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Abstract. The evolution of large amplitude internal waves
propagating towards the shore and more specifically the run
up phase over the “swash” zone is considered. The mathematical model describing the generation, interaction, and
decaying of solitary internal waves of the second mode in
the interlayer is proposed. The exact solution specifying the
shape of solitary waves symmetric with respect to the unperturbed interface is constructed. It is shown that, taking into
account the friction on interfaces in the mathematical model,
it is possible to describe adequately the change in the phase
and amplitude characteristics of two solitary waves moving
towards each other before and after their interaction. It is
demonstrated that propagation of large amplitude solitary internal waves of depression over a shelf could be simulated in
laboratory experiments by internal symmetric solitary waves
of the second mode.

subsurface internal waves of depression can transform into
the large amplitude internal waves of elevation (Helfrich and
Melville, 2006; Scotti and Pineda, 2004; Wallace and Wilkinson, 1988; Klymak and Moum, 2003). The transition from
wave-like motion to the separate moving soliton-like waves
(“solibores”) containing trapped core is the common feature
of the run up process of internal waves. It can be observed in
any shelf zone with high internal wave activity as well as in
laboratory experiments. This study is based on the laboratory
run up experiments for internal waves. It is shown that an internal solitary wave of elevation was destroyed very quickly
during its run up in a “swash” zone along the “dry” bottom,
but the presence of a thin dense layer before the wave front
prevented the entrainment and mixing processes very effectively. The simple mathematical model describing the nonstationary interaction and decaying of internal solitary waves
is suggested.
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Introduction

In coastal zones, shoreward propagation of surface and internal waves generally leads to breaking. The turbulence,
generated by breaking and mixing processes at the wave
fronts, induces the very effective mechanism of energy dissipation and momentum exchange, leading to intensive sediments suspension and transport in the shelf zone. Nonlinear
internal waves generated by tides as well as by interaction
of flows with topography play the important role in the energy transfer from the large-scale motion to small-scale mixing. The large amplitude internal waves can contain well
mixed cores, by which trapped fluid is carried horizontally
for a long distance (Maxworthy, 1980; Tung et al., 1982;
Stamp and Jacka, 1995; Nash and Moum, 2005; Lamb, 2003;
Derzho and Grimshaw, 2007). Propagating to shore, the

Laboratory experiments

Experiments were carried out in a test tank of length 3.2 m,
width 0.2 m and depth 0.35 m, the walls of the test tank were
made of Perspex. The test tank was divided by a vertical removable wall in two parts as it is shown in Fig. 1 (line R).
The geometrical set-up of the experiments is clear from the
sketches shown in Fig. 1. Figure 1a illustrates the experiments on the bottom solitary wave evolution over a slope
(run up experiments). Figure 1b gives light on the subsurface solitary wave evolutions, and Fig. 1c shows the special
installation (inclined bottom and lid in the flume) to provide the shoaling of symmetric solitary waves of the second
mode. Details of each experiment will be described below. A
weak solution of sugar in water was used to create the stratification. The front propagation speed was evaluated from
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Fig. 1. A sketch of the lock problem in two layer fluid (side view).
Internal waves are generated by the removal of slice gates R : (a) run
up of the bottom internal waves; h1 is the thickness of a thin layer
of dense fluid flowing along the slope; (b) short intrusion along
the subsurface layer of light fluid of variable thickness; (c) solitary
waves of the second mode at the interface between symmetric homogeneous layers of different density.

video-records obtained by a digital camera at the acquisition
rate of 25 frames per second. The flow visualization is portrayed in Fig. 2, where we show photographs of the generated solitary waves against the background of the luminous
screen with a grid of inclined lines imposed on it. The optical inhomogeneities related to the perturbation propagation
are distinctly seen. In high density gradient regions, we observed the characteristic distortion of lines, whereas the optical transparency of the fluid changes in the mixing areas (Ermanyuk and Gavrilov, 2007). In addition, dense fluid, which
propagates along the bottom in the form of a solitary wave,
is slightly tinted with an ink solution for visualizing the mass
transfer processes. The external wave boundaries are determined by the break and change in thickness of the inclined
lines.
In the first series of experiments (Fig. 1a), the lock problem for a two-layer fluid of densities ρ ± over an inclined
bottom was considered (tanα = 0.012, α is the angle of bottom inclination). Two cases are investigated. In the first, the
Nonlin. Processes Geophys., 19, 265–272, 2012

