet, 2021; Finkel and O’Gorman,
2026), but again, we stress that the computational savings
here are only incidental to our main goal of characterizing

the COAST. Substantial improvements should be possible
by targeted optimization and, potentially, repeated rounds of
boosting.

We selected N = 11 to display the full CCDFs in Fig. 13a
as the middle range of values tried, and where enough equal-
size ancestor subsets are available for uncertainty quantifica-
tion by bootstrapping. When comparing with DNS CCDFs,
all five rules successfully extend the short, equal-N DNS
tail into a longer tail that tracks closer to the ground truth
farther into the extreme severity range. They also all find
a larger maximum than even the equal-cost DNS found.
However, the threshold-based rules exhibit apparent bias,
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Figure 14. Performance of all AST selection criteria, measured by χ2 divergence, across all latitudes for s = 0.24 and N = 10 or 11,
whichever is nearest to 1/3 the number of ancestors found for the latitude in question (sometimes less than 32). Black line and gray envelope
represent the error from the short DNS and its 90 % error bar according to quantiles across longitudes. Panels (a)–(e) parallel Fig. 13a.ii–vi.
Solid lines and crosses represent the MoCTail estimator, while dotted lines with open circles represent the PoPTail estimator.

systematically underestimating probabilities for R∗ & 0.64,
whereas the optimization-based rules are both more accu-
rate and more confident. Our hypothesis for this behavior is
that each ancestor has its own predictability timescale, physi-
cally linked to the frequency of the wave responsible for that
particular event, and that these ancestor-varying timescales
cannot all be respected at once by a single, globally im-
posed time like AU, or even a globally imposed correlation
threshold to dictateAPC. The optimization-based criteriaAEI

and ATE are tailored to the ancestor, and might in fact be
choosing those predictability timescales implicitly. This is
only speculation, however, and must be validated with more
detailed analysis than fits in our present scope.

The COASTs identified by all rules lie strictly between
the shortest and longest ASTs considered. For example,
AU
= 14 according to the MoCTail estimator (using all N =

32 ancestors). By comparing with Fig. 12c, we recognize
14 as the minimum of the χ2 landscape for s = 0.24 (and
larger scales), with an approximate local-correlation equiva-
lent of 0.98.

Similar patterns hold across target latitudes, but with some
notable caveats. The χ2 divergences of each selection rule
are plotted in Fig. 14, of which Fig. 13c is one slice. The
most obvious and important point holds: perturbed ensem-
bles improve upon the DNS equal-N estimate, for almost all
latitudes and AST selection rules, and they also improve on
the equal cost estimate in many cases. ButAEI is less reliable;
its favorable performance noted above in Fig. 13 is peculiar
to the latitude y0 =

26
64L. At some other latitudes, it is simi-

lar or worse in skill than equal-N and even equal-cost DNS.
Even so, it tends to fail by overestimating severities, which
we have confirmed by examining the corresponding CCDFs
(not shown), and thus it may serve as a useful upper bound.
The MoCTail and PoPTail estimators are similar in quality
across latitudes, but as observed in Fig. 13, PoPTail has an
advantage with threshold-based rules (AU, APC local and
global) whereas MoCTail performs better with optimization-
based rules (AEI, ATE).

The various estimators and AST selection rules have dif-
ferences in skill, but a more important commonality: all of
them indicate that an optimal advance split time exists that is
strictly positive, which is not a foregone conclusion in light
of standard rare event algorithms like adaptive multilevel
splitting (AMS; Lestang et al., 2018) without “trying early”.
Figure 12 shows clear intermediate optima when targeting
the single latitude y0 =

26
64L, and Fig. 15 extends this result

to all latitudes by stacking together cross-sections of the per-
latitude counterparts of Fig. 12 at s = 0.24. The COAST fre-
quency and mean-TE landscapes have broad ridges that me-
ander slowly in AST space with latitude, approximately in
phase with topography: smaller ASTs are favored at y0 ≈
26
64L, where topography is minimized and meridional wind
shear is negative, and larger ASTs are favored at y0 ≈

38
64L,

where topography is maximized and meridional wind shear
is positive. A similar pattern, but with bigger swings, is seen
in the χ2 landscape. All these patterns are a bit noisy, es-
pecially for the COAST frequencies and χ2-COAST loca-
tions, since both come from an inherently unstable “argmax”
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Figure 15. Optimization landscapes and optimal ASTs across latitudes, again fixing the input scale to s = 0.24. (a) Frequencies of condition-
ally optimal ASTs (COASTs), in the maximum-thresholded entropy sense, at each latitude, with whiter shading indicating higher frequency.
E.g., at y0/L= 26/64, the two adjacent bright pixels at AST = 18, 20 indicate that for a large fraction of ancestors, the highest-entropy
descendant ensemble is the one launched 18 or 20 d in advance of the peak. (b) Thresholded entropy as a function of AST, normalized to
the range 0–1 (black-white, so brighter is better) separately at each latitude. This landscape is smoother than χ2 and varies less dramati-
cally with latitude, but exhibits directionally similar trends. (c) χ2 divergence as a function of AST and latitude, normalized to the range 0–1
(white-black, so brighter is better) separately at each latitude so that different latitudes are visually comparable. Red crosses mark the optimal
AST at each latitude. Cyan (solid, dashed) curves mark the AST at which the (global, local) correlations, averaged across ancestors, reach

1−
(

3
8

)2
. This nominal choice is based on Finkel and O’Gorman (2024), and falls squarely in the middle of the latitude-dependent ASTs.

