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Abstract. The effects of the spatiotemporal evolution of fail-
ure threshold heterogeneity on the dynamics of fault crit-
icality, and thus on regional seismogenesis, have attracted
strong interest in the field of regional seismotectonics. The
heterogeneity might be a manifestation of the macroscopic
distribution and multiscale strength variation of asperities,
the distinct regional stress level, and (microscopically) het-
erogeneous fault surface roughness or friction regimes. In
this study, rather than attempting to mimic the complex mi-
croscale slipping physics on a fault surface, sandpile cellular
automata were implemented with a straightforward toppling
rule. The objective is to examine the influence of distinct con-
figurations of the embedded heterogeneous toppling thresh-
old field on the global system avalanche event statistics. The
examination results revealed that increasing the coverage ex-
tent and decreasing the compactness of the heterogeneous
failure threshold, rather than the magnitude, range of con-
trast, diversity, or the geometric configuration of the thresh-
old heterogeneity, leads to a systematic increase in the scal-
ing exponent of the avalanche event power law statistics, im-
plying the importance of mutual interaction among toppling
sites with distinct thresholds. For tectonic provinces with dif-
fering stress regimes evolving spatiotemporally, it is postu-
lated that the distinct extent and compactness of the hetero-
geneous failure threshold are critical factors that manifest in
the reported dynamic variations of seismicity scaling.

1 Introduction

Recent studies of repeating earthquakes (e.g., Uchida et
al., 2012; Yu, 2013) and mega-earthquakes such as the
11 March 2011 Tohoku-oki earthquake (Lay and Kanamori,
2011; Hashimoto et al., 2012; Tajima and Kennett, 2012)
have indicated that heterogeneous slipping thresholds, which
refer to the spatiotemporally distinct limits of failure stress
that must be overcome to initiate slipping such as that man-
ifested because of variations in the plate coupling strength
(e.g., Yu, 2013), introduce dynamic complications in the
plate boundary seismogenesis (Chlieh et al., 2011). Brod-
sky and Kanamori (2001) showed that hydrodynamic lubri-
cation can help in reducing fault friction and that earthquakes
can increase the effective permeability of distant aquifers.
Furthermore, rate- and state-dependent friction regimes also
lead to the manifestation of dynamic failure heterogeneity
along a fault surface (Skarbek et al., 2012), whereas Prieto
et al. (2013) discussed thermal runaways that are controlled
by temperature, pressure, and the degree of partial melting
as another potential heterogeneous mechanism. Wang and
Bilek (2014) proposed that relatively small events dominate
in areas of rough seafloor subduction, whereas a smooth sub-
duction contact interface tends to be associated with a greater
number of large earthquakes. In summary, the failure thresh-
olds of fault surfaces are extremely likely to be heteroge-
neous and evolve dynamically within seismogenic zones.
Another noticeable observation with the regional seismic-
ity is the pronounced variations of the seismicity frequency—
size statistics. In other words, despite the ubiquity of the scale
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invariant Gutenberg—Richter (G-R) power law (Gutenberg
and Richter, 1944), spatiotemporal variations of the scal-
ing exponent, the b value, have been widely documented
(e.g., Pacheco et al., 1992; Ayele and Kulhanek, 1997; Mori
and Abercrombie, 1997; Wiemer et al., 1996; Gerstenberger
et al., 2001; Scholz, 2002; Monterroso and Kulhanek, 2003;
Katsumata, 2006; Ghosh et al., 2008; van Stiphout et al.,
2009; Roy et al., 2011). Regional variations across tec-
tonic provinces have been shown to be empirically cor-
related with regional stress regimes (e.g., Scholz, 1968;
Wyss, 1973; Wiemer and Benoit, 1996; Schorlemmer et
al., 2005), whereas temporal variations within an area have
been considered, with controversy, as a precursor for size-
able earthquakes (e.g., Smith, 1986; Imoto, 1991; Chen,
2003; Nuannin et al., 2002, 2005; Monterroso, 2003; Wu and
Chiao, 2006; Parsons, 2007).