two-layer system was initially at rest. The position “B” in
Figs. 1a and 2a corresponds to the intersection of the pycnocline with the bottom. The position “C” was chosen near
the end of the flume where there was no dense fluid at the
start of experiment (“dry” bottom). In the second case, the
experiment was performed as in the previous case. The only
difference was a thin layer of fluid with density ρ − , the velocity u1 and the thickness h1 , flowing over the slope up to
the position “B”. The thickness h1 was small enough to provide equilibrium between gravity and friction forces between
the positions “B” and “C”, so the velocity u1 and the thickness h1 of the flowing layer were supposed to be constants.
After the removal of slice gate, the bore-like structure was
gradually transforming into the solitary waves of elevation,
which were running up the slope. The photos of the leading
solitary wave taken at the corresponding position of the tank
are shown in Fig. 2. Between positions “B” and “C” the wave
shown in Fig. 2a was running up over the “dry” bottom, since
h1 = 0.
The waves shown in Fig. 2b were produced in the same
conditions. The only difference is the thin layer of dense
fluid (h1 = 3×10−3 m, u1 = 3×10−3 m s−1 , ρ1 = ρ − ), flowing down the incline and “wetting” the bottom upstream
the wave front. One can see that the wave has been destroyed very quickly during its run up along the “dry” bottom (Fig. 2a, “C”), but the existence of a thin layer before
the wave front prevented the entrainment and mixing processes very effectively (Fig. 2b, “C”). Therefore, the “wetting” of the bottom by a preceding wave during the run up
of an internal wave train can result in the reducing of near
bottom turbulence, and in increasing of the “swash zone” of
internal waves. It is clear that the reason for such difference
between cases (a) and (b) is the bottom friction, which is
very sensitive to the thickness of the dense layer at the wave
front. Bottom friction has no effect on the propagation of
subsurface internal waves in oceans. But in laboratory experiments, the bottom friction effects are replaced by the surface tension effect; and the free surface can be considered as
a rigid lid in experiments on large amplitude internal wave
propagation. The dependence of solitary wave structure on
the initial thickness of the thin upper layer of light fluid in
two-layer experiments has been investigated in the second
series of experiments (Fig. 1b). Just before the experiment,
small amounts of fluid of the density ρ + was put near the
surface of dense fluid (ρ = ρ − ) on the right side of the lock
so that the thickness of light layer at rest was varying almost
linearly and vanished at the position “B”. Then a short intrusion of the light fluid (ρ = ρ + ) was generated after removal
of slice gate “R”. As in the previous experiments, the intrusion front took the form of a solitary wave moving along the
subsurface light layer of variable thickness. The evolution
of the front is shown in Fig. 3. At the position “A”, it has
the form of the solitary wave with the initial layer thickness
just before the front ηA = 4 × 10−3 m. At the position “B”
the thickness of the initial layer vanishes and the intrusion
www.nonlin-processes-geophys.net/19/265/2012/
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Fig. 2. Run up of the leading solitary wave of elevation along the slope. Capital letters are the positions of the wave in experimental
installation (Fig. 1a): (a) h1 = 0 ; (b) h1 = 3 · 10−3 m, u1 = 3 × 10−3 m s−1 .

