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Abstract. Using numerical simulations performed with a by the background density and horizontal velocity profiles
pseudo-spectral incompressible Navier—Stokes solver, wéGrimshaw 2003 Wiegand and Chamberlgin987. How-
describe the asymmetries that arise in the recirculating corever, nearly all of the energy is captured by the first few
of mode-2 internal, solitary-like waves. The waves are gen-modes (Wiegand and Chamberlgii987. In fact, the ex-
erated in a manner consistent with many laboratory studiesact theory of internal solitary waves considers only mode-1
namely via the collapse of a region of mixed fluid. Analysis waves Turkington and Wangl991). Mode-1 waves are ex-
of the simulations reveals that asymmetries across both theeptional because long mode-1 waves will outpace all other
wave crest and the pycnocline centre develop in the spatianode numbers. Thus, mode-1 nonlinear waves, which are
distribution of density, kinetic energy and a passive tracerfaster than linear waves, will propagate away from an ini-
transported by the mode-2 waves. The simulations are extial disturbance and achieve a solitary state (in inviscid the-
tended to three-dimensions to allow for the formation of ory). The simplest mathematical expression of this fact is
spanwise instabilities. We find that three-dimensionalizationcontained in the Korteweg deVries equation
modifies the structure and energetics of the core, but that the
majority of the results obtained from two dimensional simu- B; = —ciw Bx + @B By + BByxx, (1)
lations remain valid. Taken together, our simulations demon-
strate that the cores of solitary-like mode-2 waves are differwhere the nonlinear and dispersive coefficieatandg, re-
ent then their counterparts for mode-1 waves and that theigpectively, can be determined from the background density
accurate characterization on both lab and field scales shoul@nd horizontal velocity profilesGrimshaw 2003 Helfrich
account for the core asymmetry across the pycnocline centréind Melville, 2009. For a corresponding viewpoint on fully
nonlinear periodic internal waves s€amassa et af{2010.
Mode-2 waves, even in the long wave limit, cannot have
wave speeds that are faster than a finite length mode-1 wave.
1 Introduction Thus, whenever mode-2 waves are observed, they are ac-
companied by a tail of mode-1 waves. In terms of linear
Internal solitary waves (ISWs) are a commonly observedwave theory, the phase speed of the mode-1 tail matches the
feature of coastal waters and lakes during the temperaturpropagation speed of the mode-2 leading wave. However, the
stratified seasorHelfrich and Melville 2006 Boehrer and  mode-1 group velocity is smaller than the phase velocity and
Schultze 2008. These waves can transport mass| et al, thus energy is slowly drained from the mode-2 wave. For
2001 Lamb 1997 and induce mixing $cotti et al, 20049 this reason mode-2 waves are often referred to as solitary-
and thereby can exert a significant impact on the nutrient cirdike as they will slowly decay. This scenario has been for-
culation system and ecological communitieerinert-Cody  mally justified using asymptotics beyond all order&\kylas
and Franks1999 Stastna2011). and Grimshaw1992. These, long-lived mode-2 waves have
The theoretical description of linear, horizontally propa- been observed in experiments, numerical simulations and in
gating (or vertically trapped) internal waves in a continu- the field Munroe et al. 2009 Ramp et al. 2012 Shroyer
ously stratified fluid yields an infinite number of modes in etal, 2010 Vlasenko and Hutte2001, Dunphy et al.2011;
the vertical, with the exact structure of the modes determinedSveen et a].2002).
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Fig. 1. Diagram of the basic experimental setup for numerical simulation.

More generally, mode-2 waves have been studied experidepth. In particular, we reexamine some of the conclusions
mentally Munroe et al, 2009 Shroyer et al.201Q Stamp  reached inTerez and Kniq1998 regarding the structure of
and Jackal1995 Vlasenko and Hutter2001; Yang et al, the wave core. We demonstrate that physical mode-2 waves
2010, analytically Pavis and Acrivos 1967 Stamp and can become significantly asymmetric, especially in the core
Jacka 1995 and numerically flodges et a.2000 Rubino  region, and that they develop a mode-1 wave tail.
et al, 2001, Terez and Knip 1998 Salloum et al. 2012 This paper is organized as follows: we begin with a brief
Dunphy et al. 2011). The typical lifecycle of mode-2 wave introduction to the theory of ISWs. We then describe the
generation and evolution due to the collapse of an intermenumerical model used to simulate the mode-2 waves. We
diate density region that is thicker (in the vertical direction) demonstrate the effect of the asymmetry about the centre of
than the pycnocline is schematized in FigTerez and Knio  the pycnocline, and demonstrate how these results general-
(1998 andSalloum et al(2012 demonstrated that breaking ize from two-dimensions to three-dimensions. We conclude
mode-2 waves efficiently trap and transport particles, thoughwith a discussion of the results and some suggestions for fu-
a careful reading of their paper reveals that they, in fact, sim-ture research.
ulated mode-1 waves, and interpreted the results for mode-