The beginning of modern modeling of macroscale earth-
quake physics and thus the scale invariant power law statis-
tics can be attributed to the classical mechanical slider-
block or Burridge-Knopoff (B-K) train model (Burridge
and Knopoff, 1967). Subsequent follow-up modeling stud-
ies using cellular automata approaches (Carlson and Langer,
1989; Feder and Feder, 1991; Rundle and Klein, 1993;
Maya and Stefan, 1996; Gran et al., 2012) as well as the
continuous Olami-Feder—Christensen (OFC) simplifications
(Olami et al., 1992) have been successful in reproducing the
power law and have highlighted distinct characteristics re-
lated to the seismic activity. Bak et al. (1987) implemented
the Bak—Tang-Wiesenfeld (BTW) sandpile to model com-
plex dynamic systems categorized as self-organized critical-
ity (SOC). The merits of the BTW sandpile model is that
with its simple microscopic redistribution rule, it is capa-
ble of reproducing the macroscale criticality of complex sys-
tems. These complex systems, including regional seismicity,
are typically characterized by the independence of the initial
configuration, slow external drive, and capability of achiev-
ing criticality as manifested in the distinct event frequency-
size power law distribution without the presence of addi-
tional fine tuning. Bak and Tang (1989) also used a slider-
block-type model, with a redistribution rule very similar to
the BTW sandpile model, to study the scale-invariant statis-
tics of regional seismicity by considering the regional seis-
micity to be an SOC phenomenon. Briefly, cellular automata
approaches are usually set up on a two-dimensional square
lattice. In a slider-block or spring-block model, the blocks
in each lattice cell are subjected to a force exerted by their
neighbors (connected by springs) and a constant “tectonic”
driving force from the loader plate overlaid and connected
to all the blocks by the driving spring. When the accumu-
lated force on a block exceeds a predefined failure threshold,
the block slips to a nearby position to release the accumu-
lated strain while redistributing and increasing the force that
it exerts on the neighboring blocks. Similarly, the toppling
threshold of a sandpile model is the maximum number of
sand grains a cell can sustain; external sand grains fall on the
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lattice slowly and randomly until the total number of grains
in a particular cell exceeds the threshold. Toppling then oc-
curs, and, consequently, the cell is emptied and its grains re-
distributed among neighboring cells. All these redistributions
of force or sand grains are potentially capable of inducing
large avalanche events involving a considerable number of
cells in the cascaded loading—unloading process (e.g., Bak et
al., 1987; Bak and Tang, 1989; Carlson and Langer, 1989;
Feder and Feder, 1991; Christensen and Olami, 1992; Olami
et al., 1992). Interestingly, although with the aforementioned
seismic system heterogeneity, most typical modeling efforts
had invoked homogeneous failure threshold fields.

Rundle and Klein (1993) pioneered the slider-block cel-
lular automaton with heterogeneous failure threshold fields.
The heterogeneities are either arranged randomly or in a frac-
tal distribution. They showed that the frequency-size scal-
ing associated with these heterogeneous failure threshold
fields behaves differently from that associated with a uni-
form threshold field. They postulated that when the disper-
sion in the failure threshold decreases, the critical system
with the existence of a spinodal line crosses over to the SOC
regime and that pronounced heterogeneous failure thresh-
old enforces the dependence of the critical behavior on the
velocity of the loader plate. This loader plate velocity is a
crucial parameter in the slider-block model, and it is some-
times envisioned to be analogous to the plate convergence
rate that acts as the slow external drive for plate boundary
seismogenesis. These findings are intriguing because a het-
erogeneous failure threshold, as a plausible manifestation of
varying roughness and friction regimes on the fault surface,
is consistent with field observations and general geological
understanding. However, correlation of the seismicity criti-
cality variation with the tectonic plate kinematics, analogous
to the loader plate velocity in the slider-block model, has not
been empirically established.

Among sandpile models, extensive studies of the deter-
ministic, Abelian BTW model (Dhar, 1999, 2006), as well
as the comparison of several alternative variants to identify
common features, have shown the capability of these models
to reproduce the scale-invariant frequency-size event distri-
bution (e.g., Chessa et al., 1999; Castellaro and Mulargia,
2002). In addition, variations of the critical behavior, for ex-
ample, due to stochastic rather than the nearest-neighbor in-
teraction network topology, have also been a focus (Manna,
1991; Chen et al., 2008). The situation is similar for the
slider-block models (Rundle and Klein, 1993; Karmakar
et al., 2005; Christensen and Olami, 1992). Huang and
Turcotte (1988) attributed the variation in the scaling ex-
ponent to the fractal distributions of stress and strength,
whereas the OFC model implied that the distinctive amount
of energy dissipated during a rupture is responsible for the
variations in the scaling exponent.