front transforms into a head of gravity flow (Ermanyuk and
Gavrilov, 2007). This head is completely destroyed at the position “C” by the surface friction effects. Comparing Figs. 2a
and 3, we can see that in laboratory scale of flow surface tension and bottom friction affect the gravity current front in a
similar way. Therefore, we must take special efforts to simulate large-scale subsurface internal waves in the laboratory
conditions. To avoid the bottom and surface effects on large
amplitude waves of depression, the third series of laboratory
experiments were conducted for short intrusions at the interface of two mixable fluids of different densities (Fig. 1c).
The tank geometry was symmetric relative to the plane
y = H with the ordinate y chosen in the vertical direction.
So the bottom and the lid of the tank had the same angles
of inclination α to the horizon. The length of the compartment with the mixed fluid of density ρ̄ = (ρ + + ρ − )/2 was
chosen so that only one solitary wave at the interface was
produced. It was also symmetric relative to the undisturbed
interface. Due to the flow symmetry, the corresponding component of the Reynolds stress at y = H vanished. The velocities generated in the homogeneous layers by the intrusion were small enough and the friction at the bottom could
be neglected too. But the friction between the surrounding fluid and the intrusion should be included in the mathematical model to describe properly the decay rate of solitary waves propagating along the interface. Note that the
first two series of experiments (Fig. 1a and b) are performed
to demonstrate the sensitivity of the gravity flow structure
to the bottom and surface friction effects. Therefore, they
give only qualitative description of the problem and show
www.nonlin-processes-geophys.net/19/265/2012/

Fig. 3. Transformation of the front of subsurface intrusion: A, B, C
are positions of the front corresponding to Fig. 1b.

that new classes of mathematical models must be developed
for adequate simulation of the run up of internal waves in a
“swash” zone. So we do not specify in the paper all details
of the experiments (the positions “A”–“C”, the fluid densities etc). Some approaches to the problem are discussed in
Gavrilov and Liapidevskii (2010). As for the third series of
Nonlin. Processes Geophys., 19, 265–272, 2012
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experiments (Fig. 1c), we will describe in next sections all
flow parameters of symmetric internal waves generated experimentally, which are necessary for numerical calculations
of the wave evolution and interaction by the mathematical
model developed in the following section.
3

Mathematical model

There are different approaches to simulating of large amplitude internal waves over a slope. 2-D nonlinear numerical
models, taking into account continuous vertical stratification
with and without turbulent exchange, have been developed to
describe the shoaling solitary internal waves in Vlasenko and
Hutter (2002); Lamb (2003). The application of multi-layer
shallow water equations with dispersion makes the problem
more simple.
Mathematical models using two-layer scheme of flow have
been analyzed in Gavrilov et al. (2011). One of them was the
full nonlinear model, taking into account the nonhydrostatic
effects in both layers (model 1, Choi and Camassa, 1999).
The further simplification of the model has been achieved by
using the hydrostatic pressure distribution in one of the layers (models 2 and 3 in Gavrilov et al., 2011). It was shown
by comparing exact solutions for models 1–3 that the generation and propagation of large amplitude solitary waves in a
two-layer fluid in the channel of finite depth is governed by
nonhydrostatic effects in an outer layer. It means that for internal waves of depression the upper layer is supposed to be
hydrostatic (model 2) and for waves of elevation the bottom
layer can be considered as hydrostatic (model 3).
In Boussinesq approximation (0 < (ρ − − ρ + )/ρ +  1 ),
the second-mode internal waves are symmetric with respect
to the channel midline y = H for the symmetric initial stratification (Fig. 1c). Therefore, it is sufficient to consider only
the flow in the bottom half of channel (0 < y < H ) for describing the symmetric-wave propagation in the interlayer.
Let the wave profile (the depth of perturbed homogeneous
layer) be represented by y = h(t,x) , u = u(t,x) be the mean
velocity of the bottom homogeneous layer, w = w(t,x) be
the mean velocity of the fluid intrusion, η = η(t,x) be the
half-thickness of the intermediate layer and g be the gravity acceleration. The values h, η and z = z(x) are related as
follows
h + η + z = H = const,

Fig. 4. Interaction of symmetric solitary waves moving toward each
other. The time interval between the frames (a–e) is 5 s. The wave
parameters are given in the text. The thick (blue) curves show the
calculated wave profiles.
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where z = z(x) is the bottom form. In the domain (0 < y <
H ) symmetric internal waves of the second mode can be
considered as the waves of depression, so to describe their
dynamics we use the model 2 from Gavrilov et al. (2011).
Let H be the reference length, b̄ = (ρ̄ − ρ − )g/ρ + be the
reference buoyancy and ρ + be the reference density. In dimensionless variables (H = 1, ρ + = 1, b̄ = 1), the two-layer
shallow water equations representing the model 2 (Eq. 16 in
Gavrilov et al., 2011) take the form
www.nonlin-processes-geophys.net/19/265/2012/
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√
1 + 1 − 4F r 2
hm =
2

