Nonlin. Processes Geophys., 20, 8832 2013
www.nonlin-processes-geophys.net/20/883/2013/
doi:10.5194/npg-20-883-2013

© Author(s) 2013. CC Attribution 3.0 License.

$s920y uadQ

Hyperbolicity in temperature and flow fields during the formation of
a Loop Current ring

M. H. M. Sulman®*, H. S. Huntley!, B. L. Lipphardt Jr. 1, G. Jacobg, P. Hogar?, and A. D. Kirwan Jr. 1

1School of Marine Science and Policy, University of Delaware, Newark DE 19716, USA

°Naval Research Laboratory, Stennis Space Center, MS 39529, USA

“now at: Department of Mathematics and Statistics, Wright State University, 3640 Colonel Glenn Hwy.,
Dayton, OH 45435, USA

Correspondence tdA. D. Kirwan Jr. (adk@udel.edu)

Received: 3 June 2013 — Revised: 28 August 2013 — Accepted: 18 September 2013 — Published: 29 October 2013

Abstract. Loop Current rings (LCRs) are among the largest 1 Introduction

mesoscale eddies in the world ocean. They arise when bulges

formed by the Loop Current in the Gulf of Mexico close The Yucatan—Florida current system, known as the Loop
off. The LCR formation process may take several weeks,Current, is observed to be bimodal. In the retracted config-
and there may be several separations and reattachments pé&ation, the flow from the Yucatan enters the Gulf of Mex-
fore final separation occurs. It is well established that thisicO, turns abruptly eastwards, and exits through the Florida
period is characterized by a persistent saddle point in théStraits. In the extended configuration, the Loop Current pen-
sea surface height field, as seen in both model and satellitgtrates northwards into the Gulf, forms a large anticyclonic
data. We present here a detailed study of this saddle regiolPop, and then turns eastwards to exit the Gulf through
during the formation of Eddy Franklin in 2010, over mul- the Straits of Florida. Occasionally, the loop pinches off
tiple days and at several depths. Using a data-assimilating® form a large anticyclonic mesoscale eddy or Loop Cur-
Gulf of Mexico implementation of the HYbrid Coordinate fent ring (LCR). LCRs have velocities exceeding 1Ths
Ocean Model (HYCOM), we compare the vertical structureand may have diameters exceeding 200 kndest et al.

of the currents and temperature fields on 5 and 10 June 201¢1989, Lewis et al.(1989), Forristall et al(1992, andGlenn
Finite-time Lyapunov exponents (FTLE) are computed fromand Ebbesmeygd 993 provided early comprehensive sum-
the surface down to 200 m to estimate the location of relevanfnaries of the characteristics of these structures.SSerges
transport barriers. Several new features of the saddle regiofit al. (2009 and Schmitz et al.(2009 for recent synopses
associated with LCR formation are revealed: the ridges inof these features and their roles in the general circulation of
the FTLE fields are shown to be excellent surrogates for theéhe Gulf. Figurel gives an example of the sea surface height
manifolds delineating the material flow structures with only anomaly (SSHa) around the time of one LCR formation.
slight degradation at depth. The intersection of the ridges rep- Note the saddle in the SSHa field inside the small box
resenting stable and unstable manifolds drops nearly vertishown in Fig.1. To the northwest there is an elevation asso-
Ca||y through the water column at both times; remarkab|y' ciated with the anticyclonic meander. Another elevation and
the material boundary shapes are maintained even as théPnsequent anticyclonic flow feature arising from the east-
are advected. Moreover, velocity stagnation points and sadward turn of the currents is found to the southeast. Depres-
dle points in the temperature field are consistently found neafions are located on the northeast and southwest sides of the

the intersections at all depths, and their geographic position§0x. These latter two features are associated with the Tortu-
are also near|y constant with depth gas and Campeche Cyclones diSCUSSQd)by et aI(ZOOE)

and Schmitz et al.(2005. Similar features are commonly
seen in model velocity fields (e.ddurlburt and Thompsan
198(Q Sturges et a).1993 Kanthg 2005.
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three-dimensional picture of the LCS associated with the for-
mation of a LCR?