In addition to the numerical modeling efforts, numerous
studies have been conducted on complex slip behavior on
frictional surfaces in more realistic physical models, either
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on rock specimens (Dieterich, 1978, 1979; Scholz, 1998)
or on other soft materials (Yamaguchi et al., 2009, 2011).
Yamaguchi et al. (2011) demonstrated that the variation of
the scaling exponent is a function of the sliding plate veloc-
ity in their physical model. Hallgass et al. (1997) modeled
fault friction by using two fractional Brownian profiles that
slide over each other and showed that the scaling exponent
is a function of the roughness index. Fractal geometry was
explicitly introduced in their study, similar to the treatment
of Huang and Turcotte (1988). In short, a crucial tendency
of studies of these complex systems appears to be the recog-
nition of the distinct variation as a function of the system
heterogeneity.

We have briefly reviewed the observational evidence sup-
porting heterogeneous failure threshold fields on realistic
faults and the noticeable variation of the G-R scaling expo-
nent, the b value. We have also reviewed both the cellular
automata and the physical modeling approaches that typi-
cally invoke homogeneous failure threshold fields with dif-
ferent loader plate velocity or implanted fractal heterogene-
ity to account for the variation of the scaling exponent of the
frequency-size power law distribution. We were motivated
to investigate the dependence of the variation of the system
scaling exponent on the distinct configuration of the toppling
threshold heterogeneity. We employed a sandpile model with
a highly simplified toppling rule, instead of the complex mi-
crophysics of realistic friction and slipping regimes. In other
words, we avoided being restricted by our limited knowledge
of the complex fault failing mechanisms and concentrated on
the feasible macroscale drives associated with heterogeneous
system configurations to make it tractable to obtain analo-
gous insights into the reported spatiotemporal variation of the
seismic b value. In Sect. 2, we briefly introduce the general
method of the loading—unloading procedure of the sandpile
cellular automaton, and our implementation and comparison
of toppling threshold fields with distinct coverage extents of
the embedded heterogeneity. In addition, we cross-examine
the effects of varying diversity, compactness, and geometry
of the heterogeneous threshold configuration in Sect. 3. In
Sect. 4 we then summarize our findings and raise discussions
on the contributions from our study as compared to previous
studies.

2 Method: toppling threshold fields with distinct extents
of the embedded heterogeneity

The sandpile cellular automata models are usually carried out
on a two-dimensional square lattice. The finite size effect is
caused by using small lattice area that leads to bias of the
large size events distribution. To avoid the finite size effect as
much as possible, all our sandpile models were implemented
on a relatively large 256 x 256 lattice. The background top-
pling threshold of each cell was set to a uniform value of
4, with some of the randomly picked cells being assigned
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Figure 1. (a) Example of a case of diversified heterogeneity with
toppling thresholds randomly sampled in the range of the value 2
to 24 (color bar); the heterogeneity covers 10 % of the area of the 2-
D model lattice with 256 x 256 cells, and it is embedded in a back-
ground field of threshold 4 (medium blue), which occupies the re-
maining 90 % of the lattice area. (b) The power law frequency-size
distribution yields an scaling exponent of b = 1.30 + 0.03 (denoted
along with the standard error). Note that the inevitable scattering
across the large size events (marked by black dots) is considerably
simplified by regrouping the sizes into bins of 1.1/~1.1¢*1 size in-
terval (blue circles; see the text).

heterogeneous thresholds ranging from 2 to 24 with uniform
probability. The coverage, as portions of the entire lattice, of
the heterogeneous thresholds was modeled by varying the ex-
tent of coverage (e.g., Fig. 1a). We randomly dropped sand
grains on the lattice, one at a time, for 108 successive iter-
ations. The invoked toppling and relaxation rule is straight-
forward that when a cell with the accumulated number of
sand grains exceed the local threshold, toppling occurs. For
the background cells with a normal threshold of 4, each of
the closest neighbors to the north, east, south, and west re-
ceived one grain of sand when a cell toppled. For hetero-
geneous sites with a threshold that is not a multiple of 4,
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Figure 2. The scaling exponents (denoted along with the standard
errors) of the log-log frequency-size plots of the four cases of dis-
tinct heterogeneity coverages (with corresponding color markers)
increase systematically for low coverage extent under 30 %, and ap-
proach asymptotically toward 1.41 beyond 30 % and up to 99 % (not
shown here) coverage (note that the data are simplified by the bin-
ning the same as Fig. 1b).

