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Abstract. Various natural objects follow a number-size rela-
tionship in the fractal domain. In such relationship, the ac-
cumulative number of the objects beyond a given size shows
a power-law relationship with the size. Yet in most cases,
we also need to know the relationship between the accu-
mulative number of the objects and their average size. A
generalized number-size model and a number-average size
model are constructed in this paper. In the number-average
size model, the accumulative number shows a power-law re-
lationship with the average size when the given size is much
less than the maximum size of the objects. When the fractal
dimensionDs of the number-size model is smaller than 1, the
fractal dimensionDm of the number-average size model is al-
most equal to 1; and whenDs > 1, theDm is approximately
equal toDs. In mineral deposits, according to the number-
average size model, the ore tonnage may show a fractal rela-
tionship with the grade, as the cutoff changes for a single ore
deposit. This is demonstrated by a study of the relationship
between tonnage and grade in the Reshuitang epithermal hot-
spring gold deposit, China.

1 Introduction

Many geological objects or events show distributions with
inhomogeneous or irregular characteristics, but which may
be described by various fractal models (Mandelbrot, 1983;
Cheng, 1999; Deng et al., 2006, 2008, 2011a, b; Wang et
al., 2008, 2011a, b, c, d). Since the number-size model in
fractal domain has been proposed by Mandelbrot (1983), it
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has been applied in different disciplines to describe the dis-
tributions of the various natural systems (Turcotte, 1997). In
the geosciences, the number-size model has been utilized to
characterize the distribution of earthquake magnitudes (Tur-
cotte, 1997), fault displacement lengths (Scholz and Cowie,
1990), vein thickness (Manning, 1994; Clark et al., 1995), ar-
eas of mineral grains (Zuo et al., 2009), particle sizes of com-
minuted rock and fault gouge (Sammis and Biegel, 1989),
tonnages of ore deposits, and the element concentrations in
the ore deposits, soils, and stream sediments (Monecke et al.,
2005; Shen and Cohen, 2005; Deng et al., 2010) etc.

The number-size model is expressed as (Mandelbrot,
1983):

N(≥ rc) = Ccr
−Ds
c ;Cc > 0,rc > 0,Ds> 0, (1)

whererc represents the size of the objects, such as the el-
ement concentrations in ore samples or fault displacement
length in a fault system; the minimum value of the size is de-
noted byra. N(≥ rc) stands for the number of objects which
are equal to or greater thanrc. Cc is a constant.Ds is the
fractal dimension in the model.

Based on the number-size model, several models for fur-
ther quantitatively describing the studied system are estab-
lished. Since the fault displacement in a fault system fol-
lows the number-size model, Scholz and Cowie (1990) con-
structed a model to calculate the total displacement of the
fault system. Wang et al. (2010a) applied the number-size
model to describe the distributions of mineralization vari-
ables, such as orebody thickness and grade-thickness in a sin-
gle deposit, and then derived a fractal model for ore reserve
estimation. Wang et al. (2010b) further deduced a tonnage-
cutoff model for a single deposit, based on the number-size
model of element concentrations of the samples with con-
stant length along exploration or mining works, and proposed
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Fig. 1. Model for establishing the generalized number-size model.

that the ore tonnage and cutoff, corresponding to the vari-
ables, number and size, in the number-size model respec-
tively, follow a fractal relationship.

Yet in most cases, it is also important to know the rela-
tionship between the number of the objects and their average
size. For example, in ore deposit evaluation, the relationship
between the tonnage, which corresponds to the number of
the samples with element concentration greater than cutoff
with the precondition of that the ore density is homogeneous
in the studied ore block, and the average grade is an essen-
tial aspect. In this paper, a generalized number-average size
model is constructed, in whichN(≥ rc) shows a power-law
(fractal) relationship with the average size, and the tonnage-
grade model for a single deposit is established based on the
number-average size model.

