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Abstract. Fluid flow in underground formations is a nonlin- sivity equation, an equation describing the nonlinearities re-
ear process. In this article we modelled the nonlinear tran-sulting from the dependence of fluid and medium properties
sient flow behaviour of well production in an underground on pressure. When porosity, permeability and fluid density
formation. Based on Darcy’s law and material balance equadepend exponentially on pressure, the diffusivity equation
tions, we used quadratic pressure gradients to deduce diffureduces to a diffusion equation containing a squared gra-
sion equations and discuss the origins of nonlinear flow is-dient term. Many published articles have described analyt-
sues. By introducing an effective-well-radius approach thatical solutions for this equation through variable modifica-
considers skin factor, we established a nonlinear flow modetions (Chakrabarty et al., 1993a, b; Jelmert and Vik, 1996;
for both gas and liquid (oil or water). The liquid flow model Odeh and Babu, 1998; Wang and Dusseault, 1991), which
was solved using a semi-analytical method, while the gasare special cases of the Hopf—Cole transformation (Marshall,
flow model was solved using numerical simulations becaus€009). Applications in dual-porosity (Bai et al., 1994; Bai
the diffusion equation of gas flow is a stealth function of pres-and Roegiers, 1994) and fractal (Tong and Wang, 2005) me-
sure. For liquid flow, a series of standard log-log type curvesdia have also been described. Pressure transients are graphic
of pressure transients were plotted and nonlinear transierplots of theoretical solutions for diffusion equations under
flow characteristics were analyzed. Qualitative and quantitaspecific initial and boundary conditions for the well-test
tive analyses were used to compare the solutions of the lineamodel that represents a reservoir-well system (Chaudhry,
and nonlinear models. The effect of nonlinearity upon pres-2004). Pressure transients were plotted according to these
sure transients should not be ignored. For gas flow, pressuranalytical solutions and were used in the interpretation of
transients were simulated and compared with oil flow underwell-test transients (Braeuning et al., 1998). This research
the same formation and well conditions, resulting in the con-showed that the quadratic pressure gradient term influenced
clusion that, under the same volume rate production, oil wellsthe pressure transient solutions. If the nonlinear term is ig-
demand larger pressure drops than gas wells. Comparison®ored, significant errors in predicted pressures during cer-
between theoretical data and field data show that nonlineatain live oil and low permeability reservoir operations, such
models will describe fluid flow in underground formations as hydraulic fracturing, large-drawdown flows, slug testing,
realistically and accurately. drill-stem testing and large-pressure pulse testing will occur.
Even though the importance of nonlinearity has been heavily
emphasised, no application of modern well-test interpreta-
1 Introduction tion (Onur et al., 2003) on field data has been found:; in fact,
a standard set of log-log type curves for modern well-test in-
Among the many nonlinear geophysical processes, transieRkpretation has not been developed, except for type curves
fluid flow through porous media is of particular interest (Cao tgr nonlinear spherical flow (Nie and Ding, 2010). In addi-
et al., 2004; Finjord, 1990; Finjord and Aadnoy, 1989; Gia- tjon, there has not been any research or discussion on the

which is of practical importance, is governed by the diffu-
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Therefore, the main tasks of this article is to (1) deduce The appendix deduces the diffusivity equation containing
the nonlinear governing equations with the quadratic presthe quadratic gradient term when porosity and fluid density
sure gradient term for both liquid and gas flow in porous depend exponentially on pressure (Marshall, 2009; Nie and
media and discuss the origins of the nonlinear flow issue;Ding, 2010):

(2) establish and solve a nonlinear flow model for well pro-

duction; (3) plot a series of standard type curves for wellborep = poeCr PP 2
pressure-transient analysis for liquid flow in an underground
formation; (4) analyze the nonlinear flow characteristics of

liquid flow using type curves; (5) make gualitative and quan-
titative comparisons of pressure and its derivative transient§ ~ #°

between nonlinear and linear liquid flow models; (6) simu- , here p is density, gcm3; Cy is rock compressibility,

late wellbore pressure transients for nonlinear gas flow using p4-1- po, ¢o, po are reference values, which are usually
numerical simulations and compare these pressure transientSq in standard conditions

with nonlinear oil flow under the same formation and well  tha functione® using Maclaurin series expansion can be
conditions; and (7) match theoretical data from nonlinear anditten by
linear models against field data to assess the differences be-

eCt(r=ro) )

tween actual and theoretical applications. The results of this* =14 x + x?/2+ ... +x"/n!+.... (4)
research suggest the use of a nonlinear flow model in actual
studies. If we use Maclaurin series expansion for Egs. (2) and (3) and

Compared with previous publications, such as Cao et alneglect second and higher order items, Egs. (5) and (6) can
(2004), Chakrabarty et al. (1993b), Marshall (2009), this re-replace Egs. (2) and (3), respectively
search highlights (1) newly considered use of real parameters
for wells with skin factor in nonlinear flow models; (2) appli- © = po[1+ C, (p — po)] (5)
cation of modern standard type curves to intuitively observe
nonlinear transient flow behaviour; (3) recognition of flow
regimes from type curves, including recognition of different _
external boundary responses; (4) thorough analysis of pararﬁ‘3 =¢o[1+Ct(p=po). ©)
eter sensitivity to type curves; (5) use ofquantitative methOdSAppearance of the quadratic pressure gradient term is due
of “DV” and “RDV" to describe solution differences between ¢, 5 |ack of simplification in the state equations (Egs. 2
nonlinear and linear models; (6) establishment of numerical, 4 3) when deducing the diffusion equation. If we use Egs. 5

modelling of nonlinear gas flow and simulation and compar-,q (6), we obtain the conventional linear flow equation with-
ison of nonlinear gas and oil flow pressure transients; and (7} ;t the quadratic pressure gradient term.

considerqtion of real world applications through comparisons Therefore, the linear flow equation is an approximation
of theoretical data and field data. and simplification of the nonlinear flow equation which in-
cludes the quadratic pressure gradient term. In fact, flow of
liquid in porous media is a complex nonlinear process and
the nonlinear flow law is equal to the flow law of liquid in
2.1 Liquid flow porous media.

2 Nonlinear governing equation

For vertical well production in a homogeneous formation, 2.2 Gas flow
flow in a vertical plane is not significant and a radial cylin-
drical coordinate system without a z coordinate can be em
ployed to describe the diffusion equation:

- (/£ =) = xr

or kn 9t whereV is gas volume, cfy Z is a compressibility factor,
fraction;n is number of gas moles, mak is a universal gas
constant, molK)~1; T is gas temperature, K.

Gas volume is a function of mass and density:

Gas flow in porous media is different from that of liquid due
to a different state equation for fluid (Nie et al., 2012a):

wherep is pressure, MPa; is radial cylindrical coordinate,

cm; ¢ is time, s;@ is rock porosity, fractionk is radial per-

meability, pun?; 1 is viscosity, mPa st is total compressibi-

lity of rock and liquid, MPa?; C,, is liquid compressibility, m

MPaL. V=—, (8)
The governing partial differential equation is nonlinear be-

cause of the quadratic pressure gradient term (i.e. the secongherem is gas mass, g; is density, gcm>.

power of the pressure gradient in Eq. 1).
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Number of gas moles is a function of mass and averageSubstitute Eqgs. (13—15) into Eq. (12):

molecular weight: 2 2
32p2  92p? Lk 32p2  3ln(n2) (8172) +<8p2>

m +

n=or (9) 0x2  3y?  kn 072 ap2 0x ay
whereM is average molecular weight of gas, gmhbl ap? 2 _ 10puC ap? 16
Substitute Egs. (8) and (9) into Eq. (7): + 9z Tk ot (16)
M

p= %. (10)
Ci= Cq+Ct, 17)

We consider isothermal equations and Darcy’s flow and sub- . o )

stitute Eq. (10) into Eq. (A3): wherg C_S_J is gas compressibility, MPd; C; is total com-
pressibility of rock and gas, MPa.

d ( pM k, dp d ( pM ky dp 3 [ pM k,dp Equation (16) is a diffusion equation containing the
9x <ZRT u&x) +@ (ZRT May) +3*Z <ZRT uaz) quadratic derivative term of pressure square in Cartesian co-

ordinates for gas flow in a homogeneous formation. Equa-
-1 Kl (ﬂ¢> ’ (11) tion (16) shows that flow of gas in porous media is a nonlin-
0t \ZRT ear process. Compared with the governing differential equa-
tion of liquid (Eq. 1), Eqg. (16) shows a more complex non-
linear properties. It is difficult to solve this diffusion equa-

o . 2y o tion because the term éfin (1w Z) /dp? is a stealth function
direction, punt; k. is permeability in the; direction, pns.