2 waves by reflecting across a line of symmetry. Indeed,

nearly all theoretical discussion of mode-2 waves is provided2 Theory and methods

for waves traveling along a pycnocline centred at the mid—2 1 Theory

depth of the domain. In this special case, mode-2 waves arée’

symmetric about their centre-lin®4vis and Acrivos1967 v consider a non-rotating, incompressible fluid that obeys
Stamp and Jackdl993. However, such a stratification is e goussinesq approximation with a rigid lid. The governing

never observed in natural waters. _ Navier—Stokes equations read
Several papers also suggest that first-order KdV theory
yields good pred.ict_ions for mode-2 propagation speeds, ancﬂ +u-Vu= —iVP + V2 — %,;’ )
reasonable predictions for wave structuséamp and Jacka 9t Po Lo
1995 Terez and Knip 1998 Vlasenko and Hutter2001). V.-u=0, 3)

This is in contrast to the well-known disparity between exact dp
mode-1 waves and those predicted by equations in the KdVy;

_h.|era_rchy Lamb and Yan 1996 Lamh 19.99' For a strat- for the velocity fieldu and pressure?, where pg is some
ification dominated by a smgle pycnocline, mpde-z WaVveSyaference density of the fluid, ard, «, g} are the dynamic
ovengrn f or moderatg amplitudes. TO see this consider Q/iscosity, the molecular diffusivity, and the acceleration due
stratification at the mid-depth for which mode-2 waves arey gravity, respectively. We take the x-axis to run along the

e?uwazlentdto mode_;_l waves .”;] a domain W'tg a total dfpthtop of our domain, the z-axis to point upward, and the y-
of H/2 and a stratification with a maximum buoyancy fre- axis to represent the spanwise direction that is absent in 2-D
quency at the bottom. In the absence of a background CUTSimulations
ren_t, such waves are weII-knOV\{n _to yield overturning and The theory of ISWs is based on the inviscid Euler equa-
recirculating coreslamb and Wilkie 2004 and the refer-

tions which can be derived from the above by setting

ences therein). Itis thus quite possible that KdV theory yieldsK — 0. In two dimensions, incompressibility implies the ex-

a good prediction for both the propagation speed and the?stence of a stream functiofr so that(u, w) = (¥, —r,)

v;/]ave structu_re over the majo.rlty o:: tr;]e \;\llater_ C(]Zlu”mnhwhlle where subscripts denote partial derivatives. The first-order
the overturning, or core, region of the flow is fully three- weakly nonlinear theoretical description in the absence of a

+u-Vp :KVZ,O, (4)

d|men§|onal. . . . . background curren@rimshaw 2003 thus assumes
In this paper we use numerical simulations to discuss the
effects of a stratification that is not symmetric about the mid-v = B™ (x, 1)¢p™ (2), (5)
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wheren denotes the mode number. The vertical structure is 0.5

determined by solving the Sturm—Liouville eigenvalue prob-
lem 0.4
=
d2¢(n) NZ(Z) S
(n) _ E
dz? Tz o7 =0 © 2
S
while N2 is the buoyancy frequency amds the wave prop- 2
agation speed. Here, the evolution of the waveform is given:>_»
by the KdV equation
Bl(n) = —cm B)Eﬂ) +a®p® B}E") + ﬂ(")B)(C';)X’ 7)
, , _ o 0 0.1 0.2 0.3 0.4 0.5
where the nonlinear and dispersive coefficieatandg, re- Deviation of Pycnocline Center from Mid—depth

spectively, can be determined from the background density o _
and horizontal velocity profilesrimshaw 2003 Helfrich Fig. 2. Contours plot indicating the location of mode 2 wave zeros
and Melville 2006 for each mode. based on pycnocline centre and width. Note that as the pycnocline

For finite length linear waves with wavenumbewe have is moved away from the centre and thickened, the zero of the mode
2 wave function moves away from the centre of the pycnocline.