2 Modeling for the generalized number-size
relationship

The formation of the number-size distribution can be de-
scribed by the following iterative process, which is inspired
from the modeling process for the relationship between ton-
nage and grade of the ore deposits (Turcotte, 1997). This is
shown in Fig. 1, in which the objects in the studied system,
with the minimum sizera and the total numberNa, are or-
dered by size. As the object size increases, the number of the
objects greater than or equal to this particular size decreases.
As the size increases to the second lowest sizerc2, the corre-
sponding number of the objects greater than or equal to the
value rc2 is N2(≥ rc2). The following relationships can be
assumed:

N2(≥ rc2) = Na/s(s > 1), (2)

rc2= kra(k > 1), (3)

wherek ands are the coefficients that represent proportion-
ate increase in size and proportionate decrease in number,
respectively. Hereafter, the number in subscript represents
the order of iterations. After thei-th iteration, we have

Ni(≥ rci) = (1/s)iNa, (4)

rci = kira. (5)

According to Eqs. (4) and (5), we have:

Ni(≥ rci)

Na
=

(
ra

rci

)lnk/lns

, (6)

We define:

Ds= lns/lnk, (7)

and obtain the generalized number-size model:

N(≥ rc) = Na

[
rc

ra

]−Ds

. (8)

Whenra is equal to 1, Eq. (8) is then the same as Eq. (1), and
Na is equals toCc.

3 Number-average size model and its fractal dimension

3.1 Expression of average size

The average sizermi denotes the mean of the sizes of the
objects no smaller thanrci . According to the model in Fig. 1,
the average sizermi is written as (Wang et al., 2010b):

rmi =

n∑
j=i

kj ra(
Nj

sj −
Nj+1

sj+1 )

N
si

=
s −1

s −k
kira

[
1−

(
k

s

)n−i+1
]

. (9)

3.2 Number-average size model

It is hypothesized that the accumulative numberNi(≥ rci)

of the objects larger than the sizerci shows a power-law
relationship with the average sizermi of such objects. The
number-average size model is then expressed as:

N(≥ rc) = Cmr−Dm
m , (10)

whereCm is a constant, andDm is the fractal dimension in
the number-average size model.
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Fig. 2. ln–ln plots of the number of the objects and their correspond-
ing average sizes withrc ranging from 1 to 1000 andDc varying
from 0.2 to 5.

3.3 Fractal dimension of the number-average size
model

The fractal dimensionDm can be determined by the negative
gradient of the plots lnNi vs. lnrmi . The expression is:

Dm = −

ln
(

Ni

si

)
− ln

(
Ni+1
si+1

)
lnrmi − lnrm(i+1)

=
lnsi+1

− lnsi

lnrm(i+1) − lnrmi

, (11)

whenk < s, i.e.,Ds>1, andi � n, Eq. (11) becomes:

Dm =
lns

lnk+ ln[1−( k
s
)n−i]− ln[1−( k

s
)n−i+1]

≈
lns

lnk
(s 6= k). (12)

This implies thatDm is equal toDs. Therefore, we get:

N(≥ rc) = Cmr−Ds
m (Ds> 1). (13)

As k > s, denotingDs< 1, andi � n, we can have:

Dm =
lns

lnk+ ln[( k
s
)n−i −1]− ln[( k

s
)n−i+1−1]

≈ 1(s 6= k). (14)

The above analysis proves that the fractal dimensionDm in
the number-average size model is a constant with the condi-
tion of i � n, i.e., therc is much less thanrmax, in the case
of Ds < 1. The deductions ofDm in bothDs <1 andDs > 1
suggest that Eq. (10) is true whenrc � rmax.

4 Model verification

A theoretical example is presented to verify the number-
average size model proposed above. A system with objects
following the number-size model is assumed. In the system,
the sizerc increases from the minimum sizera = 1 to the
maximum sizermax= 1000 with interval 1, and the fractal

Fig. 3. Plots of fractal dimensionDs of the number-size model
and the corresponding fractal dimensionDm of the number-average
size model, obtained according to the Eqs. (10), (15) and (17), asrc
varying from 1 to 20 andDs ranging from 0.01 to 6 withrmin = 1
andrmax= 1000.

dimensionDs ranges from 0.01 to 6. TheN(≥ rc) in the
system is calculated by:

N(≥ rc) = Cc(r
−Ds
c −r−Ds

max ), (15)

According to Scholz and Cowie (1990) and Wang et
al. (2010b), the total sizeT of the objects in the system is
expressed as:

T =

∫ rmax

rc

dN(≥ rc)

dr
rdr

=
CcDs

1−Ds
[r1−Ds

max −r1−Ds
c ](Ds> 0,Ds 6= 1) (16)

Combining Eqs. (15) and (16), the corresponding average
size is calculated by:

rm =
Ds(r

1−Ds
max −r

1−Ds
c )

(1−Ds)(r
−Ds
c −r

−Ds
max )

. (17)