Our focus is on the birth of Eddy Franklin in 2010. This
event was extensively documented as it occurred during the
Deepwater Horizon tragedy. Nonetheless, the exact date of
eddy detachment is somewhat uncertain and dependent on
the criteria applied. Published estimates range from late
May 2010 to mid-June 201Q.iu et al, 2011, Hamilton et al,
2011, Walker et al, 2011). Herein we consider the period 5—
10 June 2010.

In LCS theory, identification of “hyperbolic” regions in
the flow field is fundamental. This notion is typically defined
with the Okubo—Weiss criterion and based on the eigenvalues
of the velocity gradient tensor. Hyperbolic two-dimensional
flow requires that the eigenvalues are real or that the square
of the total deformation is greater than the square of the vor-
ticity.

There is a substantial body of literature on LCS kinematic
descriptions of GFD flows but a paucity of studies that relate
20°N the kinematics to dynamical processes. In order to do so, ob-

90°W 37°W 84°W 31°W s_ervatlons of_ other Contemporane_ous fields are needed_. Un-
like observations of the velocity field that typically require
OJ_FHS(“’) substantial mobilization of resources and subsequent sophis-
ticated analysis, many scalar fields are easily observable in
Fig. 1. Sea surface height anomaly (SSHa) of the Loop Current inn€ar real time and involve minimal processing time. Tem-
the Gulf of Mexico during a ring formation event on 10 June 2010. perature, in particular, is readily observed from airborne or
The saddle region in the small box is the focus of this study. satellite surveys and is a standard surrogate for the mass field
in the midlatitude open ocean.
For flows in near geostrophic balance, temperature gradi-

Peripheral cyclones are known to be contributing factorsent structures are closely connected to those in the velocity
to the formation of LCRs@hérubin et al.2006 Schmitz field. In steady flow, the intersection of stable and unstable
2005 Oey et al, 2005. Less attention has been paid to the LCS coincides with a stagnation point in the velocity field. If
saddle structure character of the SSHa field. The premise dhe flow is also in geostrophic balance, a saddle point in the
this study is that the hyperbolicity of the pinch-off region, temperature field will also coincide with these two points.
such as the one shown in Fiy.rather than just the cyclonic However, in unsteady flow, the stagnation point and the LCS
components, is fundamental to LCR formation, since distin-intersection will be distinctialler and Poje1998 Kirwan,
guished material transport boundary surfaces are known t@006, and separation of the temperature saddle point from
live in these regions. Support for this conjecture comes fromthe stagnation point is a measure of ageostrophy.
the comprehensive analysis Ahdrade-Canto et a(2013, Here, we explore the relationship between LCS kinematics
which showed these surfaces to be important LCR forma-and ocean dynamics using model velocity and temperature
tion diagnostics. It follows that detailed descriptions of thesefields and attempt to answer two additional related questions:
two-dimensional material surfaces as they evolve in time ardhow does hyperbolicity in the flow field relate to hyperbolic-
essential for improved understanding of the dynamical pro-ity (saddle structure) in the temperature fielad?dwhat does
cesses during the separation period. We also connect this Ldhis relationship indicate about the role of ageostrophic flow
grangian characterization with Eulerian snapshots of moreduring LCR formation?
easily observed quantities, in particular the temperature field. We compute LCS as finite-time Lyapunov exponents

The analysis relies on a dynamical systems theory method(FTLES). FTLE calculations typically involve two parts: the
ology commonly called Lagrangian coherent structuresridges (curves of local maxima) in the FTLE field computed
(LCS). Nearly all LCS studies in geophysical fluid dynam- in forward time are the stable LCS, whereas the unstable
ics (GFD), and particularly oceanography, delineate matel CS are defined by the ridges in the backward-time FTLE
rial boundaries of adjacent vortices. Moreover, most analyse$ield. If the FTLEs are faithful surrogates of distinguished
in oceanography are restricted to single layers at prescribethaterial boundaries, then these LCS will intersect at a dis-
times. In reality, LCS are time-varying two-dimensional sur- tinguished hyperbolic trajectory. Otherwise, FTLEs merely
faces embedded in a three-dimensional ocean. Thus, thimdicate high strain regions and do not necessarily delineate
first question addressed herevidat is the time-evolving