lasti d slightl in| K f pressure and not a constant. Usually the pseudo-pressure
We assume an elastic and slightly compressible roc an‘i)or “potential”) function (Ertekin and Sung, 1989; King and

isotropic and constant permeability in both the horizontal andg 1o in 1988: Nie et al. 2012a) can be used to describe the
vertical plane: governing equation of gas flow:

wherex, y, andz are Cartesian coordinatek; is perme-
ability in the x direction, pn; ky is permeability in they

i(LB_P)+i<L3_P>+’<_zi<L3_P> Pl ., [P p
ox \ uZ ox dy \ uZ dy kndz \ uZ 0z V= pSCH_de =2/psc_zdp’ (18)
100 /p
=% (zfﬂ) : (12)  wherey is gas pseudo-pressure, MRmPas)~1; pscis
pressure at standard conditions, MPa.
whereky, is horizontal permeability that is equal kg andk, Derivatives of pseudo-pressure to coordinates can be ex-
is isotropic formation in the horizontal plane, fim pressed by
The partial differential terms in the left of Eq. (12) are ex-
db oy _ 2pdp .
pressed by — == (j=x,2). (19)
aj  mZaj
2
9 (L 3_17) 11 9% BInwu2) <3L2) Derivative of pseudo-pressure to time can be expressed by
j\uzaj) 2uz| aj2 dp? dj ’
J \MZ£ 0] w J P J o ~ 2p ap 0)
(j=x,y2). (13) at  uZor’
The partial differential term in the right of Eq. (12) is ex- Substitute Eg. (20) into the right of Eq. (12):
pressed by 100 /p 10p pdZ\|ap
100 py 100 o\ (1 20Z))op
2 kn 0t \Z kn Z Z dp ot
i(zw) - za_fﬂwi(E) _ € op”
3t \Z Zat  Tat\z) 27 ¥t _ 10¢uCiay (21)
o (1 132\ dp? ko2 o
22\» " Zap) a0 (14)  substitute Eq. (19) into the left of Eq. (12):
Gas isothermal compressibility is a function of pressure and.?_ <L a_p) + K (i a_p) + ke 8 (La_p>
compressibility factor: dx \puZ dx dy \nwZdy) kndz \uZ oz
2 2 2
1 19z 1%y %y | k. 9%y
Cg=————. (15) —E(ﬁ 2 9.2 (22)
p Zap X y h 02
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Then, the diffusion equation expressed by gas pseudo3.2.1 Liquid flow in a formation

pressure can be obtained by
(1) Establishment of mathematical model

9%y azw k: 9%y _ 10puCi oy
9x2 3 kh az kn or

(23) The governing differential equation in a radial cylindrical
system

Equation (23) is a diffusion equation without a quadratic
derivative term. According to Egs. (15) and (17), total com- = 13 <,8_p>
pressibility of rock and gas is a stealth function of pressure’” ar \ o

because gas compressibility is a stealth function of pressure.

1. :
In addition, gas viscosity is also a stealth function of pres-WhereC, is liquid compressibility, MPa“; Ct is total com-
sure. Therefore, Eq. (23) is still a nonlinear equation. ThisPressibility of rock and liquid, MPal; ky, is radial formation

nonlinear equation is very difficult to solve using analyti- Permeability, urf; p is formation pressure, MPais radial
cal methods; however, a numerical approach will be imple- radius from the centre of wellbore, m;is well production

mented. time, h. N
In|t|aI condition

ap\* _ ueCip
Col=—) = -, 24
”(m) 3.6kn 01 (24)

wherep; is initial formation pressure, MPa.
Well production condition based on effective radius

3 Description of the nonlinear flow model
3.1 Physical model

Physical model assumptions: kh [ dpw
= <r£> | —re = 1.842x 1073¢ B +0. o4421cs— (26)

n ar

1. Single vertical well production at a constant rate in a
homogeneous and isotropic formation saturated by avhere B is oil volume factor, dimensionles€s is well-
single-phase fluid (gas, oil or water) and the externalpore storage coefficient,¥MPa 1; py, is wellbore pressure,
boundary of formation may be infinite, closed or of con- MPa;q is well rate at wellhead, A1 ryais effective well-
stant pressure. bore radius, m.

The effective wellbore radiusy; is defined as (Agarwal et

2. Slightly compressible rock and liquid (oil or water) with  al., 1970; Chaudhry, 2004)

a constant compressibility are considered, while the
compressibility of gas changes with depletion of pres-rwa= rwe”S, (27)
sure.

wherery, is real wellbore radius, mf§ is skin factor, dimen-

3. Isothermal equations and Darcy’s flow, ignoring the im- Sionless.
pact of gravity and capillary forces. External boundary conditions:

4. Wellbore storage effect is considered when the well isl'm p |’e—’°° = pi(infinite) , (28)
opened, while fluid stored in the wellbore starts to flow
and when fluid in formation does not.

5. Skin effect is considered near the wellbore where thep |r:re = pi(constantpressure (29)

formation could be damaged by drilling and completion

operations (there could be an additional pressure drop

during production, with the “skin” being a reflection of 97 |;=re = 0(closed, (30)

additional pressure drop). ar " F

) ) ] o ] whererg is external boundary radius, m.
6. Attime 7 =0, pressure is uniformly distributed in for- e following dimensionless definitions are introduced to
mation, equal to initial pressure(. solve the mathematical model:

3.2 Mathematical model Dimensionless pressure:
po =kh (pi — p)/(1.842x 1073 Bp).
For the convenience of well-test analysis, the mathematical
model was established using a set of applied engineering  Skin factor:S = kh Aps/ (1.842x 10-3¢ Bp),
units. Aps is additional pressure drop near wellbore.

Nonlin. Processes Geophys., 20, 31327, 2013 www.nonlin-processes-geophys.net/20/311/2013/
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Dimensionless radius based on effective well radius:

m=r/ (rwe S).
_ _ _ #pp 1 1 (ag) 1 1 Zg (40)

Dlmen5|onles_ssrad|us of external boundary: 8rD B (5 + 1)2 9D ﬁ (E+1) 3,D

TeD =Tre/ (rWe ) .

Dimensionless wellbore storage coefficient:

Cp = Cs/ (6.2832Cthrd). ( 9pp ) 1 1 ( 3 ) (a1)
o _ ) orn) ~ B E+12\orp)

Dimensionless timep = 3.6kt / (puCiryg).

Dimensionless coefficient of nonlinear term: oo 1 1 8&

(42)

= (1.842x 1073¢BuC,) /(kh). —
p=( aBiCy) /kh) o BE+D Ty
The dimensionless mathematical model is as follows: ] )
Governing differential equation in a radial cylindrical sys- Substitute Egs. (38)—(42) into Egs. (31)—(37), the model can
be converted to

tem equals
2
9%po iapﬂ — 8p£ = 1 3pD (31) g +— ! 85 12S E, (43)
3}’[% rp 0rp arp (CDe ) 3TD arg 1D BrD (CDe ) dTp
o =1tp/Cpb. (32) E|TD=O =0, (44)

Initial condition:

—0=0. 33 9§ 0¢
Pb | 1p=0 (33) <— - — ﬂé) =1 = B, (45)
Well production condition:

dpwp dpp . e
i~ (%> lo=1 =1, (34)  lim& |, 00 = O(infinite) , (46)

wherepyp is dimensionless wellbore pressure.
External boundary conditions:

£ |rp=rep = O(cCONStant pressure (47)
im pp |rep—o0 = O(infinite) , (35)
98 | =0(closed (48)
PD |ro=rep = O(cCoONstant pressuyre (36) orp =D = .
gl'ﬂ |rorep = O(closed . (37) (3) Solution to dimensionless mathematical model
D

Introduce the Laplace transform basedgn

(2) Linearization of dimensionless mathematical model _
L[ (rp, Tp)] =5(FD,M)=/§(rD,TD)e_“TDdTD- (49)
Equation (32) is a nonlinear partial differential equation.