The ln–ln plots of the number of objects and their corre-
sponding average size withrc ranging from 1 to 1000 and
Ds varying from 0.2 to 5 are illustrated in Fig. 2. In Fig. 2,
lnN(≥ rc) and lnrm show linear relationship whenrc is much
smaller thanrmax; however, whenrc approachesrmax, the
plots curve downwards. From the linear part of the plots in
Fig. 2, Dm can be obtained by fitting a straight line using
the ordinary least square method. And then the relationship

www.nonlin-processes-geophys.net/18/447/2011/ Nonlin. Processes Geophys., 18, 447–454, 2011



450 Q. F. Wang et al.: Number-average size model for geological systems

Fig. 4. Variation of fractal dimensionDm in the number-average size model, obtained according to the Eqs. (10), (15) and (17), as sizerc
varies from 1 to 200 withrmin = 1 andrmax= 1000, when(a) Dc = 0.2; and(b) Dc = 3.

Fig. 5. Geologic setting and locations of the 10 selected drill holes in the Reshuitang gold deposit, Sanjiang ore belt, China (The map is
based on the exploration material provided by the Yunnan Mineral Resources Limited Liability Company).

between theDs andDm can be discussed, whenrc changes
from 1 to 20 andrmax= 1000. WhenDs <1, Dm is close to
1; and asDs decreases, theDm converges to 1. For example,
whenDs = 0.01, Dm=1.04. In the caseDs >1, Dm is ap-
proximately equal toDs; moreover, asDs increases, theDm
approaches toDs. As Ds is greater than 4.2, theDs andDm
are the same (Fig. 3).

In the next case, therc changes from 1 to 200 with an
increment of 10, and the correspondingrm andDm are esti-
mated. AtDs=0.2,Dm varies from 1.03 to 1.25, and when
Ds = 3, Dm varies from 3.00 to 3.03. In both situations, as
rc decreases, theDm is closer to the theoretical values calcu-
lated using Eqs. (12) and (14) (Fig. 4). It is also implied that
the change ofrc influences the estimation ofDm more when
Ds< 1 thanDs> 1.

5 An application in mineral economics

5.1 Tonnage-grade model

Grade, tonnage, and cutoff are the most important parameters
in ore deposit evaluations. Various grade and tonnage mod-
els based on data from a large number of mineral deposits
have been widely applied in quantitative resource estimations
at regional scale (Singer et al., 2005; DeYoung, 1981). It
is proposed by several researchers that ore tonnages show
a power-law relationship with grades at regional scale (Tur-
cotte, 1997). Yet the inherent relationship between tonnage
and grade within a single deposit is rarely clarified.

In deposit exploration, a series of exploration works are
performed. Channel or core samples are collected from
the mineralization zone and their element concentrations are
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Fig. 6. Vertical cross-section of the exploration line 2, showing the vertical gold concentration curves along the drill holes, in the Reshuitang
gold deposit, China. (The map is based on the exploration material provided by the Yunnan Mineral Resources Limited Liability Company).

Table 1. The orebody thickness, ore tonnage and average grade as the cutoff increases in an exploration area in the Reshuitang gold deposit,
China.

Gc (g t−1) Drill holes 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20 1.30

Orebody thickness in drillholes (m)

ZK1-1 16.77 14.13 10.87 9.55 9.55 8.40 7.40 5.40 2.18 2.18
ZK2-1 8.15 7.15 4.45 3.45 2.25 1.25 1.25 1.25 1.25 1.25
ZK3-1 22.24 15.01 7.91 2.00 1.00 1.00 1.00 1.00 1.00 0.00
ZK3-2 16.00 7.99 2.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
ZK4-1 19.03 12.85 8.98 7.98 6.06 4.90 2.00 1.00 1.00 1.00
ZK4-2 3.10 2.10 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
ZK4-3 5.35 2.35 2.35 1.00 1.00 1.00 1.00 1.00 0.00 0.00
ZK5-1 33.73 23.53 16.29 9.00 4.00 3.00 1.00 1.00 1.00 1.00
ZK5-2 40.88 29.90 19.16 15.05 10.84 9.84 8.21 6.00 5.00 5.00
ZK6-1 36.44 26.63 22.21 15.39 12.36 10.31 9.31 8.03 8.03 5.56

Average grade in drill holes (g t−1)