Yiin = a™ explikx)p\ (2) (8)

where and the absolute difference are scaled by the total depth. The
figure thus indicates that, as far as the linear theory is con-
d2¢|(iz) N2(z) 2\ ) cerned, mode-2 waves can be expected to be nearly sym-
42 + T2 — k%) By =0. ) metric about the pycnocline centre. Since this figure shows
fin dimensionless results, this is true for both the experimental
It is thus clear that the KdV theory is a long wave— 0) scale and the field scale, and indeed, as has been mentioned
theory. The vertical structure of short waves will be oscil- above, this has been the standard assumption in much of the
latory in the pycnocline, but exponential decaying in the literature. It is the central point of our numerical simulations
weakly stratified regions. This has important implications to demonstrate that this is not the case for actual finite ampli-
when solitary-like waves coexist with shorter finite length tude waves.
waves since the former will induce velocities throughout the }
water column, while the latter will only influence the region 2-2 Numerical model
near the pycnocline.
We model a single pycnocline density profile using a hy-
perbolic tangent function, thereby implying that

The numerical simulations are performed using a scalable,
pseudo-spectral cod&bich 2011), parallelized using the
Message Passing Interface (MPI). MPI is a communications
N2(z) = a secR((z — z0)/d), (10)  protocol used to parallelize the execution of an applica-
tion across multiple CPUs. The code solves the full three-
where zp sets the centre of the pycnocline addsets its  dimensional Navier—Stokes equations for a stratified fluid un-
thickness. For the simulations reported on belew; 0.01, der the Boussinesq approximatidfupdu and Coher2010.
corresponding to a 2 % top-to-bottom density change; whileA standard splitting methodology is used, in which an ad-
d = 0.05H or 5% of the total depth angh varies from the  vective step is followed by an elliptic solve for the pressure,
purely symmetric case for whicky is located at the mid- and finally a Stokes problem imposes the no slip boundary
depth with departures given in terms of a percentage of theonditions. The code does allow for variable bottom topog-
total depth (5 %, 20 %, etc.). raphy, as well as sidewalls; however, the configuration used
If the profile of N2(z) is symmetric about the mid-depth, herein consists of a channel with flat, no slip walls at the top
the mode-2 vertical structure function is then anti-symmetricand bottom and free slip side walls. Upon Fourier transform-
about the mid-depth. In this situation, mode-1 ISWs can-ing, and employing appropriate symmetries in the stream-
not form producing true solitary mode-2 wave&ddmp and  wise and spanwise directions, the implicit equations for pres-
Jacka1995. Moreover, even moderate deviations of the py- sure and viscosity separate into a number of one-dimensional
cnocline centrezp) from the mid-depth do not yield signifi- (in z) problems. These are iteratively solved, at each step
cant departures of the zero of the mode-2 structure functiorof the simulation, using GMRESS@ad 2003 with a finite-
from the pycnocline centre. This is demonstrated in Rig. difference preconditioneBpyd, 2007).
which shows shaded contours of the absolute difference be- The 2-D simulations reported on use 204892 grid
tween the location of the zero of the mode-2 structure func-points, with grid halving studies indicating that this resolu-
tion and the pycnocline centre. The pycnocline centre, width tion (along with spectral accuracy) was more than adequate
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(Boyd, 2001). The domain employed was 6 m in length and
0.4 m in depth. The simulations were run for 100 s, and out-
put was saved every.2s. By the end of the simulation
the mode-2 waves approach the edge of the domain. The
numerical situation is thus a reasonable representation of
a laboratory scale setup. In the simulation we set viscos-
ity of water tov =1x 10 5m?s™1, with a diffusivity of
k=5x10"m?s L.