(d) Contour map of local correlation, averaged over ancestors, as a function of AST and latitude. The levels range from 0.22 (left-most dotted
black curve, fragmented by boundary) to 0.99 (rightmost solid black curve), evenly spaced in a stretched sigmoid scale (levels are shown

only for qualitative purposes). The reference level 1−
(

3
8

)2
appears dashed in cyan. (e) Bottom topography for reference.

function. Nonetheless, the detailed latitude dependence is
only a secondary effect on top of the main point, which is
clearly demonstrated: splitting is most effective at intermedi-
ate ASTs rather than very short or long ASTs.

We can also now evaluate the 3
8 rule from Finkel and

O’Gorman (2024) in this broader multi-latitude context,
though here we simplify the procedure by first averaging ρ
across ancestors and then calculating AU as a threshold-
crossing time of that average, which we call AU

3/8, rather
than averaging times APC

n [ρ
U
= 1− ( 3

8 )2
] across ancestors.

The same conclusion holds either way. The AST values AU
3/8

are overlaid on the χ2 heatmap (Fig. 15d) as blue curves.
The solid curve, representing a level set of ancestor-averaged
global correlation, should be constant with latitude and varies
only due to sampling errors. Likewise, the dashed curve, rep-
resenting a level set of ancestor-averaged local correlation,
should be approximately symmetric with respect to latitude
because of the symmetric tracer boundary conditions and ap-
proximate mirror symmetry in velocities, as should all the
level sets in panel c. Since the AU varies differently with lati-
tude, exhibiting roughly odd symmetry about the midline, the
3
8 rule cannot possibly be optimal for all latitudes simulta-
neously. More fundamentally, the COAST depends on more
than just a generic metric for ensemble dispersion: it must
also depend on the features of the tail being sampled, which

in this case is the only possible source of meridional variation
(see Fig. 4).

However, both versions of AU
3/8 run right through the

mean position of the meandering χ2 valley and associated
COASTs, performing about as well as any such highly-
constrained synchronized AU could do. Thus, the 3

8 rule re-
tains its relevance as a starting point for more refined opti-
mization more tailored to the event, at least for this QG sys-
tem. Whether the 3

8 rule generalizes to more heterogeneous
systems as the “optimal synchronized AST” requires further
investigation. We found it provides some guidance for tem-
perature and precipitation extremes in an idealized general
circulation model, but overestimated the optimal AST in both
cases (Finkel and O’Gorman, 2026).

7 Conclusion

Rare event sampling is a promising strategy to study extreme
weather more efficiently with computer models by repeat-
edly cloning, perturbing, and re-simulating the most extreme
events in an ensemble while tracking statistical weights.
However, sudden and transient events such as mid-latitude
precipitation present a particular challenge for rare event al-
gorithms, leaving ensembles little time to diversify before the
event passes by. Ensemble boosting (Gessner et al., 2021;
Gessner, 2022; Fischer et al., 2023; Bloin-Wibe et al., 2025)
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and “trying-early adaptive multilevel splitting” (TEAMS;
Finkel and O’Gorman, 2024, 2026) get around this prob-
lem by perturbing events farther in advance by some advance
split time (AST) to allow ensembles to spread, but this opens
a pivotal question: how should we choose the AST for max-
imal accuracy and efficiency? If AST is too short, perturba-
tions cannot grow enough to give useful samples, and if it
is too long, they regress to climatology. To deploy advance-
splitting methods at scale, we need more reliable ways to set
the AST as well as other hyperparameters. The AST itself
may be a property of the physical system, not of algorith-
mic parameters like ensemble size, which would simplify its
optimization while also yielding physical insight into causal
mechanisms of the event.

In this paper, we have pursued this hypothesis and estab-
lished the conditionally optimal advance split time (COAST)
as a quantity more intrinsic to the dynamical system than
to the idiosyncrasies of a particular rare event algorithm by
removing the confounding effect of randomly selecting en-
semble members to split. The COAST also depends on the
target observable of interest, the imposed distribution over
perturbations, and the initial conditions which may vary in
their predictability. We formulate COAST mathematically
as the solution to an optimization problem, and through a
systematic boosting-based sampling and estimation proce-
dure we discern the optimization landscape in the context of
an idealized physical model: a baroclinically unstable quasi-
geostrophic (QG) flow, with local passive tracer fluctuations
as our extreme event of interest. To facilitate more efficient
rare event sampling applications, we have further proposed
various parsimonious rules for finding the COAST, and eval-
uated these rules empirically in the QG model.

We have four conclusions to report:

1. A boosting procedure, generated with a suitable AST,
can well-approximate a probability distribution’s tail us-
ing either of two estimators: “MoCTail”, which we for-
mulate here, and “PoPTail”, due to Bloin-Wibe et al.
(2025).