The following variable modifications are introduced to solve
the dimensionless mathematical model (Nie and Ding, 2010:.The dimensionless mathematical model in Laplace space is

Odeh and Babu, 1998): as follows:
1 d’e 1 dg u -
=—=I 1. -
po=-5ME+1 R R e L (50)
Then
opp _ 1 1 og &
oo BE+D D (9 Golo-1—@+pE = (51)

www.nonlin-processes-geophys.net/20/311/2013/ Nonlin. Processes Geophys., 2033712013
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3.2.2 Gas flow in a finite formation
|im§‘reoaoo = 0(infinite) , (52) (1) Establishment of mathematical model

Governing differential equation in a radial cylindrical system

€ |ip=rep = O(CONStant pressure (53)
0’y 19y _ ouCiay 62)
ar2  r dr 36k ar’
9E _ where Cy is total compressibility of rock and gas, MPa
o [ro=rep = O(closed. 4 Lis radial formation permeability, ufny is gas pseudo-
) . pressure, MPamPas~1; r is radial radius from the centre
The general solution of the Eq. (50) is of wellbore, my is well production time, h.
_ Initial condition
£ =Alo(rp\/5) + BKo(rp/S) . (55)
pi
Voo =vi=2 [ Lap (63)
141
c=u/ (CDe2S> . (56) bee
. ) where the subscript “i" means “initial”.
Substitute Eq. (55) into Egs. (50) and (51): Well production condition based on effective radius
. .B—E.  — kh (Z 0 zd
w \2p or 2p ot
= 1.842x 10 3¢, (64)

VShi(JVs)-A—JSsKi(JVS) - B—(u+p)éw=B/u. (58)

whereCs is a wellbore storage coefficient3MPa1; v, is

Substitute Eq. (55) into Egs. (52)—(54): wellbore pseudo-pressure, MRaPa3~1; ¢4 is well rate at
bottom hole, Md—1; rya is effective wellbore radius, m.
lim [Io (repy/<) - A+ Ko (repy/S) - B] |rep—oc =0, (59) At the external boundary for a finite formation:
V¥ |r=re = Vi (constant pressuye (65)
Io(repv/<) - A+ Ko(repy/s) - B =0, (60)
0
v |;=re = 0(closed, (66)
or
I (reD«/E) "A—K; (reD\/E) B =0, (61) wherere is the external boundary radius, m.

whereA andB are undetermined coefficientgy ) is a mod- (2) Solution of the nonlinear mathematical model

ified Bessel function of the first kind, zero orddif ) is a

modified Bessel function of the first kind, first ordeé€p()  Because well production pressure is largely depleted near the
is a modified Bessel function of the second kind, zero orderwellbore, we use logarithmic-uniform radial meshes in space

K1() is a modified Bessel function of the second kind, first to discretize the equation and obtain relatively dense grids

order. near the wellbore. A new space variable is taken by
In Egs. (57)—(61), there are three unknown numbelrs (
B, &,,) and three equations, solutions to the model in LaplaceR = In(r). (67)

space can be easily obtained by using linear algebra (Nie et _
al., 2011a, b), such as a Gauss—Jordan reduction. The mathematical model can be converted to

In real space$, and the derivative &,/d7p) can be ob- 92y oy o O1LCt DY

tained using a Stehfest numerical inversion (Stehfest, 1970} 25 + 7 =e¢™" ==~ (68)
to convert§,, back to&y, and then dimensionless wellbore )

pressure gwp) and the derivative (glyp/d7p) can be ob-

tained by substitutingy into Eq. (38). The standard log-log (Ei%) ’R_In(r D — 0.044213%%

type curves of well-test analysis (Nie et al., 2012b, cp@h 2pefaR ) 2p 0t

and (), - 1o/ Cp) vs.1p/Cp can then be obtained. — 1.842x 1073619’ (69)

Nonlin. Processes Geophys., 20, 31327, 2013 www.nonlin-processes-geophys.net/20/311/2013/
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W | R=In(re) = V¥i (CONstant pressuye (70)
0
a—;ﬂe |R=Inre) = O(closed , (71)
¥ li=0 = Vi, p li=0 = pi, wlr=0 = i, Ctli=0
=Ct,Zli=0 = Zi. (72)
The central difference method is employed to solve the "
model:
et A R R e L iy
(AR)? 2AR
ngn+l __ n
:eZ(jAR)(p(H'Ct)J' ¢j Wj (73)
3.6k At ’
Z\" 1 n+l n+1l Z\"
kh (—) . Vi — w6 oasorcy (“—)
2p ), entwa) AR 2p )
n+l n
WwT” — W _ 1 455 1073, (74)
At
¥t = i (constant pressure (75)
vyt -yt
—————~—==0(closed , 76
AR ( d (76)
¥P =i, p} = pi.ud = i, (C0% = Cii, 2 = Zi, (77)

wheren is the previous time leveln(+ 1) is the current time
level; 0 is the initial timeyj is the grid nodey is the number
of grid node at external boundargz is the time step size;
AR is the grid step size.

317

(1) Type curves of the linear flow model

The standard log-log type curves of the linear flow model
(see Fig. 1) are well known. An entire flow process can be
discerned from the type curves:

i. Regime I, pure wellbore storage regime, slope of pres-
sure and the pressure derivative both equal one.

i. Regime Il, wellbore storage and skin effect regime,
shape of the derivative curve is a “hump”.

Regime Ill, radial flow regime, slope of the pressure
derivative curve equals zero, and all the pressure deriva-
tive curves converge to the “0.5 line”, indicating the log-
arithmic value of the pressure derivative is 0.5.

iv. Regime IV, external boundary response regime. For a
constant pressure boundary, where the pressure deriva-
tive curve decreases, transient flow ultimately becomes
steady state. For closed boundary, as the pressure
derivative curve increases, transient flow ultimately be-
comes pseudo-steady state, where the type curves con-
verge to a straight line with unit slope.

Figure 1 shows type curve characteristics as controlled by
different values of parameter grodfpe®S. A larger Cpe?S
leads to a higher location of the dimensionless pressure
curve.

(2) Type curves of nonlinear flow model

Figures 2-5 show the typical nonlinear flow characteris-
tics and flow processes of vertical well production in a ho-
mogenous formation. Figure 2 contains the type curves of
a nonlinear flow model with an infinite boundary. The type
curves are obviously controlled by the dimensionless coef-
ficient of nonlinear termB. Pressure transients were simu-
lated by settingd = 0, 0.01, 0.05 and 0.1. A larg@rleads to
smaller dimensionless pressure curves and associated deriva-
tive curves. The 8 = 0” curves are associated with the linear
flow model. Three main flow regimes can be easily discerned

Note that Eqgs. (68) and (69) are nonlinear equations befrom the type curves:

causeu, Z, C are stealth functions of pressure and pseudo-
pressure, therefore, in order to solve the model, we used the

previous time Ieve{MCt)’;. in Eq. (73), and%)\’,’v and(%)(}V
in Eq. (74) to approximate the current time level.

4 Analysis of nonlinear flow characteristics

4.1 Simulating pressure transients of liquid flow

4.1.1 Type curves of pressure transients

Type curves reflect properties of underground formations.
Type curves graphically show the process and characteristics

of fluid flow in reservoirs.

www.nonlin-processes-geophys.net/20/311/2013/

i. Regime |, pure wellbore storage regime, there are no
differences in type curves between the two flow models
because liquid in formation does not start to flow and the
influence of the nonlinear quadratic pressure gradient
term is only produced for flow in formation. Wellbore
pressure transients are not affected by the nonlinearity
of oil flow in this regime.

ii. Regime Il, wellbore storage and skin effect regime,
there are obvious differences in type curves between
the two flow models. The nonlinearity of liquid flow
positively influences the pressure transients. A lagjer
means a stronger nonlinear effect of liquid flow on the
type curves.

Nonlin. Processes Geophys., 2032712013
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10° osed 10°
close
R,=1000 for closed and constant pressure boundaties Coe™=10°, R,=1000
DC,e*=10’ d ®p=0
. - 1 _
) 10' = @c,et0r ! ) t =10 - @=0.02 I I (L)
S @Cye™=10 S e ® ©)p=0.1 — —
=2 2o Y : I i N B @p=0.2 Il I 111 i v
B - ) , N i
-~a >y (1 . ’ ~a -
=l o BT, 1 1,705 line =10’ I &
- . R N et LL A -
2 7" 11 N infinite = Iy
= : Y B ! ' i @:““‘
| \ 10" |- &
. pressure p,, % constant pressure p,p % constant
! « pressure derivative p | ,/C, 'llprcssurc . pressure derivative p !y £,/C, "‘; pressure
- | | ! L Lt 2 ! | ! | L%
] -2 -1 0 1 2 3 4 5 10 -2 -1 0 1 2 3 4 5
0 10 10 10 /Cl() 10 10 10 10 10 10 10 /CIO 10 10 10
1,/ C, I/ Cp

Fig. 1. Type curves for linear flow models used for comparison Fig. 3. Type curves for the nonlinear well-test model with a constant

with those from nonlinear flow models. Type curve characteristicspressure boundary used for analysis of nonlinear flow processes.
controlled by parameter grouppe2S and external boundary con-  The type curve characteristics are controlled by different values of
ditions are shown. Four main flow regimes were recognised: pures. Pressure transients were simulated by setfing 0, 0.02, 0.1

wellbore storage regime (1), wellbore storage and skin effect regimeand 0.2. Derivative curves decreased and ultimately converged to a
(1), radial flow regime (IIl), and external boundary response regime point.