30°N

25°N 1
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material advective transport boundari®anicki and Wig-  the HYbrid Coordinate Ocean Model (HYCOMBIeck,
gins, 2010. 2002 Chassignet et gl2007). The implementation used here
We compare three critical points: FTLE ridge intersec- has~ 4 km horizontal resolution and 20 layers in the verti-
tions, velocity stagnation points, and saddle points of thecal. The surface forcings (winds and heat fluxes) are taken
temperature field. Separation of the temperature saddle poirftom the 0.5 Navy Global Atmospheric Prediction System
and the stagnation point indicates a departure from geostrodfRosmond 1992, the open lateral boundary conditions are
phy. Separation of the stagnation point and the FTLE ridgeextracted from a multiyear North Atlantic HYCOM configu-
intersection indicates either unsteady flow or a separation beration, and the K-profile parameterization is used for vertical
tween the material transport barriers and the FTLE ridges. mixing (Large et al. 1994. SeePrasad and Hoga(2007)
Note that a number of methods for delineating LCS arefor specific details of these implementations. The forecast
available. FTLEs were used Wierrehumber(199) in a system assimilates satellite altimeter and temperature data as
pioneering study of large-scale mixing in the atmospherewell as all available in situ surface and profile observations of
Haller (2001) popularized their use in oceanography. Sub-temperature and salinity via the Navy Coupled Ocean Data

sequently, finite-scale Lyapunov exponents (FSLE)séph
and Legras2002 d'Ovidio et al, 2004 e.g.,), minimal tra-
jectories Mendoza and Manch@®010, mesohyperbolicity

Assimilation System Qummings 2009. This system has
been generating three-dimensional forecasts of temperature,
salinity, and velocity on a daily basis since September 2009.

(Mezic et al, 2010, complexity Rypina et al. 2011), and
geodesic surfacedHgller and Beron-Vera2012 have all
been used to identify LCSBoffetta et al.(2001) compared

FTLE and FSLE; the other methods have generally beer]_yapunov exponents were originally devised to characterize

compared to FTLEs by their authors when first introduced " . . ’ X
o : the stability of solutions to differential equations. Later they
(see the citations above). Their results suggest that our con- i . . : "
were introduced in dynamical systems theory to describe dis-

clusions would be unaffected if any of these descriptors were_ S . ;
. . . ; ersive behavior in infinite time of continuously defined sys-
used here. Since it has the longest history and is the mo{g

. : o . ems. FTLEs are analogues that are applied to systems either
commonly cited technique, we use FTLEs in this analysis. , A )
. : ot defined in infinite time or not stationaridller, 2007).
The velocity and temperature fields used here are produce hey are widely used in fluid mechanics to characterize ex-
by a Gulf of Mexico regional implementation of the HYbrid y y

Coordinate Ocean Model. Relevant model details are give hoeneggﬁusrgesga;%n r?i];ulgglzlfl)éizd{aar(;?;r: gg r:]'dfhsé inzuacxr;s
in the next section. Sectiod provides an overview of the y cap g P 9

) of separation. Ridges (curves of local maxima) of the FTLE
boundaries with ETLE ridaes. we ev?)lved forwards andeZOlQ’ be used as surrogates for repelling and attracting man-
ges, ifolds that form distinguished material transport barriers. Itis

backwards in time small circular fluid blobs initialized along . ... )
the stable and unstable LCS on 5 June and 10 June 2010, r'grtr?:;tis:r?se thatwe apply FTLEs here in the context of LCR

spectively, at each of four depths from the surface to 200 m. FTLEs are defined as a function of the leading singular