In order to evaluate the extent to which 2-D simulations
faithfully represent asymmetries that would form in an actual
experiment, we performed three-dimensional simulations of
two of the 2-D cases. Extracting the flow profilerat 25 s,
we extend the various fields (density, velocity components,
etc.) into the third dimension and allow the flow profile to
evolve tor = 37.5s. As spectral methods preserve symmetry,
we introduce low-level noise to the velocity field in order to 0 0.5 1 1.5 2 2.5
trigger any instabilities spanwise. The perturbation was de-
fined to be white noise with a maximum of 2 % of the max-
imum horizontal velocity. The domain was modified to be
3x 0.2 x 0.4 m with a grid resolution of 832 192x 96. The
reduction in domain length was reasonable, as we do not let
the simulation extend past= 37.5 s, where the initial mode-

2 wave nearly reaches the edge of the new domain. Values of

[=]
(2]
iy
iy
(2]
\+]
N
(2]
=]

[3+]

diffusivity and viscosity were the same as in the 2-D simu- ) 0.5 1 15 2 2.5 3
lations. Outputs were taken twice as often as the 2-D case Width
(1.25s).

. . . .. Fig. 3.Plot of the density evolution at times= {0, 25,50} s. Three
In order to visualize how the internal waves transport fluid, jsocontours of density highlight the location of the mode-2 waves.
we initialize a passive tracer which is simply advected along

with the flow (same diffusivity as the density). This is equiv-
alent to the particle tracking method foundlierez and Knio  For the symmetric stratificatiam = L. /2 and for the asym-

(1998. metric stratificationgo=1.1x L,/2 andzo=1.4x L./2.
We pickx = 0.05L,, and¢ = 0.02L,.
2.3 Experimental setup While this equation appears complex, Fplots this ini-

tialization of the density field and its time evolution. Note
Experimental realizations of mode-2 waves, as well as nu+that this figure demonstrates that the density evolution cor-
merical simulations designed to mimic them suchTaez  responds well with the cartoon of mode-2 wave generation
and Knio(1999, both employ a “lump” of intermediate den- and evolution shown in Figl. To investigate the onset of
sity fluid that collapses to form the mode-2 waves. In numer-asymmetry in the mode-2 waves, especially in the region of
ical calculations the interface between the perturbing fluidoverturns, we gradually moved the centre of the pycnocline
and the undisturbed pycnocline is typically smoothed. Forfrom the mid-depth. In the Sect. 3 below, three cases are
the simulations reported on below, the initial condition is discussed in detail (symmetric, 5% and 20 % asymmetry).
chosen to be symmetric across the pycnocline centre and itSince the region of overturning will lead to vortex stretch-
mathematical form is given by ing and three-dimensional flow, three-dimensional simula-
tions are performed to investigate the physical characteristics
of the flow in this region.

p=p@)+pmx,z) (11)
_ 2+ 20
=1-001ltanhf —— 12
p *(o.osu) 12 3 Results
o :} sztanh<x+xi +22:tanh it 3.1 Symmetric stratification
AP~ ) ¢ |

(13) As our base case, we consider a pycnocline centred at the
_ mid-depth of the tank. Initializing with an intermediate den-
(x1,%2) = Lx(0.9,1.1) (14) sity layer as described above, we allow gravity to cause
(z1,22) = Lz(20 — 0.15,20+ 0.15). (15  the mixed region to collapse, allowing mode-2 waves to be
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Fig. 4.Plot of the tracer concentrationzat 100 s for a initial mixed
layer symmetric about a mid-depth pycnocline. The colorbar wasFig. 5. Waterfall plot of the horizontal wave structure. Notice three
saturated at 10 % of the maximum. Six contours of density are overclearly defined mode-two waves propagating in time.

layed in order to identify the location of the internal waves. No-
tice that the distribution is entirely symmetric about the mid-depth.
Three perfectly symmetric mode-2 waves are clearly observed.

generated. As the distribution is entirely symmetric about .
the centre of the domain, we find no mode-1 wave forma- %
tion with the mode-2 waves maintaining a perfect symmetry
about the pycnocline, as the theory predicts.

Figure 4 shows the results of this simulation after 100s.
Three perfectly symmetric mode-2 waves are clearly visible
with a number of smaller mode-2 waves following behind. A Fig. 6. A comparison of the largest mode-2 wave at time 100 s
certain amount of tracer is trapped by the mode-2 waves afr a pycnocline centred afa) —zo= H/2, (b) —zo=H/2+
they propagate, though the majority remains behind near th€.05H, and(c) —zo = H/2+ 0.20H. Eight isocontours of density
location of intermediate density fluid perturbation. are overlayed to depict the location of the mode-two wave. Itis very