(IV). Derivative curves converged to the “0.5” line in the radial
flow regime for infinite formation, decreased for constant pressure
boundary and increased for closed boundary. Pressure curves and

their derivative curves ultimately converged to a straight line with a

slope of one. Figure 3 contains the nonlinear flow model type curves

with constant pressure boundaries. Pressure transients were
i simulated by setting = 0, 0.02, 0.1, and 0.2. Nonlinear flow
10 characteristics in regimes |-lll are similar to the nonlinear
Ce=10’ flow model type curves with an infinite boundary. The type
gﬂigm 7 curves in regime IV show that the pressure derivative curves
@ﬁzo‘_ns : @ decrease and ultimately converge at a point.
@p=0.1 Aom ! il Figure 4 contains the nonlinear flow model type curves
10 ! ! 0.5 line @ with closed boundaries. Pressure transients were simulated
¥ RS SRERR LB by setting =0, 0.02, 0.1, and 0.2. Nonlinear flow char-
] ! ’ acteristics in Regimes I-lll are similar to infinite boundary
e pressure p., type curves. The type curves in Regime IV show that the
-+ pressure derivative p 1 4/Cy pressure curves and their derivative curves increase and ul-
10° | | | | | | ) timately converge to a straight line whose slope is smaller
s 10t 10 “’; /C'Oe 10" 10" 10" than one, instead of one, which is different from the linear
v flow model.

Fig. 2. Type curves for the nonlinear well-test model with an infi-  Figure 5 shows the type curve characteristics that are con-
nite boundary used in the analysis of nonlinear flow processes. Thérolled by values associated with the parameter gi©w?S.

type curve characteristics are controlled by different values of thePressure transients were simulated by setﬁ@gzs = 105,
dimensionless coefficient of the nonlinear tefmPressure tran-

_ _ _ 10® and 10. A largerCpe®S leads to larger dimensionless
sients were simulated by settigfg=0, 0.01, 0.05, and 0.1. Pres-  yresgure curves, which is similar to the linear flow model.
sure curves and their derivative curves were positively affected byDimensionIess pressure curve characteristics are completely
B. Derivative curves did not converge to the “0.5” line in the radial different from those of the linear flow model. Derivative
flow regime. The B = 0" curves were linear flow model curves. . . . .
curves cross at a point (see point A on the caption of Fig. 5)
before the radial flow regime. A larg€ipe?s leads to larger
. . . . derivative curves in Regime Il and smaller derivative curves
iii. Regime lll, radial flow regime, different type curves are . .
. . -~ —._ in Regime Il
associated with the two flow models. Pressure derivative

curves of the nonlinear flow model do not conform to 4 4 » Quantitative analysis of nonlinear influence
the “0.5 line” law. The curves are located along the “0.5

line” and are inclined instead of horizontal (see Figs. 2—pressure curves and the derivative curves of nonlinear flow
5). As time elapses, the pressure derivative curves gradmodels deviate gradually from those of linear flow mo-

ually deviate from the “0.5 line”. dels with time. “DV” and “RDV” show the quantitative

Nonlin. Processes Geophys., 20, 31327, 2013 www.nonlin-processes-geophys.net/20/311/2013/



J. C. Guo and R. S. Nie: Nonlinear flow model for well production 319
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Fig. 4. Type curves of nonlinear well-test model with a closed Fig. 5. Type curves of the nonlinear well-test model with an infi-
boundary used for the analysis of nonlinear flow processes. The fignite boundary used for analysis of nonlinear flow processes. The
ure shows the type curve characteristics controlled by different valtype curve characteristics are controlled by different values of the
ues ofg. Pressure transients were simulated by seftirg0, 0.02, parameter grougpe2S. Pressure transients were simulated by set-
0.1 and 0.2. Pressure curves and the associated derivative curvéisg Cpe2S = 10°, 103, and 10. Derivative curves crossed at a point
increase and ultimately converged to a straight line whose slope igsee point A on the caption) before the radial flow regime.

smaller than one.

DV and RDV increase over time (Tables 1 and 2). RDV
of the pressure derivative is greater than that of pressure at a
fixed time, such as wheng/Cp = 10%” for“ g = 0.01” (Ta-
ble 1). The RDV of the pressure derivative is 6.91 %, which is
greater than that of pressure, 3.43 %. It can be observed from
the tables that DV and RDV increase in parallel withsuch
RDV — I?V .100%. (79) as when fp/Cp = 10*", RDV of p:essuze_ for 8 =0.01"is

value of linear model 3.96 % and RDV of pressure fop“= 0.1" is 27.39 %.
. . . . . According to the equation, B =(1.842x
where DV is the dlffer_entlal valu_e bet_ween I|_near and nonlin- 1(T3unCp)/(kh), and probable values ¢f (Table 3), it
ear models and RDV is the relative differential value betweenig qemonstrated that is proportional to liquid viscosityy,

linear and nonlinear models. o and inversely proportional to formation permeabilityand
Tables 1 and 2 show the quantitative differences of non-,magion thicknessh. Formations with low permeability,

Iine”ar influence on type curves fop*=0.01" and 8= heayy oil or thin thickness have a larggr causing the
0.1%, respectively. Dimensionless pressure values and theifhfiuence of nonlinearity to be more intense for these
derivative values in Tables 1 and 2 were calculated by;qmations.

: 25 : L . :
setting Cpe®® as 16, the corresponding type curves are |, general, flow of fluid in porous media is a nonlinear

shown in Fig. 3. The tables show that dimensionless presp ocess and the nonlinear quadratic pressure gradient term
sure and its derivative differ between linear and nonlin- ¢,51d be retained in diffusion equations.

ear models. For #=0.01" and ‘1p/Cp = 10?”, DV and

RDV of pressure are 0.1711 and 2.81 %, respectively; whem 1.3 Comparision to Chakrabarty’s model

“tp/Cp = 10°", DV and RDV of pressure are 0.4311 and

4.48 %, respectively; whenss/Cp = 107", DV and RDV Homogenous reservoir models are among recent pressure-
of pressure derivative are 0.0348 and 6.17 %, respectivelytransient models containing the quadratic pressure gradient
when “p/Cp =10°", DV and RDV of pressure deriva- term. However, these models do not study pressure-transient
tive are 0.0439 and 8.78 %, respectively. Fgr= 0.1” and curves of well-test analysis, such as Marshall (2009), Gia-
“1b/Cp = 10%", DV and RDV of pressure are 1.3030 and chetti and Maroscia (2008), Liang et al. (2001); while oth-
21.38 %, respectively; wheng/Cp = 10°”, DV and RDV ers do not model homogenous reservoirs, such as Tong
of pressure are 2.8667 and 29.82%, respectively; whermand Wang (2005), Bai et al. (1994). The solutions of these
“/b/Cp =10%", DV and RDV of pressure derivative are models cannot be compared to the model discussed here.
0.2212 and 39.24 %, respectively; whep/'Cp = 10°”, DV Chakrabarty et al. (1993b) studied a nonlinear pressure-
and RDV of pressure derivative are 0.2457 and 49.14 %, retransient model which does not consider skin factor and plot-
spectively. ted a group of log-log pressure-transient curves baseg.on

differences between type curves. They are defined as

DV = |value of linear mode} value of nonlinear modgl (78)
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Table 1. Theoretical offset of type curves caused by the nonlinear tgrea Q.01).

tp/Cb PwD DV RDV (%) p\/ND -tp/Cb DV RDV (%)
linear  nonlinear linear  nonlinear

107 6.0943 5.9232 0.1711 2.81 0.5638 0.5290 0.0348 6.17

103 7.3048 7.0544 0.2504 3.43 0.5078 0.4727 0.0351 6.91

10% 8.4627 8.1271 0.3355 3.96 0.5005 0.4614 0.0392 7.83

10° 9.6147 9.1836 0.4311 4.48 0.5001 0.4562 0.0439 8.78

Explanationsg is the dimensionless coefficient of the nonlinear tefmis dimensionless time;p is dimensionless wellbore storage coefficient;
pwp is dimensionless pressurp{,‘vD is dimensionless pressure derivative; DV is differential value; RDV is relative differential value. The

quantitative analysis of nonlinear influence was calculated by sefing® = 103 andg = 0.01. Corresponding type curves are shown in Fig. 2.