The results are presented in Sekt. ) . ;
In addition to investigating the LCS associated with the \é?\l/lgﬁ S; the strain tensd¥, o In particular, the FTLE is

eddy pinch-off, in Sect5 we provide, for the first time,
a comprehensive description of the hyperbolic character of-TLE = log(c)/At, (1)
both the temperature and velocity fields near the LCR de-
tachment, which can be traced over a good portion of thewhereAt is the integration time. In the analysis here, this is
water column. Note that this hyperbolicity in fact persisted 10 days. Sekapeyre(2002 for a discussion of the effects of
longer than the study period of 5-10 June 2010. We analyzéhe choice ofAr.
the vertical structure of the temperature field and compare In three-dimensional flows, the manifolds are two-
the location of the saddle point in this field with the stagna-dimensional surfaces, and FTLEs should be computed from
tion point in the velocity field as well as with FTLE ridge the full 3x 3 strain matrix:
intersections for 10 June 2010 from the surface to 200 m. ax 9x 9x

The paper concludes with a summary and a discussion of 9x 9x0 dyo 3z0

. . . . - dy dy dy

the dynamical implications of the findings. F= %o = | 9% By 520 |

3 Finite-time Lyapunov exponents

@)

wherex denotes the position at timg + At of a particle
with initial position xg at time#g. This poses problems in
The temperature, velocity, and SSHa fields used in the analeceanographic applications, since vertical velocities are gen-
yses are from a Gulf of Mexico forecast system based orerally orders of magnitude smaller than horizontal velocities

2 Gulf of Mexico Hybrid Coordinate Ocean Model
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by the maximum value achieved in that layer within the re-
gion of interest. Clearly, this does not affect the ridge loca-
tion. The forward-time ridges near the intersection are the
“stable” LCS, as they approximate the unstable manifold.
Similarly, the backward-time ridges near the intersection are
the “unstable” LCS, as they approximate the stable manifold.
To simplify the language, we will refer to these as “unstable
and stable FTLE ridges”. Strong FTLE ridges with a per-
sistent intersection are generally good surrogates for these
manifolds, with the critical trajectory coinciding with the in-
tersection Peacock and Dabir201Q Branicki and Wiggins
2010.
Before analyzing the relationship between the FTLE, ve-
locity, and temperature fields (see S&x)t.we consider the
5 mers! issue whether the FTLE ridges associated with the LCS
separation truly depict the attracting and repelling mate-
Fig. 2. FTLEs computed from 10 day trajectories and scaled by theyjg| syrfaces. The strategy to show this is to evolve circu-
maximum value within each layer, stagnations points (magenta buh, g plobs that straddie the stable and unstable ridges.
lets), nearby temperature saddle points (green bullets), and velomtbn 5 June 2010 two blobs were initialized along the stable

field for 10 June 2010 at depths 50, 100, 150, and 200 m. The blu . . .
and red curves denote the stable and unstable ridges of the FTLEZPIue) ridge at 50 m near the edge of the domain as shown in

respectively, derived from forwards, respectively backwards, in timeP@nel (&) in Fig3. By 10 June 2010, these blobs develop into
computations. thin curves lying along the unstable (red) ridge, as shown in

panel (b). Similarly, the two circular blobs shown in panel (b)

straddling the unstable (red) ridge were evolved backwards
and are often not well resolved in general circulation modelsfor 5 days, at which time, as seen in panel (a), they align
In the case at hand, vertical velocities can at best be derivedlong the middle of the stable (blue) ridge. Figudg¢lrough
from the continuity equation, which relies on noisy derivative 6 show the results of similar calculations at 100, 150, and
estimates. Consequently, we rely here on tlk&submatrix ~ 200m.