to avoid any directional preference, the redistributed sand
grains were transferred to a cell randomly chosen among the
closest neighbors and then the subsequent grains were trans-
ferred to cells rotating through these closest neighbors. The
redistribution can lead to cascaded topples and results in an
avalanche event; the size of the avalanche event is determined
by the total number of topples or the number of cells involved
in an avalanche. In this study, the number of cells involved in
an avalanche, denoted by s, was adopted. Sand grains falling
out of the lattice along the lattice boundary are permanently
lost. The dissipative system reaches a critical state where
a quasi-static number of the total sand grains are retained
within the lattice. In other words, the number of total sand
grains remaining in the lattice fluctuates slightly around an
established near-stationary value even when the sand grains
are continuously fed into the critical system. Subsequently,
every sand grain input can cause avalanche events of all sizes,
with the maximum event size being determined by the size
of the lattice. We obtained the average of the slightly fluc-
tuating quasi-static number of total grains retained in the
lattice when the dissipative system reached criticality. Evi-
dently, the quasi-static number of total grains increased as
the extent of the heterogeneity increased, from 1.06 x 10°
(for 1%) through 1.44 x 10° (10%) and 2.16 x 10° (30 %)
up to 2.90 x 10° (60 %), because with increasing coverage,
there are more cells capable of sustaining more sand grains.
To avoid the controversy concerning the actual establish-
ment of the power law, the cumulative distribution function
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(CDF) of the event frequency was first determined invok-
ing an implementation (Clauset et al., 2009) of the maxi-
mum likelihood method (Aki, 1965) to validate the power
law scale-invariant frequency-size distribution that is of the
form f =ass~"s (with the frequency, f; the size, s; and the
scaling exponent, bg, where subscript “s” is used to denote
the sandpile model). Then, an estimate of the noncumula-
tive scaling exponent, bs, was obtained in the log—log do-
main by least-squares regression on the linear relationship,
1091 (f) =10g4q(as) — bsl0gyq(s). Standard errors were also
estimated for the obtained scaling exponents. To further sim-
plify the scattering of the raw data of frequency-size in
the large events, we binned the sizes into 1.1°~1.1/*1 inter-
vals (Fig. 1b). Representative size of each interval is deter-

mined by |/siay st Whereas the frequency of the ith inter-

val is normalized by the total number of events within that
interval divided by (s — s, + 1), where sio, and s
are the maximum and minimum event sizes of that interval
(Christensen and Moloney, 2005). A systematic, statistically
significant increase in the scaling exponent (bs = 1.08 +-0.01
to 1.30 £ 0.03) was observed to accompany an increase in the
extent of relatively low degree of heterogeneity below 30 %
coverage (Fig. 2). The scaling exponent approached asymp-
totically toward the value of 1.41 with heterogeneity cover-
age up to 99 %. It is worth mentioning that the result for the
homogeneous case without any heterogeneity is not differen-
tiable with the 1% heterogeneous case. We used quenched
disorder (i.e., the heterogeneity configuration was fixed dur-
ing the process of modeling in each case) to avoid potential
interference that might have obscured the effects of the quan-
titatively fixed proportion of the heterogeneity. However, dy-
namic evolution can be induced through invoking the an-
nealed updating while fixing a particular proportion of the
heterogeneity.