ZK1-1 1.03 1.15 1.33 1.43 1.43 1.50 1.57 1.78 2.76 2.76
ZK2-1 0.82 0.87 1.08 1.21 1.45 1.54 1.54 1.54 1.54 1.93
ZK3-1 0.55 0.61 0.67 0.84 0.90 0.90 0.90 0.90 0.90
ZK3-2 0.51 0.58 0.71 0.75
ZK4-1 0.72 0.86 0.99 1.03 1.11 1.17 1.51 1.95 1.95 1.95
ZK4-2 0.52 0.55 0.60
ZK4-3 0.62 0.88 0.88 1.18 1.18 1.18 1.18 1.18
ZK5-1 0.70 0.81 0.93 1.17 1.71 1.99 4.12 4.12 4.12 4.12
ZK5-2 0.73 0.83 1.00 1.09 1.23 1.27 1.34 1.45 1.50 1.50
ZK6-1 0.90 1.07 1.17 1.40 1.57 1.71 1.80 1.92 1.92 2.22

Ore tonnage in blocks (t)

Block I 301 305 211 238 120 360 76 328 61 062 50 806 46 035 36 494 21 133 16 363
Block II 221 939 139 516 73 122 40 366 25 955 21 690 11 029 7353 7353 7353
Block III 603 113 426 307 283 228 199 687 130 298 110 598 69 887 49 875 43 641 49 875
Block III 972 633 686 008 504 010 377 003 289 399 249 136 196 248 153 307 134 179 110 557

Om (t) in the exploration area 2 098 991 1 463 068 980 719 693 384 506 715 432 230 323 200 247 029 206 306 184 147

Gm1 (g t−1) in the exploration area 0.74 0.87 1.03 1.21 1.39 1.48 1.66 1.83 2.03 2.15

Gm2 (g t−1) in the exploration area 0.73 0.86 1.01 1.17 1.32 1.34 1.55 1.71 1.82 1.95

TheGc is the cutoff,Om is the ore tonnage,Gm1 denotes the thickness weighted average grade of the gold concentrations in all the drill holes, andGm2 represents the average
grade derived from the GBM.
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analyzed. The element concentrations of the samples can be
described by the number-size model (Monecke et al., 2005;
Deng et al., 2009; Wan et al., 2010). According to Wang et
al. (2010b), the tonnage-cutoff model can be derived from the
number-size model of the element concentration distribution
in a mineralization area and expressed as:

O(≥ Gc) = Oa(≥ Ga)

[
Gc

Ga

]−Dc

, (18)

whereGc andGa are the cutoff and the minimum concen-
tration in the mineralization area respectively,Oa(≥ Ga) is
the mass of the mineralization area with element concentra-
tion greater thanGa. O(≥ Gc) denotes the ore tonnage in
the mineralization zone.Dc is the fractal dimension in the
tonnage-cutoff model and equals toDs in the number-size
model of element concentrations. The above model is valid
if the element concentrations in the mineralization area fol-
low the number-size model.

The tonnage-grade model in a single deposit can be ob-
tained based on Eq. (10) into Eq. (18):

O(≥ Gc) = Cm

[
Gm

Ga

]−Dm

(Gc � Gmax,Gm � Gmax), (19)

whereGm is the average grade of the ores,Gmax is the max-
imum value of element concentration in the ores, andCm is
a constant. As is proven above, the fractal dimensionDm
in the tonnage-grade model is equal to that in the tonnage-
cutoff model whenDc >1, and the relationshipDm ≈ 1 is
applicable whenDc < 1.

Deng et al. (2009) utilized the number-size model to ana-
lyze the distribution of the gold concentration of the channel
samples in a disseminated-veinlet gold deposit, and discov-
ered that the fractal dimensionDs in the number-size model
decreases with the increase of the orebody thickness. How-
ever, in Eq. (19), it is revealed that the fractal dimensionDm
between the tonnage and grade almost remains unchanged as
theDs is smaller than 1.

5.2 Case study

The Reshuitang gold deposit with a small size, belongs to
epithermal hot-spring type and is located in the Sanjiang ore
belt, China, was selected for case study.

5.2.1 Deposit geology

The gold deposit is genetically related to springs distributed
along regional faults. The gold ore bodies with an av-
erage thickness of 30 m and the maximum depth of 70 m
are sub-horizontal, they are mainly hosted in the clastic
rocks of the Middle Jurassic Huakaizuo formation (Fig. 6).
The main wallrock alterations include silicification, opal-
ization, kaolinization, albitization, sericitization and pyriti-
zation. The silicification, kaolinization and small amount
of pyritization is closely related to the gold mineralization
(Feng et al., 2008).