ht + (hu)x = 0,
ηt + (ηw)x = 0,
2

β
ut + uux + hx + zx + px + 3h
(h2 ddt 2h )x = f − ,

wt + wwx + px = f + ,
f − = −c (u−w)|u−w|
,
h
d
dt

(1)

f + = c (u−w)|u−w|
,
η

∂
= ∂t∂ + u ∂x
,

where p is the dimensionless pressure at y = H . Note that
the total flow rate Q = hu + ηw = 0, so we can exclude the
variables p, η = 1−h−z and w = −hu/(1−h−z) from (1).
After that, Eq. (1) is reduced to the system of two equations
for the variables h and u, which is the analog of the Green–
Naghdi equations (Green and Naghdi, 1976), describing nonlinear waves in two-layer fluids. The dimensionless value β
is just a scaling coefficient between vertical and horizontal
axes and it can be excluded from the system by the dilatation of independent variables. The only empiric constant in
Eq. (1) is the friction coefficient c. It is shown in Gavrilov et
al. (2011) that the numerical values of c = 0.01 and β = 0.5
give satisfactory results for numerical calculation of solitary
waves dynamics. So we have used these values for calculations below.
The advantage of Eq. (1) is that the simple exact solutions
describing the solitary waves can be constructed in explicit
form. Let the dissipative processes be ignored, and the bottom be horizontal, i.e. c = 0 and zx ≡ 0. Consider traveling
waves running in the two-layer fluid at rest, i.e. the solutions of Eq. (1), which depend on the variable ξ = x − Dt,
(D ≡ const). Suppose that the following conditions are satisfied for |ξ | → ∞
h → h0 ,

h0 → 0,

h00 → 0

(2)

(here and below, the prime denotes differentiation with respect to the variable ξ ). For given h0 (0 < h0 < 1), the traveling wave satisfying Eq. (2) represents
√ a soliton and depends
on the Froude number F r = D/ b̄H . Note that in the dimensionless variables F r = D, where D is the dimensionless velocity of the traveling wave. It is shown in Gavrilov et
al. (2011) that the profile of a solitary wave h = h(ξ ) can be
found by quadrature
Z h
ds
ξ = ξ(h) = ±
,
(3)
√
G(s)
h0
where
(h0 )2 = G(h) =
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3(h − h0 )2 (F r 2 − h + h2 )
.
βF r 2 h20 (1 − h)

(4)

It follows from Eq. (4) that the admissible interval for h is
hm ≤ h < h0 < 1 and F r ≤ 1/2. Here

www.nonlin-processes-geophys.net/19/265/2012/

is the minimal depth of the bottom layer in the wave and
A = 1 − hm is the (dimensionless) amplitude of the solitary
wave. Note also that the limiting case h0 → 1, when the solitary wave propagating along the zero-thickness interface between the homogeneous layers of different densities, can be
easily found from Eqs. (3)–(4) (see Gavrilov et al., 2011).
The constructed above solution is used below as initial data
in nonstationary calculation of solitary wave shoaling and interaction. The velocity distribution in a solitary wave can be
found from relations:
h(D − u) = h0 D,

(1 − h)(D − w) = (1 − h0 )D.

(5)