3 Effects of varying diversity and compactness

Although it has been shown that a higher extent of the cover-
age of the heterogeneous threshold systematically increases
the scaling exponent of the avalanche event frequency-size
power law, all our previously modeled heterogeneous thresh-
old fields were equally diversified within the range of 2 to 24.
To clarify whether the degree of diversity might modify the
systematic increase, we conducted a series of simulations
in which the diversity was varied for a given coverage ex-
tent of the heterogeneous sites. All modeled cases with the
same coverage proportion yielded highly similar scaling ex-
ponents, irrespective of the imposed diversity. Two extreme
cases for the coverage extent of 10%, with either full di-
versity through the range of 2 to 24 (Fig. 1a) or a single
heterogeneity of 24 (as opposed to the normal background
threshold of 4), yielded distinct quasi-static numbers of to-
tal grains but almost the same scaling exponents, 1.30 4 0.03
and 1.29 4 0.03 (black and red marks in Fig. 3). The result of
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the nondiversified uniform heterogeneity might be related to
the extreme value of 24 and transitional behavior might occur
if the heterogeneous value is gradually decreased to be close
to the background of 4. We thus performed three additional
model simulations for the same 10 % of sparse area coverage
(similar to the case shown in Fig. 1) but by considering single
heterogeneous thresholds of 15, 7, and 5 for each case. The
scaling exponents for the five cases with the heterogeneity ei-
ther diversified uniformly in the range of 2 to 24 (black case
in Fig. 3) or set at the value of 24 (red case in Fig. 3), 15, 7,
and 5 are all within the range of 1.28 +0.03 to 1.31 4 0.03,
demonstrating the independence of the intensity of the het-
erogeneous thresholds. This reminds us of an earlier set of
testing experiments without heterogeneity in which a sand-
pile model with a uniform threshold of 24 yielded the same
scaling exponent as the one from the standard BTW model
with the threshold set to 4, indicating similar independence
of the intensity of the (homogeneous) thresholds. A hetero-
geneity field of the uniformly high threshold of 24 might be
capable of retaining a larger quasi-static number of grains
compared with the diversified heterogeneity fields with gen-
erally lower thresholds; however, it is not trivial concerning
the reason why their scaling exponents appear the same. The
influence of varying diversities has also been examined for
various cases with distinct coverage extents and for various
different degrees of diversity for a given coverage extent. The
systematic trend, as demonstrated in Fig. 3, was the same. In
other words, the degree of diversity and the intensity of the
heterogeneity do not affect the scaling exponent of the power
law event statistics.

Another potentially crucial consideration is that heteroge-
neous sites in all our previously modeled cases were ran-
domly selected following a uniform distribution for a given
coverage extent. In other words, the heterogeneity density
in each case was more or less uniform across the study do-
main. However, observed realistic failure threshold hetero-
geneities on the fault plane are not uniformly distributed.
In another series of models, we therefore varied the com-
pactness of the heterogeneous threshold fields while preserv-
ing their coverage extents and degrees of diversity. Exam-
ples of the coverage extent of 10 % for the heterogeneous
threshold field with a fully diversified range of 2 to 24 were
again compared among various compactness configurations.
In other words, sites with heterogeneous thresholds can ei-
ther be sparsely distributed uniformly throughout the entire
lattice or be restricted to gradually smaller areas, such as 70,
50, and 25 %, of the lattice until they are squeezed into the
10% area limit (Fig. 4a). The scaling exponents showed a
systematic decrease with an increase in the compactness.
A comparison between two extreme cases, compactly con-
figured (Fig. 4a) versus fully sparsely distributed (Fig. 1),
showed that the scaling exponents were significantly differ-
ent, 1.08 £ 0.01 versus 1.30 £ 0.03 (Fig. 3). A nearly iden-
tical trend was observed for a distinct set of diversity de-
grees and geometric configurations (compare Fig. 4a—d). In
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Figure 3. The log-log frequency-size display of four cases — the
black and red cases are sparsely distributed and the blue and green
cases are compactly grouped (Fig. 4a, and b). There are apparently
two different groups for the scaling law: the black and red cases
with the same sparse 10% coverage (although the heterogeneous
threshold field is diversified for the black case but uniform for the
red case; see the text) have similar values of the scaling exponent
(approximately 1.30 £ 0.03), whereas the second group with com-
pactly grouped heterogeneity irrespective of the diversity, location,
and geometry (the blue and green cases in Fig. 4) all have similar
bs values in the range of 1.08 +0.01 to 1.10 + 0.02.