Once a particular mode-2 wave forms, it will propagate clear_ the off-centre location of the pycnocline causes the tracer t_o
along at a speed proportional to its amplitude. When thelose its symmetry abput the.centre of the mode-2 wave. Colorbar is
experiment is run, assuming perfect vertical symmetry, nosaturated t0 10% of its maximum value.
mode-1 waves can form and thus there is no means for
draining energy from the main wave, apart from effects of
the viscous boundary layer (which were found to be in-

5.2
Width

the symmetric stratification case (a), we find a perfect sym-
consequential). Figurd shows a waterfall of the horizon- MeWy in both the mode-2 wave and the trapped tracer within
tal wave structure of the flow, constructed from density iso-the wave core. When the pycnocline is displaced 5% from
contours taken 5% above the centre of the pycnocline. Herd€ mid-depth (b), we find that there is already some signifi-
the mode-2 waves are clearly visible, as is the fact thatcant differences in both tracer distribution and density pro-
the wave speeds are essentially constant. As expected, tHi€- Note the region of overturning density contours near

largest mode-2 wave propagates faster than the smaller traif* 2) = (5:35, =0.2)m, or the edge of the nearly trapped
ing mode-2 waves. core of the wave. When the pycnocline is displaced 20 %

from the mid-depth (c), the tracer is almost entirely located
3.2 Off-centre pycnocline within the upper half of the mode-2 wave with a density pro-

file whose structure is visibly asymmetric about the pycno-
In the simulations with a pycnocline centre that is offset from cline centre. Based on this figure it is clear that the picture
the mid-depth by 5% and 20 % of the total depth, the es-of the trapped core, and particle transport by this core, as
sential aspects of the wave generation process remain uradvanced ifferez and Kniq1998, is not representative of
changed. However, once the waves have formed, the acconteality for pycnocline centres that are offset from the mid-
panying mode-1 tail quickly becomes apparent. depth by more than a few percent of the total depth.

Figure 6 plots the tracer found within the trapped core  Figure7 shows the distribution of tracer along with seven
of the leading mode-2 wave along with eight isocontoursisocontours of density in the tail of the mode-2 wave train
of density atr = 100s. The colorbar for this figure is satu- at + =100s. The colorbar is saturated at 5% of the ini-
rated to 10 % of the initial tracer maximum. Notice that in tial maximum value of the tracer. Notice that the symmetric
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Fig. 7. A comparison of the tail behind the two largest mode-2 0 1 2 3 0 1 2
waves at time = 100 s for a pycnocline centred @) —zg = H/2, Width Width
(b) —zo = H/2+ 0.05H, and(c) —zg = H/2+ 0.20H. Seven iso-
contours of density are overlayed to depict the location of the mode-

. 0.2
1 waves. Notice that there are no mode-1 waves when the pycno- () -~ —— Mid—depth
cline is at the mid-depth. As the pycnocline is displaced from centre, 7o - - -5 Percent Off-Center
mode-1 waves quickly develop, eventually dominating the tail. 0150 L 20 Percent Off-Center

w

Asym

stratification case (a) has no mode-1 waves behind the last !
coherent mode-2 wave. When the pycnocline centre is dis- = 2|, -
placed 5% (b) from the mid-depth, we find that some small fyne A -
mode-1 waves develop in the tail while the mode-2 wave is r ‘ ‘ D T
still clearly visible at the front. However, once the pycno- 20 40 60 80 100
cline is displaced 20% (c) from the centre of the domain, Time(s)

the mode-1 waves almost completely dominate any mode-2_ _
waves present. Upon close inspection, one can see that tH:‘:‘lg._&Waterfall plot of the asymmetry in the tracer about the pyc-
front of this tail is a superposition of a mode-1 and mode-2 ?C(;CFl,'lr; ? ;(;rt(hag ;?X;ﬁ[r{] zatoﬁ?riit'rar\i(r?u;fﬁn:e H/2+0.208.
wave. A second point to note is that as the pycnocline is dis- Y y '
placed from centre, the tracer is not transported as far from

the initial perturbation. .
In all simulations, after an initial period of adjustment, uUes for each value of. Figure8 shows a waterfall plot of