In a real system with dissipation, which can be a stratified fluid, solitary waves propagating with a constant velocity cannot be realized. During the propagation, the solitary
wave loses mass and its velocity decreases. Nevertheless, the
motion of an internal wave is quasi-steady: at each moment
of time, its shape coincides with that of the stationary wave
of the same amplitude. The discrepancies are observed only
at the small portion adjoining to the area of flow behind the
wave.
The problem regarding the interaction of the solitary
waves moving toward each other can be solved numerically
as the Cauchy problem for Eq. (1), with the initial data in
the form of solitary waves Eqs. (3)–(5) propagating with the
velocities D1 > 0 and D2 < 0 and starting to move at a sufficient distance L0 so that the initial stratified fluid between
them is unperturbed. The numerical algorithm for Eq. (1) is
discussed in Gavrilov et al. (2011). It is based on numerical scheme developed for the Green-Naghdi equations in Le
Metayer et al. (2010). In Fig. 4 we show the main stages of
interaction between the solitary waves realized experimentally.
Reference scales used in experiments on solitary wave
interaction are H = 6 × 10−2 m, (ρ − − ρ + )g/2ρ + = 2.5 ×
10−2 m/s−2 , ρ + = 103 kg m−3 . A solitary wave propagating
on the left (D2 < 0) was produced analogously to the solitary
wave moving on the right (Fig. 1c, α = 0). The consecutive positions of solitary waves realized experimentally are
shown in Fig. 4a–e through the regular time interval (5 s).
As initial data for numerical calculations in Eq. (1), we
have chosen the following dimensional values: solitary wave
amplitudes A1 = 2.3 × 10−2 m, A2 = 2 × 10−2 m, the distance between their crests L0 = 0.3 m, the half-thickness
of the intermediate layer η0 = H − h0 = 9 × 10−3 m. Note
that b̄ = (ρ − − ρ + )g/2ρ + gives the mean buoyancy for the
model (1) only for step-wise density distribution in the intermediate layer. For real initial density distribution ρ =
ρ(y), which is symmetric relative to the channel midline
y = H , the mean value b̄ varies from b̄ = (ρ − − ρ + )g/4ρ +
for the linear stratification in the intermediate layer up to
b̄ = (ρ − − ρ + )g/2ρ + for the case of step-wise stratification.
Nonlin. Processes Geophys., 19, 265–272, 2012
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Fig. 5. The decay of symmetric solitary waves moving toward
each other. Bold points represent the experimental positions of
wave crests through the regular time interval (1 s). Solid lines show
the calculated wave profiles through the fixed time interval (4 s):
(a) waves before interaction (t < 24 s); (b) waves after interaction
(t > 24 s).

In our calculations we put b̄ = 2.2 × 10−2 m/s−2 . The thick
(blue) curves in Fig. 4a–e show the calculated wave profiles.
One can see that the numerical solution gives the satisfactory description of the outer boundaries of perturbations in
stratified fluid realized experimentally.
The dissipative effects on solitary waves propagation and
interaction are demonstrated in Fig. 5. The problem under
consideration is the same as those discussed above. The
bold points indicate the wave-crest locations found experimentally through the regular intervals of time (1 s). The
reference values are the same as in previous case (Fig. 4).
The initial data are: A1 = 2.13×10−2 m, A2 = 2.6×10−2 m,
L0 = 0.84 m, η0 = 9 × 10−3 m. The wave profiles are shown
in Fig. 5a through the time intervals 4 s up to the moment of
the waves collision (tc = 24 s), and the wave profiles through
the same time intervals are shown in Fig. 5b for t > tc .
It is seen from Fig. 5 that the model (1) with the numerical value of the friction coefficient c = 0.01 qualitatively and
quantitatively reflects the changes in the phase and amplitude
characteristics of solitary waves before and after their interaction. One can also conclude from this figure that the dissipative effects result in the consecutive wave transformation
in a nonsymmetric form.
Nonlin. Processes Geophys., 19, 265–272, 2012

Fig. 6. Shoaling solitary wave (tanα = 0.05). Photos of experiment
II (background) taken through the time interval 10 s are compared
with numerical calculations by (1). The lower part of the experimental installation (Fig. 1c, 0 ≤ y ≤ H ) is shown.

4

Propagation of surface solitary waves over a slope

The experiments on solitary wave propagations over an incline (α > 0) give light on the shoreward mass and momentum transfer by large amplitude subsurface internal waves.
Such waves were detected in shelf zones of different seas
(Helfrich and Melville, 2006). The evolution of a symmetric solitary wave, which has been produced as sketched in
Fig. 1c, is shown in Fig. 6 with the time period between the
frames 4t = 10 s (only the lower part of flow z(x) < y < H ,
zx = α = 0.05 is displayed). The bold (blue) curves show the
wave profiles calculated by Eq. (1) for corresponding time.
The reference values H , b̄, ρ + are the same as in previous sections, the wave moves from the left to the right. All
necessary geometric wave parameters can be taken directly
from Fig. 6a–c.