summary, a specific compactness yields similar scaling expo-
nents in the range of 1.08 +0.02 to 1.10 4 0.02, irrespective
of the degree of diversity, intensity, and geometric config-
uration of the heterogeneity. Tejedor et al. (2009) reported
an investigation of the influence of the geometric configura-
tion of asperities of a fault on the scaling variation by using
a modified two-dimensional forest-fire model (2-D FFM);
they defined the asperity as the dual of the specifically as-
signed trigger sites. It is unclear whether the modified 2-D
FFM is directly comparable to the modified sandpile model
presented in this study and whether the asperity defined in
their model is analogous to the heterogeneous thresholds dis-
cussed here. However, we noticed that first, unlike the 2-D
FFM, there are no subcritical, critical, and supercritical tran-
sitions in our models. Second, their type 5 configuration with
dispersed asperity appears to be considerably close to our
fully sparsely distributed heterogeneity with low coverage
extent; moreover, their configuration yields a relatively low
scaling exponent that is consistent with our finding. However,
it is also noteworthy that, for their type 5 configuration, the
power law exhibits an apparent subcritical behavior on the
square 50 x 50 lattice. The scaling exponent for their type 4
configuration, with the asperity covering the complete lattice
except a central relatively small hole, conforms to the next
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Figure 4. Heterogeneous toppling thresholds (2—24) for the 10 % extension and compactness, but with distinct diversity or geometry, embed-
ded in a background threshold field of 4. (a) Diversified heterogeneous thresholds, with values randomly sampled within the full range of 2
to 24, are compactly grouped in a small area (the blue case). (b) Heterogeneous threshold fields with the constant value of 24 are similarly
compactly grouped (the green case). (c) Diversified threshold heterogeneity that is compactly grouped in a small area (as in @) but is moved
to the center (as opposed to the edge) of the board (the magenta case). (d) Single threshold heterogeneity (as in b) that is also compactly
grouped but with elongated geometry, resulting in a change in the aspect ratio (the cyan case). All these cases yield a similar scaling exponent
of around 1.09 — the magenta (c) and cyan (d) cases had scaling exponents of 1.08 +0.02 and 1.10 £ 0.02, and were not shown in Fig. 3 —
that is different from the value of around 1.30 for sparsely distributed heterogeneities (Fig. 3).

smaller scaling exponent with apparent supercritical behav-
ior on the square 50 x 50 lattice. Although our models did
not show either super- or subcritical behavior, if we treat the
central hole as a compactly grouped heterogeneity embedded
in the background of what they defined as the asperity, then
the scaling exponent would be expected to be slightly larger
than the previous dispersed asperity but smaller than other
configurations, which is consistent with their reports. Over-
all, their models clearly demonstrated dependency of scaling
on the aspect of the fault, which was not considered in our
model, and the geometric configuration of the asperity. It is
inconclusive concerning whether the effects of coverage ex-
tent and compactness of the heterogeneous failure threshold
fields in the current study are inconsistent with their findings.
The most critical and difficult task that is yet to be completed
would be the reasoning and justification of the type of cellu-
lar automaton most appropriate for the study of the statistics
of seismogenesis.
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4 Conclusions and discussions

We conducted a series of sandpile model simulations using
various configurations of distinct coverage proportions and
compactness for the heterogeneous toppling threshold field.
It is concluded that the systematic variation of the scaling
exponent is controlled by the coverage extent of the embed-
ded heterogeneity rather than the intensity level or the con-
trast range of the threshold (Fig. 2). Further dependency of
the scaling exponent variation on the compactness of the het-
erogeneity was also found (Fig. 3). Karmakar et al. (2005)
postulated that the variation of criticality can be attributed to
the absence of the toppling balance between all the relaxed
grains of a toppled site and all the received grains when all
the neighbors topple once. This might appear to be an unspe-
cific criterion because all models with a stochastic toppling
rule (e.g., Manna, 1991; Chen et al., 2008) are likely to show
absence of that balance. However, in our study, the hypothe-
sis is confirmed in a more systematic way. In other words, in
addition to the observation that all our experiments with no-
ticeable scaling variations are characterized by the absence
of toppling balance as opposed to the presence of it in the
reference BTW deterministic model without heterogeneity,
we also found that the greater the number of sites lacking

www.nonlin-processes-geophys.net/21/1185/2014/



L.-Y. Chiao and Q. Liu: Dependence of sandpile avalanche scaling on heterogeneous failure threshold 1191