the estimated wave speed of the leading waves appear to BBiS asymmetry measure when the pycnocline is displaced
nearly constant up to the end of the simulations (100s). WY 5% (&) and 20% (b). As before, density profiles taken
compared the computed wave speeds of the leading mode-2% above the pycnocline are plotted at every time step. In
waves with the KdV prediction and found that the error of Panel (c) of this figure, the maximum of the asymmetry mea-
the simulated wave speeds was less than 1% for the synsure is plotted as a function of time. We note that the max-
metric and 5% cases. The small decrease can be attributdUm asymmetry is observed to correspond to the path of
to viscous effects. Since viscosity only plays an importantthe largest mode-2 wave. This is consistent with the distribu-
role near the solid top and bottom boundaries, the decrease #iPn of tracer shown in Figs. Since the core is not perfectly
wave speed for these cases was small. When the pycnoclif@Pping, the asymmetry decays over time as material is left
is significantly displaced from the mid-depth, one of the two Pehind by the wave. In the long run, the tracer tends to a
near boundary regions will have stronger wave-induced curSymmetric distribution about the pycnocline, though this is
rents, and the effect on the wave speed can be expected to e trivial state of no tracer left in the wave.

larger. In particular, for the 20 % shift, the estimated wave- We know that the above discussed asymmetry is associ-
speed was decreased by less than 4 %. It is unclear wheth&fed with the formation of a mode-1 tail, which will slowly
this is primarily due to viscous effects or the change in wavedrain energy from the mode-2 waves. To quantify the amount
shape from the idealized KdV soliton due to the presence of £f €nergy drained into the mode-1 tail, FRyshows shaded
recirculating core. For large shifts (e.g. 40 %) the interactioncontours of the kinetic energy of the flowat 100s. Here
with the boundary layer can be expected to become domithe colorbar is saturated to 10 % of the maximum kinetic en-

Max

AY
1
I
0.1 1 AT
1
1
1

‘‘‘‘‘‘‘

o
o =

nant, and this provides a direction for future study. ergy in the fluid. Four isocontours of density were also plot-
ted in order to highlight the location of the various mode-
3.3 Asymmetry 2 waves and the mode-1 tail. The kinetic energy plot very

clearly highlights the dominance of the mode-2 waves. While
A quantitative measure of the asymmetry of the core can behe kinetic energy induced by the mode-1 tail is not negligi-
derived by integrating the total amount of tracer above andble, we have determined that the maximum kinetic energy in
below the pycnocline centre and subtracting these two valthe tail is only 5.68 % of the maximum kinetic energy of the
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cnoline att = {33.75s (a), 35s (b), 36.25 (c), 37.5s (dAll
panels were normalized to the maximum value of the sym-
metric case at = 37.5s. We find that the spanwise variation
takes longer to develop for the 20 % shift than it does for
the symmetric case. This is due to the faster wave speeds
found within the symmetric case. That is, the maximum av-
erage variation is higher for the symmetric case earlier in
the three-dimensionalization while the variation ramps up for
the off-centre case. However, as is clearly demonstrated in
Fig. 10, the mean spanwise variation nearly quadruples over
the 3.75s before = 37.5s. We see then that the most sig-
3 35 4 45 5 5.5 nificant spanwise variation occurs at the end of the above
Width simulation. Here the 20 % shift case had a maximum aver-
Fig. 9. Plot of the kinetic energy at= 100 for the symmetrica), age spanwise varigtion that was 12 % greater than the corre-
5% (b) and 20 %(c) shifts. The colorbar was saturated at 10% of SPOnding symmetric case.
the maximum value of the symmetric case. To get an idea of which portions of the wave are associ-
ated with three-dimensional motions, we plot the spanwise
standard deviation of the density and kinetic energy fields at
flow. Thus, while the mode-1 tail does influence the evolu-7 = 37.5s, at which time both cases have achieved signifi-
tion of the leading mode-2 waves, it will do so on long time cant three-dimensionalization. The maximum spanwise vari-
scales, and the asymmetry induced by the breaking of tha&tion at this point is about 10—-20 % of the maximum kinetic
mode-2 waves will dominate in an experimental, and likely €nergy. In Fig.11, panels (a) and (b) contrast the standard
in a field, setting. deviation of the density field for the symmetric and 20 %
In the 20 % shift case it can been that there is some eviases. It can be seen that the symmetric stratification main-
dence of wave-induced kinetic energy beneath, but not abovdains a great deal of symmetry across the mid-depth even
the pycnocline for the second mode-2 wave. This is due toas the fluid motions three-dimensionalize in and around the
the conservation of volume which necessarily amplifies thecore of the leading mode-2 wave. This is consistent with pan-
horizontal velocity in the narrower layer (found below the €ls (c) and (d) which show the standard deviation of the ki-
pycnocline in this case). This occurs for all the waves, but isnetic energy. Physical dimensions have been scaled out by
visually the most apparent for the second mode-2 wave. Ad = 1 m. We note that while the three-dimensionalization is
the saturation level chosen, the leading wave induces signifconstrained to within the core region of the initial mode-2
icant currents throughout the portion of the domain shown.wave, the spatial structure of the variation is strikingly dif-
However, a careful examination of the region neas 5.1 ferent. The symmetric case maintains a variation that is sym-
shows the same pattern of amplification as for the secondnetric about the pycnocline, with a spatial structure located
wave. essentially in the centre of the mode-2 wave. This is in con-
Finally, we note that numerical experiments in which the trast to the asymmetric 20 % pycnocline shift case, where the
initially mixed region is centred about the height of the zero variation is positioned towards the back of the core region
of the mode-2 wave structure function, with a density of the With most of the variation occurring near the edge of the core.
mixed region chosen to match that the of the upstream denThe panels have been scaled by the background density jump
sity profile at the height of the zero of the mode-2 wave struc-across the pycnocline and the maximum value of kinetic en-
ture function, yielded nearly identical results as far as the€rgy standard deviation for the symmetric case. The maximal
asymmetry of the wave core. The significant asymmetry isspanwise density variation is equal to 1.67 % of the back-
thus a generic feature of breaking mode-2 waves generategiround density jump across the pycnocline in the symmetric