At the three shallower depths, shown in Figs5, the ad-

o [ ax  ox } vected blobs collapse to lines that fall on top of each other

Fo %X _ |90 oo 3 along the appropriate FTLE ridge. A minor exception occurs
9 dy 9y (3) .
X0 3x0 Y0 at 150 m, where a small separation between the two curves
can be seen at the southern edge on 5 June 2010 and on the
: o ) . western edge on 10 June 2010. At 200 m, on the other hand,
etal.(2019 provides justification that the manifold location two of the four blobs continue to exhibit non-zero area at the

Is adequately capt.ured with this apprOX|mat|on._ . . _end of the integration. The alignment with each other and
In the computations presented here, an explicit, adaptive- . : o
step, fourth order Runge—Kutta scheme is used to solve thWlth the FTLEs is also degraded. This discrepancy seems
s sFt)ém of ordinar diffegrential equations: ?arge by comparison with results at the other levels, but in
y y q ' fact the curves deviate at most by about 3km, a level of
dx 4 agreement we originally anticipated at all depths.
dr v. té€lio.fo+ Al 4) It is possible that a more judicious location and size of the
. o . L . initial blobs would bring the material manifolds at 200 m on
with trilinear interpolation in space and time of the model . . . .
velocitiesv. All derivatives are estimated usin s:econd—orderthese ridges in better agreement. However, it is also possi-
centered vdifferencin The singular values I-%fare deter- ble that at this depth the southern portion of the stable FTLE
mined using the knov%ﬁ anal ticgex ression for2matrices ridge on 5 June 2010 and the western portion of the unstable
9 y P " FTLE ridge on 10 June 2010 lose their distinctive character
as repelling, respectively attracting, material manifolds. Res-
4 FTLEs as surrogates for attracting and repelling olution of this issue is ongoing and beyond the scope of this
manifolds contribution.

neglecting vertical motion, as is commonly dor&ilman

A cube plot of FTLEs calculated over 10 days in both for-
ward and backward time is shown in Fig. Forward-time
FTLEs are shown in red, those in backward-time in blue. The
ridges are easily discerned in these fields. Note that for plot-
ting purposes, the FTLE field in each layer has been scaled
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Fig. 3.Ridges in the scaled FTLE field at depth 50 m{ay5 June 2010 an(b) 10 June 2010. The green and aqua circles in p@)elepict

the fluid blobs that were advected forwards 5 days and shown in the curve lying in the unstable (red) FTLE ridge on 10 June 2010. Similarly
the magenta and yellow circles in parfle) were advected backwards 5 days and shown in the curves lying in the stable (blue) FTLE ridge
on 5 June 2010.
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Fig. 4. Same as Fig3 except at 100 m.

5 Connecting hyperbolicity in the temperature and flow  in the figure are the velocity stagnation point (magenta) and
fields the saddle points of the temperature field (green). At each
depth, the stagnation point is marked at the grid point with
) minimal velocity within the region of interest, while the sad-
Now that we have established that the FTLEs are excellenfye points of the temperature field are determined by testing
surrogates for tra_nspor_t barriers in this region, attention ishether the Hessian is less thad.4 x 10-17 (to allow for
turned to the relationship between the LCS and the structurg, merical error) at the local critical points, taken as those
of the temperature field as it varies with depth. As noted earyig noints with temperature gradient magnitudes less than
lier, no such description exists in the literature. 1.2 x 107, The units of these numerical threshold values
Figure7 shows the temperature field at 50, 100, 150, andyre consistent with temperature in degrees Centigrade and

200m for the boxed region shown in Fig.along with the  gisiances in longitude/latitude degrees. All derivatives are
velocity field at these depths on 10 June 2010. Also shown
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Fig. 6. Same as Fig3 except at 200 m.

computed using second-order centered differencing. Saddléhe theoretical analysis dfaller and Poj€1999 for slowly
points within 20 km of the stagnation point are plotted with varying flows, all three occur within a few kilometers of each
larger symbols. The saddle structure of the temperature fieldther. Moreover, all three are nearly vertical within the depth
is clearly evident at all depths, even though small-scale variaregion analyzed here. As evident from the colored streaks on
tions in the field generate many additional local saddle pointghe vertical planes in the figure, both LCS drop nearly verti-
in the upper layers. Along the northwest—southeast axisally through the water column as well.
the temperature reaches a minimum near 86/623.8 N. The analysis was repeated for 5 June 2010 with similar re-
Along the northeast—southwest axis this same region is &ults (not shown). The critical points are roughly 25km to
maximum. As seen in the figure, the stagnation points are lothe southwest at approximately 85\, 23.7 N, but the es-
cated near saddle points, and their geographic location variesential features of Fig2 and7 are preserved. It appears then
little with depth. that the saddle region simply translates and rotates slightly,
The FTLE cube plot in Fig2 also depicts the veloc- leaving the vertical structure essentially intact.
ity field, the stagnation points, and those saddle points
within 20km of the stagnation points. In agreement with
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Fig. 7. Plots of the contours and saddle points (green bullets) of the temperature field, together with the velocity field and the stagnation points
(magenta bullets) for 10 June 2010 at def#gs50, (b) 100, (c) 150, and(d) 200 m. Saddle points further than 20 km from the stagnation
points are marked with smaller symbols and do not appear ireFig.