Table 2. Theoretical offset of type curves caused by the nonlinear tgrea Q.1).

tp/Cp pwD DV RDV (%) p\/ND -tp/Cp DV RDV (%)
linear  nonlinear linear  nonlinear

102 6.0943 4,7913 1.3030 21.38 0.5638 0.3425 0.2212 39.24

103 7.3048 5.5001 1.8047 24.71 0.5078 0.2902 0.2176 42.85

10# 8.4627 6.1444 2.3183 27.39 0.5005 0.2701 0.2304 46.04

10° 9.6147 6.7480 2.8667 29.82 0.5001 0.2543 0.2457 49.14

Explanationsg is the dimensionless coefficient of the nonlinear tesnis dimensionless tim&;p is dimensionless wellbore storage coefficient;
pwD is dimensionless pressurp(;\,D is dimensionless pressure derivative; DV is differential value; RDV is relative differential value. The

quantitative analysis of nonlinear influence was calculated by sert_imﬁs =103 andp = 0.1. Type curves are shown in Fig. 2.

Table 3. Probable values for the dimensionless coefficient of the nonlinear term.

k m B k iz B
(x1073um?)  (mPas) &10-3pm?)  (mPas)
100 25 0.00115 100 100 0.00460
10 25 0.01150 10 100 0.04600
1 25 0.11500 1 100 0.46000

Explanationsk is formation permeabilityj is liquid viscosity;8 is dimensionless coefficient of the
nonlinear termp was calculated according to its definition under a set of fixed parameters: set liquid rate
q=25 md-1; liquid volume factorB = 1.004; formation thicknes# = 10 mand liquid compressibility

Cp =0.001MPa L.

The model of this article considered skin factor and regu-cient as

lated skin factor §) and wellbore storage coefficiendf) to qJic

a parameter groupdpe2S). S would need to be set as zero @ = — omkh’

to make an effective comparison with Chakrabarty’s model.

In addition, the log-log pressure-transient curves were plot-wherea is the dimensionless quadratic gradient coefficient;

ted based ontf/Cp), therefore the abscissa would need to ¢ is rate at wellbore, cis™?; u is viscosity, mPas; is fluid

be converted tap. Please note that the type curves basedcompressibility, atm?; k is permeability, D;: is formation

on (fp/Cp) will cross over the origin of coordinates (19 thickness, cm.

10-2) and the type curves basedgndo not. Figures 8 and 9 Comparing the definition ofx in Chakrabarty et al.

of Chakrabarty et al. (1993b) are log-log pressure curved1993b) with the definition ofs in this article, they used

and log-log pressure derivative curves, respectively. In ordethe rate at wellbore and we used the rate at wellhead, and

to have a convenient comparison, the same parameter vapB is the opposite number ef. Figures 6 and 7 show the

ues and the same range of coordinate scales as those showdmparisons of pressure curve and pressure derivative curve,

Figs. 8 and 9 were used. Equation (6a) of Chakrabarty et altespectively. The solutions of our model are completely the

(1993b) defined the dimensionless quadratic gradient coeffisame as those of the model in Chakrabarty et al. (1993b).
In conclusion, our model can be reduced to the model of

(80)
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10' 10'
10° 10° |~
10"+ q a=-0.01 of Chakrabarty - 10"+ p 0=-0.01 of Chakrabarty
2 [=0.01 of this article T i f=0.01 of this article
. = . )
» LC,=10° = LC,~10°
10 2 @c,-10° \ Of this article 10 @c,-10' | of this article
é\C 10 and Chakrabarty @C=10" and Chakrabarty
2= =
107 3 10 @
the solutions of this article J the solutions of this article
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Fig. 6. Pressure curve comparisons with Chakrabarty et al. (1993b)Fig. 7. Pressure derivative curve comparisons with Chakrabarty et
for homogenous infinite formation. Full lines are pressure curvesal. (1993b) for homogenous infinite formation. The solutions of this
from this article and dotted lines are pressure curves associated withrticle are the same as those of Chakrabarty et al. (1993b).
Chakrabarty et al. (1993b3.is the opposite number of. For con-

venience, the same parameter values are set. The solutions of this

article are the same as those of Chakrabarty et al. (1993b).

4.2 Simulating gas flow pressure transients
4.2.1 Data preparation

PVT parameters of gas can be calculated from gas compo-
Chakrabarty et al. (1993b) by setting skin fact®y &s zero.  sition (Hagoort, 1988). Using an example gas well of sand-
However, our research is different from that of Chakrabartystone formation, basic data of formation and gas composition
et al. (1993b). Significant improvements are (1) our modelare shown in Table 4 (formation at mid-depth is 1380 m; for-
considers well skin factorS)) using the effective well ra- mation thickness is 9.4 m; formation porosity is 0.08; forma-
dius method (Agarwal et al., 1970; Chaudhry, 2004), while tion permeability is 0.014 pfn compressibility of formation
Chakrabarty’s model did not, therefore our model is morerock is 0.00038 MPal; the well radius is 0.062 m; forma-
realistic; (2) we used modern standard type curves (Corbettion temperature is 338.5 K; formation pressure is 20.5 MPa;
et al., 2012) based onp(/ Cp) to regulate pressure and its and mole composition of methane, ethane, propane and ni-
derivative curves for different external boundaries makingtrogen are 99.711 %, 0.092 %, 0.03 % and 0.167 %, respec-
it convenient to use these curves to observe nonlinear trantively). Formation parameter data are from well logging in-
sient flow behaviour. The analysis curves of Chakrabarty eterpretations and mole composition data are from labora-
al. (1993b) were based apg and did not use modern stan- tory tests. Gas property parameters are a function of pres-
dard type curves; (3) different flow regimes were recognisedsure and temperature and were calculated using mole com-
from the researched type curves and nonlinear flow characposition data (such as gas compressibility, viscosity, com-
teristics in every flow regime were analyzed. Chakrabarty etpressibility factor and pseudo-pressure) in the commercial
al. (1993b) did not follow this procedure; (4) we thoroughly software, Saphir. Figure 8 shows the relationship curves be-
analyzed parameter sensitivities to type curves, including théween gas property parameters and pressure. The gas com-
nonlinear coefficientf) and the parameter grougge2s); pressibility factor decreases and then increases with an in-
Chakrabarty et al. (1993b) did not; (5) we used “DV” and crease in pressure (Fig. 8a). Both gas viscosity and pseudo-
“RDV", clearly showing the difference in quantitative data pressure increase with anincrease in pressure (Fig. 8b and c).
between nonlinear and linear solutions; Chakrabarty et alGas compressibility decreases with an increase in pressure
(1993b) did not; and (6) we researched real world applica<(Fig. 8d). Compressibility is large at low pressures, espe-
tions by matching the theoretical nonlinear model againstcially in critical isotherm conditions (Marshall, 2009). Crit-
field data, but Chakrabarty et al. (1993b) did not. The aboveical pressures calculated using Saphir are 4.62 MPa with
analysis methods used to research nonlinear flow issues afas compressibility of the example well = 0.024 MaGas
liquid in an underground formation are different from previ- flow in formation is a nonlinear process as shown by changes
ous publications, such as Cao et al. (2004), Chakrabarty et aln property parameters with pressure. For convenience, the
(1993b), Marshall (2009). following formulations were regressed using polynomial or
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Table 4.Basic data from the simulated well.

Hm h 0 k Cs m T p mole composition
(m) (m) () (MPal) (m) (K) (MPa) (%)

N2 COp Cy Co Cs
1380 9.4 0.08 0.014 0.00038 0.062 3385 20.5 0.167 - 99.711 0.092 0.030

ExplanationsHm is formation mid-depthk is formation thicknessp is formation porosityk is formation permeabilityCs is compressibility of formation
rock; ry is well radius;T is formation temperatures is formation pressureéyl, is nitrogen;CO, is carbon dioxideCs is methaneC, is ethaneCs is

propane.
0.98 T 0.025 -
y = -2E-06x3 + 0.0004x? - 0.0094x + 0.9929
0.97 1 R?=0.9977 0.02 |
N /M
y = 2E-06x2 + 0.0003x + 0.0117
4 RZ=1
0 5 10 15 20 25
p(MPa)
(a) Relationship curve of Z with p (b) Relationship curve of u, with p
50000 —+ 0.04
y =52.117x? + 487.62x - 1560.7
= 40000 + R?=0.9996
= L
& 30000 1 y =0.1143x1.03
§ i R? = 0.9994
<
&« 20000 +
= L
> 10000
0

(c) Relationship curve of y with p (d) Relationship curve of C, with p

Fig. 8. Relationship curves of gas viscosity)( gas compressibility(g), compressibility factorZ) and pseudo-pressurg ) with pressure

(p) for the example well. Parameters in the~x25) MPa pressure range were calculated using gas compositions found in the commercial
software, Saphir. In order to conveniently calculate these parameters in numerical simulations, relationship equations were regressed with
pressure using polynomial or power functions in Microsoft Excel.

power functions in Microsoft Excel: neously according to the relationship formulation of pseudo-
pressure with pressure (Eq. 84).