www.nonlin-processes-geophys.net/19/265/2012/
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One can see in Fig. 6 that the shoaling internal wave loses
its symmetry when the wave amplitude reaches the halfthickness of the flume. The rear part of the soliton sharpens
and the back front of the wave takes the form of an internal
bore. The model doesn’t take into account the mixing in the
intermediate layer, so the agreement between numerical and
experimental data at this stage of flow (Fig. 6c) is not so satisfactory as at more earlier phases of the wave propagation
(Fig. 6a and b).
The ability of the model (1) to simulate the shoaling surface internal waves up to the moment of an internal bore formation and subsequent breaking is demonstrated in Fig. 7,
where the solitary internal wave moving to the left over a
slope is shown. Figure 7a and b is taken from Vlasenko
and Hutter (2002) (Fig. 2a and b). They represent the results of numerical calculation of a shoaling wave in continuously stratified fluid at rest over a slope. The thin lines show
the deformation of the density level with the density contour
interval of 0.5 kg s−3 . The 2-D nonlinear numerical model
with continuous vertical stratification and turbulent exchange
has been developed in Vlasenko and Hutter (2002) to study
breaking processes in nonlinear internal waves over a topography. The model contains a number of parameters and have
been applied for different types of stratified flows. To calculate the problem under consideration by the model (1),
we use the following reference values: b̄ = 6 × 10−2 m/s−2 ,
H = 300 m, ρ + = 103 kg m−3 . Initial depth of the upper homogeneous layer was taken as η0 = 50 m.
The exact solution (3)–(4) with appropriate amplitude was
used as initial data for Eq. (1). Thick (blue) curves represent the numerical solutions of Eq. (1), corresponding to
the numerical solutions, which were constructed in Vlasenko
and Hutter (2002). We can see that the nonstationary numerical solution of Eq. (1) reproduces the characteristic features of the shoaling wave with reasonable accuracy, despite
of the two-layer approximation of the flow. Note also that
in contrast to the 2-D model of stratified flow developed in
Vlasenko and Hutter (2002), the initial data for the model (1)
do not generate the tail waves, since we use the exact solitonlike solution of Eq. (1) as the initial data.
5

Conclusions

Laboratory experiments described in the paper show that the
bottom friction and the surface tension affect strongly the dynamic of large amplitude internal waves. To simulate the
propagation of large-scale internal waves in oceans, where
the surface tension has no effect, the special geometry of
flow has been used (Fig. 1c). It is demonstrated that the problems on shoaling and interactions of solitary internal waves
of depression could be represented in laboratory experiments
by internal symmetric solitary waves of the second mode
(Figs. 4–6).

www.nonlin-processes-geophys.net/19/265/2012/
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Fig. 7. Shoaling internal wave over a slope (tanα = 0.05). The wave
moves to the left. Comparison of numerical results from Vlasenko
and Hutter (2002) (thin lines, Fig. 2a and b) with the numerical solution of (1) (bold line). Corresponding wave parameters are given
in the text.

The aim of the paper is to develop the simplest mathematical model, which would be capable to reproduce the
main features of nonlinear internal waves. It is shown that
Eq. (1), which are the two-layer shallow water equations, taking into account the dispersion effects in the bottom layer,
can describe large amplitude internal wave evolution in a
coastal zone. The equations are the direct extension of the
Green-Naghdi equations developed for open channel flows
of two-layer stratified fluids. Therefore, exact soliton-like
solutions and numerous numerical methods constructed for
Green-Naghdi equations could be applied to near shore dynamics of internal waves. Note also, that the solutions of
Eq. (1), describing the internal shoaling waves, are compatible with numerical solutions of more complicated models
(Fig. 7).
Concerning the run up problem for internal waves, it is
demonstrated in laboratory experiments that the structure of
an internal wave of elevation in the “swash zone” depends
drastically on the thickness of the dense bottom layer; and
the “wetting” of the bottom by a preceding wave during run
up process can result in the effective reducing of near bottom turbulence (Fig. 2). To describe such phenomenon, new
mathematical models, taking into account turbulent mixing
at the wave front, must be developed.
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