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S1 On the Γn,λ distributions from Gaussians with σ ̸= 1

We want to fit the σ2 = 1
β distributions as a convolution of exponential distributions. Let’s first

consider which is the general expression of a Γn,λ coming from gaussian distributions with σ ̸= 1 in
general.
Let xi be independent gaussian distributed random variables with zero mean (µi = 0) and same
variance (σi = σ):

f(xi) =
1√
2πσ

e−
x2i
2σ2 (S1)

Let’s define:

Q =

2n∑
i=1

x2i (S2)

So, calling V the elemental shell volume at Q(x), which is proportional to the (2n − 1)-dimensional
surface in 2n-space for which Q =

∑2n
i=1 x

2
i ,

P (Q)dQ =

∫
V

e−
1

2σ2 (x2
1+x2

2+...+x2
2n)

(2π)2n/2σ2n
dx1dx2 · · · dx2n

=
e−

Q

2σ2

(2π)nσ2n

∫
V
dx1dx2 · · · dx2n

=
e−

Q

2σ2

(2π)nσ2n
· 2Q

2n−1
2 πn

Γ(n)
· dQ

2Q1/2

=
Qn−1e−

Q

2σ2

2nΓ(n)σ2n
· dQ

(S3)

The resulting normalized Γn,λ distribution (where λ = 1/2σ2) with 2n degrees of freedom (the number
of the added gaussian variables) is:

Γn,λ(Q) =
Qn−1e−

Q

2σ2

(2σ2)nΓ(n)
=

λnQn−1e−λQ

Γ(n)
(S4)

Imponing 2n = 2 we obtain the exponential distribution:

Γ1,λ(Q) =
1

2σ2
· e−

Q

2σ2 = λe−λQ (S5)

The mean value of a gamma distributed variable is:

µΓ,n =

∫ ∞

0
QΓn,λ(Q)dQ =

n

λ
(S6)

The variance of a gamma distributed variable is:

σ2
Γ,n =

∫ ∞

0
Q2Γn,λ(Q)dQ− µ2

Γ,n =
n

λ2
(S7)

Imponing n = 1 (the case of the exponential distribution) we obtain:

σ2
exp := σ2

Γ,1 =
1

λ2
(S8)
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S2 On the convolution of Γ1,λ distributions

Let X and Y be two independent random variables distributed as Γ1,λ and Γ1,k respectively, see
Equation (S5), where λ = 1

2σ2
X

> 0 and k = 1
2σ2

Y
> 0:

fX(x) = λe−λxΘ(0,∞)(x)

fY (y) = ke−kyΘ(0,∞)(y)
(S9)

where

Θ(a,b)(t) =

{
1 if a ≤ t ≤ b

0 otherwise
(S10)

The two random variables X and Y are independent, so their joint probability distribution is:

fXY (x, y) = fX(x) · fY (y) (S11)

If we define a new random variable Z = X + Y , we will obtain:

fZ(x, z) = fX(x) · fY (z − x)

= λke−λxe−k(z−x)Θ(0,∞)(x)Θ(0,∞)(z − x)

= λke−kze−(λ−k)xΘ(0,z)(x)

(S12)

So, we obtain the convolution:

fZ(z) =

∫ ∞

0
fZ(x, z)dx

= λke−kz

∫ z

0
e−(λ−k)xdx

=
λk

λ− k
(e−kz − e−λz)

(S13)

The normalization can be easily checked.

S2.1 The case where λ = k

In the case where λ = k, it means that X and Y are identically distributed, so Z is the sum of n = 2
exponential processes (positive variables with maximum entropy distribution). We can interpret Z as
the sum of 2n = 4 indipendent gaussian random variables with σ2

X = 1
2λ :

Z ∼ Γ2,λ(z) = λ2ze−λz (S14)

In this case the variance results:
σ2
Γ,2 =

2

λ2
(S15)

In the following and in the paper, when we omit the pedix n = 2, we refer to the case n = 2:

σ2
Γ := σ2

Γ,2 (S16)
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S3 The general case: the superstatistical combination of a gaussian
distribution and a Γn,λ distribution

The PDF of the total signal x is locally (in time) gaussian N(0,z)(x) with zero mean and the variance
z varying (on longer time scales) following a Γn,λ(z) distribution. The PDF p(x) of the total signal
can be obtained in the following way (look at integral 16 page 369 of [1]):

p(x) =

∫ ∞

0
Γn,λ(z) ·N(0,z)(x)dz

=

∫ ∞

0

λn

Γ(n)
zn−1e−λz · 1√

2π
√
z
e−x2/2zdz

=
λn

Γ(n)
√
2π

∫ ∞

0
z(n−1)− 1

2 · e−λz−x2/2
z dz

=
λn

Γ(n)
√
2π

(−1)n−1√π
∂n−1

∂λn−1

(
e−

√
2λx2

√
λ

)

=
(−1)n−1λn

Γ(n)
√
2

· ∂n−1

∂λn−1

(
e−

√
2λ·|x|

√
λ

)
(S17)

with zero mean and variance s2:

s2 := var(x) = E[x2]

= 2

∫ ∞

0

(−1)n−1λn

Γ(n)
√
2

· x2 · ∂n−1

∂λn−1

(
e−

√
2λ·x

√
λ

)
dx

=
(−1)n−1λn

√
2

Γ(n)
· dn−1

dλn−1

(
1√
λ

∫ ∞

0
x2e−

√
2λ·xdx

)

=
(−1)n−1λn

√
2

Γ(n)
· dn−1

dλn−1

 1√
λ
· 1

2λ
· 1√

2λ

∫ ∞

0
y2e−ydy︸ ︷︷ ︸
=2


=

(−1)n−1λn

Γ(n)
· dn−1

dλn−1

(
1

λ2

)
=

(−1)n−1λn

Γ(n)
· (−1)n−1n!