6 Summary and discussion within two grid cells of each other. The close proximity in-
dicates that for mesoscale features, such as the one studied
The FTLEs revealed a resilient intersection of the stablehere, mere observations of the temperature field can locate
and unstable ridges in the vicinity of 8@/, 23.8 N. We the hyperbolic critical point of the velocity field.
were able to track this feature at 50m from 13 May to To show that the FTLE ridges are indeed surrogates for the
15 June 2010 by daily maps of the FTLE field (not shown), attracting and repelling manifolds, we evolved circular blobs
a period of 34 days. The analysis here focuses on the periodf fluid, initialized along the stable ridges on 5 June 2010, for
5-10 June 2010, a period when Eddy Franklin was observe® days and found that they lay along the unstable ridges on
to pinch off from the Loop Current. 10 June 2010. When blobs were initialized along the unstable
Our analysis of the model temperature and velocity fieldsFTLE ridges on 10 June 2010 and then advected backwards
showed that during the period of interest stagnation and temin time, they coincided with the stable ridges on 5 June 2010.
perature saddle points were found within 4 to 8 km of the In the vicinity of the intersection of FTLE ridges there is now
FTLE ridge intersection. Moreover, all these features wereconvincing evidence that these are indeed excellent surro-
tracked in a nearly vertical line from the surface to 200 m gates for distinguished manifolds. However, the slight devi-
over the 5day period. This gives an incontrovertible answeration of the FTLEs from the advected blobs at 200 m shows
to the first two questions posed in the Introduction: one, thethis is not always the case and that care must be taken when
LCS as derived from the FTLE fields are nearly vertical sur-interpreting FTLE ridges as manifold surrogates.
faces. This structure does not change significantly over the Our results have some broader ramifications. First, they
5day interval studied, but rather is translated and rotated agre consistent with earlier findings reportedBrganicki and
a whole by the flow. Two, at every level the FTLE ridge in- Kirwan (2010 andBettencourt et al(2012 that mesoscale
tersection and the saddle points of the temperature field wertransport barriers tend to be near-vertical, at least in the upper
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200 m of the water column. This, however, is not consistent The FTLE ridges extend out for over 100 km on either side
with the generally accepted view that the density structureof the intersection, and the FTLE values along the ridges may
of mesoscale eddies is lens shaped. Consequé@&rdpicki vary. However, away from the stable—unstable intersections,
and Kirwan (2010 speculated that vertical structure of the FTLE ridges become porous and are not necessarily reliable
transport barriers could be attributed to an artifact of theirindicators of material transport barriers. Moreover, since the
general circulation model. However, three different studiesflow is time-dependent, the extent of impermeability is deter-
using three different general circulation models with varying mined by processes remote from the small region analyzed
resolutions studying two quite different parts of the world's here. Until these issues are satisfactorily resolved, the pre-
oceans have now reported essentially the same vertical strucise role this saddle region plays in the formation of LCRs is
ture for transport barriers. It would seem then that this is aunknown.
common characteristic of mesoscale transport barriers and
not model artifacts. We emphasize that the vertical structure
iS not I|ke|y to be a UniVersal feature, hOWeVer. Multlp0|e Cir' Acknow|edgement§upport for this research came from the
culations spanning the mixed layer, with smaller deformationOffice of Naval Research through grants N00014-10-1-0522 and
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