Height Height

Height

by the collapse of a mixed region. case, but this increases to 3.09 % for the 20 % shift.
The spanwise structure of the three-dimensionalization is
3.4 Three-dimensional effects shown in Fig.12 for the symmetric stratification case at

t = 37.5s. Dimensions are presented in dimensionless form
While the two dimensional results are representative of thewith scalingd = 1 m. The figure shows two opaque density
early stages of wave evolution, three-dimensional effectssurfaces above (green) and below (yellow) as well as the re-
will come into play as the overturns in the core region un- gions wherev? equals 5% of its maximum value. It can be
dergo spanwise instabilities. We extend the flow profile atseen that all of the active three-dimensionalization occurs in
t = 25s into the third dimension, as described in the Meth-the core region. At the back of the plot an- z slice of the
ods Sect2.2, and follow its evolution. Figurd0 shows the  horizontal velocity is shown. Here the variation is symmetric
evolution of the streamwise average of the spanwise standaracross the pycnocline.
deviation of kinetic energy as a function of distance from py-
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Fig. 10.Plot of the streamwise average of the standard deviation in the spanwise direction of the kinetic ener¢$3t5 s(a), 35 s(b),
36.25(c), 37.5 5(d)}. The z-axis has been shifted for the asymmetric case so that both pycnocline centres are at 0. The fields were normalized
by the maximum value of the symmetric case at37.5s.

We define a metric of the amount of spanwise flow as fol-
lows:

v2

k3-p= (u?+v2+w?) (16)
For this symmetric case, we find th&g_ p = 1.764x
1072,
We similarly plot the effect of three-dimensionalization for
the 20 % asymmetric pycnocline case in Fi§. As before,
d = 1 m. We find that the spanwise velocity is similarly local-
ized to within the core of the initial mode-2 wave. However,

0.15 the spanwise flow is located primarily above the pycnocline,
where the majority of the overturning was observed in the 2-
5 0.2 D case. Her&R3_p = 3.065x 102, or approximately double
the symmetric case. As with Fid1, we note that the major-
ity of the three-dimensionalization occurs at the edge of the
022 13 14 1.1 1.2 13 core region.
XM X/d

Fig. 11. A plot of the spanwise standard deviation in the den- 4 Discussion and conclusion

sity field for the symmetrig¢a) and 20 %(b) cases and the span- h ical simulati f th .
wise standard deviation in kinetic energy for the symmetrjand We have presented numerical simulations of the generation