w=2x10"°p?+0.0003p 4 0.0117, (81) In order to compare gas and oil flow, numerical simula-
tions must be done under the same formation and well pro-

Cq=0.1143~1039 (82)  duction conditions. Wellhead gas rate of the example well is

6 3 4 4.3x10*m3d~1, and the bottom hole gas rate is equal to the
Z=-2x107p"+4x10 —0.0094p +0.9929, (83) product of the gas volume factd (0.006) with a wellhead
¥ =52117p? + 487.62p — 156Q7. (84) rate of 259md~". If one was to simulate oil flow in such a
sandstone formation with 9.4 m thickness and 0.08 porosity,
In numerical simulations, each value of a property parametethe oil rate at the bottom hole would not reach 258
’ l:I'herefore, we simulated pressure transients by setting a rela-

in the current time level was approximated using a value Stively small bottom hole rate (20%d~1) for both gas and oil
sociated with a previous time level. Each value of a property

ter in th ) time level b lculated usi groduction. With similar formation and well production con-
parameter in the previous ime fevel can be calcuiated usiNGyi;q o property parameters of oil must be prepared before

Egs. (81)—(83). Pressure transients can be simulated simulta-
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numerical simulations. We set oil viscosity and compressibi- 10000 ¢ (1) pseudo-pressure for gas flow
lity as 2 mPas and 0.0034 MP4 respectively and ignored 1000 @ pressure for oil flow
changes in oil viscosity and compressibility with depletion = ®) pressure for gas flow

of pressure. In addition, the wellbore storage coefficient anc€ 100
skin factor were set as 0.008MPa 1 and 0.5, respectively,
with a 3000 m closed external boundary for the formation.
Substituting the above data into Eqgs. (57)—(61) for oil wells§ 1 b
and Egs. (73)—(77) for gas wells, wellbore pressure transientz

MPaZ/(m

aye o
were calculated under the above conditions. = o
g
. . . 0.01
4.2.2 Numerical simulation results
0.001 + T T T i
Figure 9 shows the numerical simulation results for both 0.000001 0.0001 0.01 1 100

gas and oil well production. The horizontal coordinate rep- th)

resents production time)(and the vertical coordinate repre- g 9 Numerical solutions comparisons for oil and gas flows. For
sents production pressure dray), or production pseudo-  convenience, the same formation and well production conditions
pressure dropAyr). Simulated production time is 60 h. Fig- were used in the numerical simulations. Pseudo-pressure (see curve
ure 9 shows (1) the location of pseudo-pressure and it€D) and pressure transients (see cur@sfor gas well production,
derivative curves (curvé) are at their highest because the and pressure transients for oil well production (see cu@gsvere
value of pseudo-pressure is larger than that of pressure (Sé@mulated. Pressure depletion of the oil well is greater than that of a
Table 5); and (2) the location of pressure and its derivativedas \_NeII _under the same conditions. For oil well production, prop-
curves for oil well production (curvé®) is higher than that agatl_ng time o_f the pressure wave to the closed (_axternal boun_dary
of gas well production because oil wells need a larger pres{’ed 'S approximately 0.6 h. For gas well production, propagating
. time to the boundaryrég) is about 4.3 h.

sure drop for the same rate of production. The model assumes
well production is at a constant volume rate. The very high
dilatability of gas with the depletion of pressure makes the
volume supply of gas to well rate easier than that of oil; there-
fore, the pressure drop of gas well production is lower than
that of oil well production. Figure 9 also shows the difference
between external boundary response time for oil and gas well
production. A larger pressure drop for oil well production
results in a faster propagation of pressure waves, thereforduction in a formation with 10 m thickness; (3) at a time of
propagating time for a pressure wave to reach the closed ext = 0.6 h” when the pressure wave of oil well production
ternal boundary for oil well production) is shorter than  reaches the external boundary, the pressure drop in the oil
that of gas well productiorrdg). According to the simulated well is 7.21 MPa, while the pressure drop in the gas well is
results, external boundary response time of oil and gas flowD.346 MPa; (4) at the time oft'’= 4.3 h” when the pressure
is 0.6 h and 4.3 h, respectively. As shown in Fig. 9, after awave of gas well production reaches the external boundary,
pressure wave reaches the closed external boundary, tratihe pressure drop of the gas well is 0.352 MPa, while the
sient flow will reach a pseudo-steady state flow, in which thepressure drop in the oil well is 9.57 MPa; and (5) when the
derivative curves converge to a straight line (Chaudhry, 2004wellbore pressure of oil well production decreases to atmo-
Nie et al., 2011a). spheric pressure (0.1 MPa), which is an absolute open flow

Table 5 lists partial data associated with the numericalstatus, the production time is 21.5 h which is the limit time of
simulation results and shows quantitative differences in nu-oil well at 20 n?d—* rate production. If production time ex-
merical values among wellbore pseudo-pressure, wellboreeeds limit time, the formation could not support an oil rate
pseudo-pressure drop, wellbore pressure and wellbore dropf 20 m?d~1 and the rate must decline. However, at the limit
for both gas and oil well production under the same condi-time of oil well production the pressure drop of gas well pro-
tions. Differences in quantitative analyses can be describeduction is only 0.358 MPa, which means the formation can
from the table: (1) pseudo-pressure values are near 1500asily support a gas rate of 2§dr for an extended period
times that of pressure values. Therefore, comparisons besf time.
tween pseudo-pressure and pressure are not significant andIn conclusion, numerical simulations show that there are
comparisons of real wellbore pressure between gas and obbvious differences in wellbore pressure transients for oil
well production need to be calculated; (2) at the beginning ofand gas flow under the same formation and well conditions
production, pressure drop in oil well production is about 19 owing to the difference of fluid properties. Compared with
times that of gas well production because a rate of 20 gas wells, oil wells demand a relatively larger wellbore pres-
is small for gas well production and high for oil well pro- sure drop and a relatively faster depletion.
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Table 5. Numerical comparisons between oil and gas well production.

t gas well production oil well production
(h)

Yw Ay Pw Ap Pw Ap
MP&Z(mPas~t MP2Z(mPas~l (MPa) (MPa) (MPa)  (MPa)

0 30630.13 0 20.50 0 20.50 0
0.1 30519.08 111.05 20.157 0.343 13.87 6.63
0.6 30509.25 120.88 20.154 0.346 13.29 7.21

1 30506.78 123.35 20.152 0.348 12.99 7.51
4.3 30498.56 131.57 20.148 0.352 10.93 9.57
10 30493.71 136.42 20.146 0.354 7.64 12.86
15 30490.52 139.61 20.145 0.355 4.58 15.92
215 30485.67 144.46 20.142 0.358 0.1 20.50

Explanationst is production timej/y is gas pseudo-pressure of wellbowRa? (mPas~1; Ay is gas pseudo-pressure
drop of wellboreMP22 (mPas~1; py, is wellbore pressure)p is wellbore pressure drop.

Table 6. Formation and well parameters of the example well.

Hi ~ Hy h [ Cp Ct rw " B q Ip
(m) (m) (MPal) (MPal) (m) (mPas) (Md=Y)  (h)

1168~ 1171 3 021 0.0034 0.0038 0.062 20.08 1.089 245 3465

Explanationst is formation thicknessp is porosity,C, is oil compressibility,Ct is total compressibility of rock and oiky is well
radius;u is oil viscosity,q is average rate before shutting-ip;is production time before shutting-dowAt is depth of the formation
top; Hp is depth of the formation bottom.

15.4 10! A realdata of well testing
15.2 - .- theoretical curves by using nonliear model
15.0 5 — theoretical curves by using liear model
' 10° ' H
- 14. o 1 i
E e g . 1; om iw
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< 144 =10t ! o s i
4 Q : =
Q 14.2 <1 o ® 5Ty
14.0 102
13.8
136 ' ! ' ' 103 ! ! L L ! ! !
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At(h) At(h)

Fig. 10. Build-up pressure curve of well testing at wellbore of g 17 Matching curves with units of well-test interpretation for

the example well. The relationship between build-up pressure angh,s example well. Log-log curve characteristics of well-testing data

shutting-down time is shown. Wellbore pressure when shut down, i the matching effects of theoretical curves against actual testing

and at testing termination were 13.79 MPa and 15.23 MPa, respeGyata petween the linear model and the nonlinear model are shown.

tively. Shutting-down time of well testing was 326 h. Both models performed well. The matching effect of the derivative
curves associated with the nonlinear model was more desirable, es-
pecially in Regimes Il and IV.