balance, which might be caused by an increase in the thresh-
old extent, the more pronounced the distinct criticality. How-
ever, it cannot be the only reason for the systematic trend of
the criticality variation. This can be inferred from the result
that, although a given coverage proportion and range of con-
trast of the heterogeneity correspond to a relatively high de-
gree of toppling balance, varying the compactness configura-
tion of the heterogeneity also leads to a systematic variation
trend of the scaling exponent. In contrast, varying the diver-
sity degree that perturbs the extent of the toppling balance
exerts negligible effects on the scaling variation (Fig. 3).
Christensen and Olami (1992) and Olami et al. (1992)
indicated that the redistribution of force as a function of
the elastic constants in the slider-block model is intrinsi-
cally nonconservative locally. In other words, the unloaded
amount of force from a slipping cell is not the same as the
sum of all the amounts received by its neighbors. They at-
tributed the variation of the scaling exponent to the level of
the conservation by adjusting the ratio of the stiffness of the
driving spring of the loader plate to the inter-block spring.
However, all our models with distinct heterogeneity config-
urations preserve the local conservation. In other words, un-
like the result of Christensen and Olami (1992), we demon-
strate that variations of the scaling exponent revealed from
our modeling are caused by the distinct configurations of the
heterogeneous failure threshold fields rather than the level of
the local conservation. By contrast, Rundle and Klein (1993),
who pioneered the study of heterogeneous failure threshold
of the slider-block-type cellular automaton, indicated that the
criticality variation is strongly influenced by the loading, the
form of failure threshold, and the mechanism of energy dis-
sipation. Tejedor et al. (2009) also reported the influence of
the aspect ratio of the fault plane and the geometric con-
figuration of asperity. We agree with their profound insight
that a spatially varying failure threshold is a crucial factor
in the development of a realistic model of earthquake rup-
ture along fault surfaces. However, we did not observe ei-
ther the phenomena of in and out of criticality or transitions
among subcritical, critical, and supercritical states in any of
our implementations of a heterogeneous toppling threshold.
In the sandpile model, the loading is performed by drop-
ping sand grains one at a time until the cascaded toppling
rests completely, and therefore there is no comparable ap-
praisal of the strong dependence of the scaling variation on
the loading velocity in the slider-block type models. We be-
lieve that the regional kinematic loading (e.g., plate conver-
gence) is incredibly small in the timescale of an individual
earthquake event, and therefore the analogous loading veloc-
ity in the slider-block model should likely be maintained at a
relatively low speed. Furthermore, unlike the study of Rundle
and Klein (1993), which examined the dependency on the
loading velocity based on a random or fractal pattern of a full
heterogeneity field, our models considered only the coverage
extent and compactness without including other specific con-
figuration patterns. In other words, the revealed systematic
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trends of criticality variations are not induced by the im-
planted pattern of the heterogeneity. We postulate that the
extent and compactness of the heterogeneous failure thresh-
olds or asperities on the fault surface, as well as the dynamic
connection topology of the interaction network before, dur-
ing, and after a rupture process (Chen et al., 2008; Chiao,
2012), rather than the magnitude or diversity degree of the
failure threshold, are plausible dynamic parameters related
to the maturity of realistic faults.

Heterogeneous material and rheological properties, dis-
tinct fault surface maturity, roughness and friction regimes,
and the three-dimensional porosity—permeability structure
that controls the effect of the potential hydraulic behavior
on the failure threshold might all be factors promoting fail-
ure threshold heterogeneity within a complex fault system.
Variation in the healing rate is another crucial plausible fac-
tor worth mentioning. Depending on the pressure, temper-
ature, and mineralogy, distinct degrees of healing might in-
duce complex interactions between rapid, unstable failures of
fault patches and stable, slow creeps of the surrounding re-
gion (e.g., Chen and Lapusta, 2009; McLaskey et al., 2012).
It is speculated that a tectonic province under a tensional
regime endures accumulated historical ruptures on mature
faults that are likely to be phyllosilicate-rich, and thus lacks
effective healing mechanisms (e.g., Tesei et al., 2012). A
higher extent of threshold heterogeneity might manifest and,
consequently, a higher b value might be observed. On the
other hand, the healing through time of a region under high
compression tends to erase and lower the extent of lateral
heterogeneity, thereby leading to a lower b value. Further-
more, the frequently observed increase in the b value after
major earthquakes (Chiao, 2012) might at least be partially
attributable to the fragmentation of the compactly configured
asperities.
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