2. The optimal AST is strictly greater than zero and varies
slowly with latitude, appearing smaller in regions of
negative meridional wind shear (e.g., the northern edges
of westerly jets) and larger in regions of positive merid-
ional wind shear (e.g., the southern edges of westerly
jets).

3. Several different rules for selecting the COAST are
equally effective. Beyond the simplest option of setting
a single fixed AST (calledAU), one can set a conditional
AST (called APC) by thresholding on ensemble disper-
sion. Both AU and APC perform similarly at tail re-
construction, but both unfortunately require a threshold
choice, which there is no established method for select-
ing. Here we selected thresholds post hoc with knowl-
edge of the ground truth. The rule proposed in Finkel

and O’Gorman (2024)- – that AU
≈ the time until en-

sembles disperse to 3
8 their saturation value – appears

to be a good single choice, but further improvement is
possible by tailoring AST to the target location and the
initial condition.

4. An attractive alternative to thresholding is optimizing
some functional of the ensemble severity distribution
designed to favor both high extremes and wide spread.
We have found a suitable functional in thresholded
entropy (TE), the expected information contained in
that part of the ensemble’s severity distribution exceed-
ing the pre-selected threshold. Optimization-based AST
rules open the door to using Bayesian optimization
strategies to home in on the COASTs adaptively dur-
ing an actual rare event sampling algorithm, avoiding
the exhaustive grid searches we have performed here.

There are many important avenues of research indicated by
the present study, both methodology-oriented and science-
oriented. On the algorithmic front, it remains to be seen
whether thresholded entropy succeeds at matching tail statis-
tics in general systems, but the consistency across differ-
ent targets within the QG model is encouraging. We sus-
pect that some similar objective function over distributions
is broadly applicable. Furthermore, the shape of perturba-
tions is a possibly very important lever on the potency of
perturbations, acting in concert with their timing. While we
limited our present study to a two-dimensional perturba-
tion space based on linearized dynamics about a baroclin-
ically unstable background flow, a natural extension would
be to use flow-dependent singular vectors as in operational
weather forecasting. By design, they effect faster ensemble
spread in the small-perturbation regime; however, it must be
checked if their advantages carry into the finite-amplitude
regime needed for effective rare event sampling. Computa-
tional tools such as adjoints, especially in novel machine
learning models, invite the use of gradient-based optimiza-
tion (Wang et al., 2020; Vonich and Hakim, 2024; Whittaker
and Luca, 2025). Since exhaustive grid search over ASTs
and perturbation spaces is not an option when deploying rare
event algorithms in practice, we are actively pursuing effi-
cient optimization strategies, which are important to make
use of this research.

Intriguing dynamical questions also arise from the lati-
tude dependence of the COAST, which can be seen as a pre-
dictability index tailored to extremes: how do the physical
parameters such as topography, rotation rate, and the spa-
tial domain affect COAST? Is the effect entirely explainable
through the extreme value statistics, as we have speculated,
or can two similarly shaped tails belie extremely different
COAST behavior? These questions merit further parameter
exploration, both within and beyond the quasigeostrophic
framework. We expect to draw insight from recent theoret-
ical advances relating extreme value theory to the geometry
of chaotic attractors (Lucarini et al., 2016).
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In summary, our work makes empirical progress on im-
portant theoretical and algorithmic questions regarding the
probabilities of the most extreme weather events. Perturbed
ensemble forecasts of individual weather events are distinct
from the climatological distribution, but here we have given
quantitative evidence for a relationship between the two –
so long as the perturbations are well-timed – that can be ex-
ploited for efficient risk analysis via judicious perturbed sim-
ulations. Our work has elucidated what it means to be “well-
timed”, and furthermore provided quantitative optimization
criteria for perturbation timing. Only with this basic pre-
requisite information on what to optimize, should we proceed
to invest effort into optimizing efficiently.

Appendix A: Langevin model

The schematic in Fig. 1 comes from Langevin dynamics,
consisting of a single particle moving in one dimension with
position X(t) and momentum Y (t) subject to a potential
gradient force, friction, and stochastic Gaussian white-noise
forcing W (t):

dX(t)=
1
m
Y (t)dt (A1)

dY (t)= [−V ′(X(t))− γ Y (t)]dt + σdW (t) (A2)

where the potential function V (x) has a quadratic core and
logarithmic wings,

V (x)=

{
α+1
β

(
log(ε)+ (x/ε)2

−1
2

)
|x| ≤ ε

α+1
β

log |x| |x|> ε,
(A3)

which leads to a heavy-tailed (in x) steady-state probabil-
ity density p(x,y)∝ exp

[
−β

(
V (x)+ y2

2m

)]
∼ |x|−(α+1) for

large |x|. Constant parameters are γ = 0.05 for friction,
m= 1.2 for mass, σ = 0.005 for stochastic forcing strength,
ε = 0.25 for the extent of the quadratic core of the potential,
α = 3.1 which sets the tail weight, and β = 2mγ/σ 2 which
is the inverse temperature.
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