5 Field application

Log-log curves of well-testing data are shown in Fig. 11.
This study used a pressure buildup testing well in a sandstonBour main flow regimes are observed: (i) Regime |, pure
reservoir with an edge water drive. The curve of wellbore wellbore storage regime; (ii) Regime I, wellbore storage and
shutting-down pressureys, with shutting-down timeAz, is skin effect regime; (iii) Regime Ill, radial flow regime; and
shown in Fig. 10. Formation and well parameters are showr(iv) Regime 1V, external boundary response regime caused
in Table 6. by edge water.
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The researched nonlinear flow model from this article 102
was used to make a well-test interpretation. Matching curves ~@©-matchingcurves by using nonliear model
from a well-testing interpretation using the nonlinear model ~ qqn | MeenEcuvesty usngliearoge
with a constant pressure boundary are shown in Fig. 11 | ' '

) . . : n: m 4
The conventional linear flow model with a constant pres-"qo: 100 L I ! ! K |
sure boundary was used in a well-test interpretation. Match- § 4 5

ing curves are shown in Fig. 11. Matching effects between 101+ ?}}Ealdata of well testing P

the two interpretations are desirable. Differences betweer )
the theoretical curves and real testing data are noticeabl _ . —}tlheme“fa'cu“’le“fm?de's 'y
(Fig. 11). Using the matching derivative curves, matching 10 107 107! 10° 10! 107 10° 10° 10° 10°f
effects for the nonlinear model are more desirable than for At,/C

. . . . o/ D
the linear model, especially in periods Il and IV. Match-
ing curve differences between the two models were incon-ig. 12. Dimensionless matching curves of well-test interpretation
spicuous; therefore, the dimensionless matching curves ofor the example well. The dimensionless matching curves were used
well-test interpretation were used to show the differences beto show differences between well-test analyses using nonlinear and
tween the matching effects associated with the two modeldineéar models. Obvious differences in the theoretical type curves
(Fig. 12). were found.

The main interpretation parameters are shown in Table 7.

The formation permeabilityk of well-test interpretation
using the nonlinear model is 0.03925%imnd the dimen-
sionless coefficient of nonlinear terng)(of well-test inter-

Table 7. Main interpretation parameters of the example well.

pretation using the nonlinear model is 0.0287. We substi-  ,0del Cs s k ro B
tuted the formation permeability value (0.03925qrnto (m3MPa1) (2107 3um?)  (m)

the equatior = (1.842x10~%g BuC,)/(kh) and calculated  — o =000 0.57 39.25 561  0.0287
B. The calculated value ¢f using interpretation permeabil- linear 0.0062 0.81 48.18 626 _
ity =0.0285, which is slightly smaller than the interpretation DV 0 0.24 8.93 65 -

B value (0.0287). The differential value and the relative dif- RDV (%) 0 29.63 18.53 1038 -

ferential value are 0.0003 and 0.70 %- respeCtive|Y- There'ExplanationsCs is wellbore storage coefficiens;is skin factor;k is formation

fore, interpretation results using a nonlinear flow model are permeabilityye is distance of constant pressure boundary from wellhpis;
. . . . dimensionless coefficient of nonlinear term; DV is differential value; RDV is

credible and there is no need to re-match field testing data by,ejative differential value.

changing theoretical parameters.

Table 7 shows the obvious differences between well-test
interpretation parameter values for the two models. The dif-
ferential value of the wellbore storage coefficient is zero be-
cause wellbore pressure of the example well is not affected
by nonlinearity of oil flow in the wellbore storage regime (Ta-
ble 7). The values of paramete§sk, andre using nonlinear
model interpretation are smaller than those using nonlinear
model interpretations. The relative differential valueSofk
andre are 29.63 %, 18.53 %, and 10.38 %, respectively.

Interpretation using the conventional linear flow model
would enlarge the parameter value. The nonlinear flow model
is recommended because it is a useful tool for evaluation
of formation properties and prediction of engineering con-

1. Effects of nonlinearity upon pressure transients are ob-
vious and nonlinear models more accurately portrait the
flow processes of fluid in porous media.

2. Locations of pressure and nonlinear model derivative
curves for liquid flow are lower than those derived from
linear models.

3. Differences between nonlinear and linear model pres-
sure transients increase with time and the nonlinear co-

ditions. efficient.
4. Influences of nonlinearity are greater for formations
6 Conclusions with low permeability, heavy oil or thin thickness.

Nonlinear diffusion equations of liquid and gas in porous me- . . . -
: : . 5. Nonlinear transient flow behaviour of gas is different
dia were deduced, nonlinear flow models were established . L ; .
from that of oil because of dissimilar fluid properties.

and solved and nonlinear flow behaviour was simulated and
analyzed. The findings are as follows:
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Appendix A

3 ( k.0 k, 9 ap ok, k.pC, (p\?
| S (o) < el g 200 S L K0S () (at0)
The material balance equation for liquid flow in porous me- 9z \' u 9z o 9z¢ oz 9z wo \9z

dia reservoirs can be expressed as Change the form of Eq. (4):

d 0 0 0 AL
ax U0+ g5 (ovy) + o (ov) = =2 (09) (A1) p_Eln(p__,mpﬁpO’ (A11)
f
wherep is density, gcm?; ¢ is rock porosity, fraction; is
time, s;x, y, andz are Cartesian coordinates; is flow ve- 5 1 3
locity in the x direction, cms?; vy is flow velocity in the P _ % (A12)
y direction, cms?; v, is flow velocity in thez direction, ar ‘pCf o’

cmsL.
Considering isothermal equations and Darcy’s flow, the
motion equation of liquid can be expressed as

whereCs is rock compressibility, MPaL.
Substitute Egs. (A12) and (A7) into Eqg. (A3), the right of
Eqg. (A3) is changed as

kj .
v= _O‘lﬁvl” G=x2, (A2) f(pgo) ¢8—+p27—p<pCp ?h +ps0Cf%f—p<pth (A13)
where p is pressure, MPau is viscosity, mPasy is flow
velocity, cms®; k, is permeability in ther direction, pnd;
ky is permeability in they direction, uni; k, is permeability ~ Ct=Cp +Ct. (A14)
in thez direction, un. _ . -
Substitute Eq. (A2) into Eq. (AL): where(y is total compressibility of rock and liquid, MP&.

Substitute Egs. (A8)-(A10) and Eq. (A13) into Eq. (A.3):

9 kxap) 3<ky8p> a(k,ap) 3

— (== )+ — (2= )+ —(p==—)=10— , (A3 2 2, 2,

ax(max iy Py ) Tae P ) =10 00 B (0t it 02 ik opiky o ks
dx2 dy2 972 dx dx dy dy 9z 0z

ap\? 9 ap\?
D () ok pOpdh KO gy k(5] i P) ()
ox u ax W o9x2  pudx dx W 0x dx dx dy 0z

: a
Change the form of Eq. (3): _ 10“‘0@3_1;' (A15)
1
P=% Inp— o Inpo+ po, (A5) We assume the permeability in both the horizontal and ver-
P P tical planes is isotropic and constant:
9 1 9 ky =ky =kn, (A16)
ap 1 9p (A6) x =5
ox ,on ox’
ok ok ok
ap 1 dp —=2=-2=0, (A17)
e (A7) ox ay 0z
ar  pC, ot
o o L wherek, is permeability in the horizontal plane, gm
where C, is liquid compressibility, MPa"; oo, ¢o, po are Substitute Egs. (A16) and (A17) into Eq. (A15):
reference values, which are usually used under standard con- ) ,
iti 32p 3%p k 3%p 3 3 k; (9
ditions. . . Fp T k¥p) Lo (p) +<£> +7z<7p)
Substitute Eq. (A6) into Eq. (A4): x2  9y2  kp 972 dx ay kn \ 9z
a ky dp\ _ pki« Zp p 8p oky  kepCp, (0p 2 _ 10upCt 3_]’ A18
0x ('0 v 3x> T ox2 T M ox 9x + m ox /) (A8) T kn 0t ( )
By the same method, the following two equations can be Equation (A19) is the governing differential equation con-
deduced: taining the quadratic gradient term in Cartesian coordinates.
3 [ ky 3p> pky 82p  pdpdk, kypC, <8p)2
“(p2E) =D P D (28 (A9
dy <p wdy w dy2  pudy dy wo \dy (A9)

Nonlin. Processes Geophys., 20, 31327, 2013 www.nonlin-processes-geophys.net/20/311/2013/



J. C. Guo and R. S. Nie: Nonlinear flow model for well production 327

AcknowledgementsThe authors would like to thank the central Giachetti, D. and Maroscia, G.: Existence results for a class of
government of China and the Southwest Petroleum University porous medium type equations with a quadratic gradient term, J.
(SWPU) for supporting this article through a special fund of  Evol. Equ., 8, 155-188]0i:10.1007/s00028-007-0362-3008.
China’s central government for the development of local collegesHagoort, J.: Fundamentals of Gas Reservoir Engineering, Elsevier
and universities — the project of national first-level discipline in  Science, Amsterdam, p. 27, 1988.