λn+1

=
n

λ

(S18)

The normalization of p(x) can be easily checked.
We note that:

s2 =
n

λ
=

√
n · σΓ,n = n · σexp (S19)
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S4 Our case

In our case:
σ2
⋆ ∼ f(σ2

⋆) = Γ2,λ⋆(σ
2
⋆) = λ2

⋆σ
2
⋆e

−λ⋆σ2
⋆ (S20)

Since our focus is on the variances (positive values), we can interpret n = 2 as the effective degree of
freedom.
The velocity increment PDF is (see Eq. (S17) with n = 2):

p(δu) =

∫ ∞

0
f(σ2

δu)p(δu|σ2
δu)d(σ

2
δu)

=

∫ ∞

0
λ2
δuσ

2
δue

−λδuσ
2
δu · 1√

2π

1√
σ2
δu

e−δu2/2σ2
δu · d(σ2

δu)

= −
λ2
δu√
2
· ∂

∂λδu

(
e−

√
2λδu·|δu|
√
λδu

)

=

√
2λδue

−
√
2λδu|δu|(

√
2λδu|δu|+ 1)

4

(S21)

and analogously for δv. The normalization can be easily checked. The PDF is symmetric.
The analytical velocity increment variance s2⋆ is (see Eq. (S18) with n = 2):

s2δu =

∫ +∞

−∞
δu2p(δu)d(δu) =

2

λδu
(S22)

and analogously for δv.
In the case n = 2, Eq. (S19) reduces to:

σ2
exp =

1

λ2
⋆

σ2
Γ =

2

λ2
⋆

 s2⋆ =
2

λ⋆
=

√
2 · σΓ = 2 · σexp. (S23)
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S5 Maximised entropy PDFs

Given a continuous random variable X defined in the domain D and its PDF pX(x) such that:∫
D
pX(x)dx = 1, (S24)

so it is possible to define the continuous Shannon entropy (called differential entropy) H as:

H(pX) = −
∫
D
pX(x) log(pX(x))dx. (S25)

We use the Lagrangian multipliers method in order to maximise the entropy. Consider the following
m+ 1 constrains (m ∈ N): ∫

D
fm(x)dx = am (S26)

where fm(x) is any integrable function of x in D and where, in particular, the case m = 0 is the
normalization constrain: f0(x) = pX(x) and a0 = 1. So we can define the Lagrangian functional
L(pX , λ⃗):

L(pX , λ⃗) = H(pX) +

m∑
k=0

λk

[
am −

∫
D
fm(x)dx

]
(S27)

where λ⃗ is the set of the m+ 1 Lagrangian multipliers.

S5.1 The gaussian PDF

If we consider a continuous real random variable X ∈ R with the following 3 constrains (normalization
with the first m = 1 and m = 2 moments):

∫
R pX(x)dx = 1∫
R x · pX(x)dx = µ∫
R(x− µ)2 · pX(x)dx = σ2,

(S28)

so we can define the Lagrangian functional:

L(pX , λ0, λ1, λ2) =−
∫
R
pX(x) log(pX(x))dx+

+ λ0

[
1−

∫
R
pX(x)dx

]
+

+ λ1

[
µ−

∫
R
x · pX(x)dx

]
+

+ λ2

[
σ2 −

∫
R
(x− µ)2 · pX(x)dx

]
.

(S29)

Maximising entropy means:

δL
δpX

= −
∫
R

[
log(pX(x)) + 1 + λ0 + λ1x+ λ2(x− µ)2

]
dx = 0 (S30)

that gives:
log(pX(x)) = −

(
1 + λ0 + λ1x+ λ2(x− µ)2

)
(S31)

pX(x) = e−(1+λ0) · e−λ1x−λ2(x−µ)2 . (S32)
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The normalization and moment constrains give:
e−(1+λ0) =

√
λ2√

π exp(λ1(λ1−4λ2µ)/4λ2)

λ1 = 0

λ2 =
1

2σ2

(S33)

leading to a gaussian distribution:

pX(x) =
1√
2πσ2

e−
(x−µ)2

2σ2 . (S34)

S5.2 The exponential PDF

Let’s consider a continuous positive real random variable X ∈ R+ with the following 2 constrains
(normalization with the first m = 1 moment):{∫

R+
pX(x)dx = 1∫

R+
x · pX(x)dx = µ.

(S35)

We can reproduce the calculations as done before where:

L(pX , λ0, λ1, λ2) =−
∫
R+

pX(x) log(pX(x))dx+

+ λ0

[
1−

∫
R+

pX(x)dx

]
+

+ λ1

[
µ−

∫
R+

x · pX(x)dx

]
.

(S36)

Maximising entropy gives:
pX(x) = e−(1+λ0) · e−λ1x. (S37)

The constrains give finally to the following exponential distribution:

pX(x) =
1

µ
e−x/µ. (S38)

where x ∈ R+.
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