20 % (d) cases. The region shown was cropped to show the cor@nd_pmpag?‘tion of mOde'_z waves forn_1ed by th_e cqllapse of
region of the leading wave. Image outputrat 37.5s. Two con- @ Mmixed region of fluid. A single pycnocline stratification was
tours of density were plotted in order to highlight the location of the chosen and hence the mode-2 waves generated were found to

mode-2 wave. Images have been scaled by the background densigxhibit a recirculating core of mixed fluid, even for moder-

jump across the pycnocline and the maximum value of the standaréite wave amplitudes. We have found that even a moderate

deviation of kinetic energy for the symmetric case. Scalirglm.  displacement of the pycnocline centre from the mid-depth
leads to significant asymmetry in the wave core across the
pycnocline centre. This asymmetry develops in both the den-
sity and kinetic energy fields as well as in the distribution of
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Fig. 12. Three-dimensional plot of the five percent isosurface of Fig. 13.Similar layout to Fig12 for the 20 % case. Note the signif-
the maximum spanwise velocity for the symmetric case. Two iso-icant amount of spanwise flow traveling with the core of the initial
surfaces of density were also plotted at 25 percent above (yellow)node-2 wave. Image output at= 37.5s. Isosurfaces of the span-
and below (green) the average density. Finally, the average horizorwise velocity field were taken at 5% of its maximum value. Scaling
tal velocity is also displayed on the back plane of the image, nor-d =1m.
malized to its maximum value. Image outputrat 37.5s. Scaling
d=1m.

were able to characterize the manner in which the core three-

dimensionalizes. We found that when the pycnocline cen-
a passive tracer that is initially symmetric across the pycn-re is exactly at the mid-depth, three-dimensionalization does
ocline centre. This result is in contrast to published resultslead to a small amount of asymmetry across the pycnocline
(Terez and Knip1998 Salloum et al. 2012 and we have centre. When the pycnocline centre is displaced by 20 %
provided an explanation for this discrepancy. Namé&grez  from the mid-depth, the process of three-dimensionalization
and Knio (1998; Salloum et al.(2012 simulated mode- itself is asymmetric across the pycnocline centre, and the
1 waves with recirculating cores, and reflected their resultsstrength of three-dimensional motions is increased over the
about the presumed centre of the pycnocline. Indeed, whesymmetric case.
the centre of the pycnocline is located precisely at the mid- Taken together, these results have a number of implica-
depth, our results agree willerez and Knid1998; Salloum  tions. In a laboratory setting, these results suggest that for
etal.(2012. the core to reach a quasi-static regime, and thus to answer

The recent paper b$alloum et al(2012 builds on the  whether mode-2 cores reach a quasi-steady state as has been
past results oTerez and Kniq1998, with the same restric- suggested for mode-1 wavdddrzho and Grimshawl997),
tion to perfectly symmetric pycnoclines. In their paper, the a very long tank is necessary. However, to explore the three-
authors discuss mass transport by large mode-2 waves ardimensionalization of these cores following the collapse of
make note that instabilities within the wave core result in the mixed region, a narrow tank of a reasonable length would
less mass transported by the mode-2 wave. Our current worRrove sufficient. Moreover, the most relevant experimental
suggests that the asymmetries developed within the mode-@ork will be generated when the stratification centre is dis-
wave have the potential to amplify existing instabilities and placed form the mid-depth.
even induce new types of instability within the core. Thus, Implications of the present results to field work are a bit
we suggest that the mass transported by physical mode-ghore speculative. Since the dominant effect of a recircu-
waves could be significantly less than that predicted based ofating core is the potential for long-distance transport, the
models with a perfectly symmetric pycnocline. This should asymmetry of the tracer distribution (shown in F&j.sug-
be addressed by three-dimensional simulations and laboragests that any tracer transported a long distance by a mode-2
tory work in the future. Indeed, three-dimensional equiva-wave with a recirculating core would be found above (be-
lents of the simulations oferez and Knig(1998; Salloum  low) the pycnocline centre when the pycnocline centre is be-
et al. (2012 could be compared to the experimentGriile  low (above) the mid-depth. The presence of a strong back-
et al.(2000 on mode-1 breaking waves. ground shear current could modify this prediction, though a
Since it is generally accepted that weakly nonlinear theorystrong current would likely affect the structure of the mode-2

provides a good estimate of the mode-2 wave propagationvaves themselves long before a recirculating core formed. In
speed, and a reasonable estimate of the wave structure ouhe field, mode-2 waves do not exist in isolation and a sec-
side of the recirculating core, it is the dynamics of the coreondary effect of the asymmetry observed, and quantified, in
region that is the most appropriate focus for numerical sim-our simulations would be in the interaction of mode-2 waves
ulations. By performing three-dimensional simulations we with longer mode-1 waves. This is due to the fact that mode-1
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