Oil and Gas Engineering. The authors would like to also thank theJelmert, T. A. and Vik, S. A.: Analytic solution to the non-linear dif-
reviewers (Sid-Ali Ouadfeul, Simon L. Marshall et al.) and the  fusion equation for fluids of constant compressibility, J. Petrol.

editors (Leila Alioune et al.) for their careful and critical reviews. Sci. Eng., 14, 231-233d0i:10.1016/0920-4105(95)00050-X
1996.

Edited by: L. Aliouane King, G. R. and Ertekin, T.: Comparative evaluation of vertical and

Reviewed by: S. Marshall and S.-A. Ouadfeul horizontal drainage wells for the degasification of coal seams,

SPE Reservoir Eng., 3, 720-73#0i:10.2118/13091-PA1988.
Liang, Y., Price, J. D., Wark, D. A., and Watson, E. B.: Nonlin-
References ear pressure diffusion in a porous medium: Approximate so-
lutions with applications to permeability measurements using
Agarwal, R. G., Al-Hussainy, R., and Ramey Jr., H. J.. An in-  transient pulse decay method, J. Geophys. Res., 106, 529-535,
vestigation of wellbore storage and skin effect in unsteady lig-  doi:10.1029/2000JB900342001.
uid flow: I. Analytical Treatment, SPE Journal, 10, 279-290, Marshall, S. L.: Nonlinear pressure diffusion in flow of compress-
doi:10.2118/2466-PA1970. ible liquids through porous media, Transport Porous Med., 77,
Bai, M. and Roegiers, J. C.: On the correlation of nonlinear flow  431-446d0i:10.1007/s11242-008-927520009.
and linear transport with application to dual-porosity modeling, Nie, R., Meng, Y., Yang, Z., Guo, J., and Jia, Y.: New flow model
J. Petrol. Sci. Eng., 11, 63-72, doi:0.1016/0920-4105(94)90029-  for the triple media carbonate reservoir, Int. J. Comput. Fluid D.,

9,1994. 25, 95-103¢0i:10.1080/10618562.2011.56052811b.

Bai, M., Ma, Q., and Roegiers, J. C.: A nonlinear dual poros- Nje, R. S. and Ding, Y.. Research on the nonlinear spheri-
ity model, Appl. Math. Model., 18, 602—-610pi:10.1016/0307- cal percolation model with quadratic pressure gradient and
904X(94)90318-21994. its percolation characteristics, Natural Science, 2, 98-105,

Braeuning, S., Jelmert, T. A,, and Vik, S. A.: The effect of the  (0j:10.4236/ns.2010.22018010.
quadratic gradient term on variable-rate well-tests, J. Petrol. Scinje, R. S., Guo, J. C., Jia, V. L., Zhu, S. Q., Rao, Z., and Zhang, C.
Eng., 21, 203-2220i:10.1016/S0920-4105(98)000731498. G.: New modelling of transient well-test and rate decline analysis
Cao, X. L, Tong, D. K., and Wang, R. H. Exact so-  for a horizontal well in a multiple-zone reservoir, J. Geophys.
lutions for nonlinear transient flow model including a Eng., 8, 464—4670i:10.1088/1742-2132/8/3/00Z011a.
quadratic gradient term, Appl. Math. Mech.-Engl., 25, 102-109, Nje, R. S., Meng, Y. F., Guo, J. C., and Jia, Y. L.: Modeling transient
doi:10.1007/BF02437292004. flow behavior of a horizontal well in a coal seam, Int. J. Coal
Chakrabarty, C., Ali, S. M. F., and Tortike, W. S.: Analytical so- Geol., 92, 54-68(0i:10.1016/j.coal.2011.12.0p8012a.
lutions for radial pressure distribution including the effects of Njg, R. S, Meng, Y. F., Jia, Y. L., Zhang, F. X., Yang, X.T., and Niu,
the quadratic gradient term, Water Resour. Res., 29, 1171-1177, X_N.: Dual porosity and dual permeability modeling of horizon-
doi:10.1029/92WR02892993a. tal well in naturally fractured reservoir, Transport Porous Med.,
Chakrabarty, C., Ali, S. M. F., and Tortike, W. S.: Effects of the non- 92, 213-235(0i:10.1007/511242-011-9898-3012b.
linear gradient term on the transient pressure solution for a radiaje, R. S., Meng, Y. F,, Jia, Y. L., Shang, J. L., Wang, Y., and Li,

flow system, J. Petrol. Sci. Eng., 8, 241-286i:10.1016/0920- J. G.: Unsteady inter-porosity flow modeling for a multiple me-

4105(93)90002-y1993b. dia reservoir, Acta Geophys., 60, 232—2686i:10.2478/s11600-
Chaudhry, A. U.: Oil Well-testing Handbook, Gulf Professional 011-0053-x2012c.

Publishing, Oxford, UK, p. 161, 2004. Odeh, A. S. and Babu, D. K.: Comprising of solutions for the non-

Corbett, P. W. M., Geiger, S., Borges, L., Garayev, M., and Valdez, |inear and linearized diffusion equations, SPE Reservoir Eng., 3,
C.: The third porosity system: understanding the role of hid-  1202-1206¢0i:10.2118/17270-PAL99S.
den pore systems in well-test interpretation in carbonates, Petrolonur, M., Zeybek, A. D., Serpen, U., and Gok, I. M.: Application
Geosci., 18, 73-8H0i:10.1144/1354-079311-012012. of modern well-test analysis techniques to pressure transient tests
Ertekin, T. and Sung, W.: Pressure transient analysis of coal seams in Kizildere geothermal field, Turkey, Geothermics, 32, 147—170,
in the presence of multi-mechanistic flow and sorption phenom-  oj:10.1016/S0375-6505(02)000682003.
ena, Paper SPE 19102, presented at: the SPE Gas Technolo@ehfest, H.: Numerical inversion of Laplace transform — algorithm

Symposium, Dallas, Texas, 7-9 Jumi®i:10.2118/19102-MS 368, Communication of the ACM, 13, 47-49, 1970.

1989. Tong, D. K. and Wang, R. H.: Exact solutions of pressure tran-
Finjord, J.: A solitary wave in a porous medium, Transport Porous  sient model for fluid flow in fractal reservoir including a

Med., 5, 591-607d0i:10.1007/BF0020333@.990. quadratic gradient term, Energ. Sour. Part A, 27, 1205-1215,

Finjord, J. and Aadnoy, B. S.: Effects of the quadratic gradientterm  doj:10.1080/009083190519168005.

in steady-state and semisteady-state solutions for reservoir presyang, Y. and Dusseault, M.: The effect of quadratic gradient terms
sure, SPE Formation Eval., 4, 413-416j:10.2118/15969-PA on the borehole solution in poroelastic media, Water Resour.

1989. Res., 27, 3215-3228pi:10.1029/91WR01552991.

www.nonlin-processes-geophys.net/20/311/2013/ Nonlin. Processes Geophys., 2033712013


http://dx.doi.org/10.2118/2466-PA
http://dx.doi.org/10.1016/0307-904X(94)90318-2
http://dx.doi.org/10.1016/0307-904X(94)90318-2
http://dx.doi.org/10.1016/S0920-4105(98)00073-4
http://dx.doi.org/10.1007/BF02437298
http://dx.doi.org/10.1029/92WR02892
http://dx.doi.org/10.1016/0920-4105(93)90002-V
http://dx.doi.org/10.1016/0920-4105(93)90002-V
http://dx.doi.org/10.1144/1354-079311-010
http://dx.doi.org/10.2118/19102-MS
http://dx.doi.org/10.1007/BF00203330
http://dx.doi.org/10.2118/15969-PA
http://dx.doi.org/10.1007/s00028-007-0362-3
http://dx.doi.org/10.1016/0920-4105(95)00050-X
http://dx.doi.org/10.2118/13091-PA
http://dx.doi.org/10.1029/2000JB900344
http://dx.doi.org/10.1007/s11242-008-9275-z
http://dx.doi.org/10.1080/10618562.2011.560573
http://dx.doi.org/10.4236/ns.2010.22016
http://dx.doi.org/10.1088/1742-2132/8/3/007
http://dx.doi.org/10.1016/j.coal.2011.12.005
http://dx.doi.org/10.1007/s11242-011-9898-3
http://dx.doi.org/10.2478/s11600-011-0053-x
http://dx.doi.org/10.2478/s11600-011-0053-x
http://dx.doi.org/10.2118/17270-PA
http://dx.doi.org/10.1016/S0375-6505(02)00068-8
http://dx.doi.org/10.1080/009083190519168
http://dx.doi.org/10.1029/91WR01552