Fig. 7. Fractal model of the gold concentrations in the core samples
collected from the 10 selected drill holes, and the tonnage-cutoff
and tonnage-grade curves for the selected exploration area in the
Reshuitang deposit.(a) Fractal model of the gold concentrations in
the core samples;(b) the ln–ln plots of tonnage vs. cutoff and those
of tonnage vs. average grade, approving both tonnage-cutoff model
and tonnage-grade model display the fractal relationship with the
similar fractal dimensions in this case study.Gm1 is obtained by
a thickness weighted average gold concentrations of all the sam-
ples analyzed in the selected drill holes.Gm2 is the average grade
derived from GBM. The circles, triangles and rectangles represent
the plots ofO(≥ Gc) vs.Gc, O(≥ Gc) vs.Gm1, andO(≥ Gc) vs.
Gm2, respectively; and the black and solid symbols are the plots
contained in the fitting, and the grey and hollow plots are not in-
volved in the fitting.

5.2.2 Deposit exploration and raw data

The Reshuitang ore deposit was explored using systematic
drill holes. An exploration area in the deposit was selected
for case study. Ten drill holes were completed in this area
(Fig. 5). Core samples with length of nearly 1 m were col-
lected along the drill holes and the Au concentrations ana-
lyzed. A total of 1066 Au assays, with a minimum value
0.01 g t−1 and maximum value 4.12 g t−1, from the 10 ex-
ploration works, are utilized. A section showing concentra-
tion curves along the drill holes is illustrated in Fig. 6. It
is demonstrated that the concentrations along the drill holes
vary in a small range.

The gold concentrations in the 10 drill holes are described
by the number-size model (Fig. 7a). In ln–ln coordinates,
the plots with concentrations greater than 0.4 g t−1 can well
be fitted by a straight line with a fitting goodness 0.993
and slope−2.05; however, those with concentrations smaller
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than 0.4 g t−1 offset from the straight line. This reveals that
the concentrations greater than 0.4 g t−1 follow the number-
size fractal model with a fractal dimensionDs 2.05.

5.2.3 Relationships between tonnage, grade and cutoff

The ore tonnage is estimated based on the geological block
method (GBM), which is one of the most important methods
for ore reserve estimation (Annels, 1991). After the explo-
ration works are vertically projected onto a horizontal plane,
called horizontal longitudinal projection, the orebody area
is determined and estimated to be 55 417 m2. The orebody
thickness and the thickness weighted average grade in each
drill hole are calculated as the cutoff increase from 0.4 to
1.3 g t−1, as listed in Table 1. The ore tonnage in the whole
exploration area is obtained by summing up the local ore ton-
nage in each quadrilateral block, which is confined by four
drill holes as illustrated in Fig. 5. Via GBM, the ore tonnage
and average grade are estimated as the cutoff changes from
0.4 to 1.3 g t−1. The average grade derived from the GBM
is namedGm2. Meanwhile, the average grade in the explo-
ration area can also be calculated as the thickness weighted
average grade of the gold concentrations in the 10 drill holes
and namedGm1. Thus the curves of the tonnage vs. cut-
off and tonnage vs. grade were obtained and illustrated in
Fig. 7b.

The ln–ln plots of tonnage vs. cutoff, as the cutoff in-
creases from 0.4 g t−1 to 1.3 g t−1, can be well fitted by a
straight line, with a fitting goodness 0.996 and a slope−2.15.
Thus, the dimensionDc in the tonnage-cutoff model for the
selected exploration area is 2.15, which is approximately
equal to the fractal dimensionDs in the number-size model
of the gold concentrations. In the ln–ln coordinates, as the
cutoff changes from 0.4 g t−1 to 1.3 g t−1, both the plots of
O(≥ Gc) vs. Gm1 and those ofO(≥ Gc) vs. Gm2 display
linear relationships, and can be fitted by straight lines with
fitting goodness 0.999 and 0.997 respectively. Yet the plots
with cutoff smaller than 0.4 g t−1 offset the fitted line obvi-
ously. The fractal dimensionsDm1 andDm2 are 2.33 and
2.56 for theO(≥ Gc) vs. Gm1 and theO(≥ Gc) vs. Gm2
respectively, and they have small differences 0.18 and 0.41
with respect to the fractal dimensionDc in the tonnage-cutoff
model. It is shown that the difference betweenDm1 andDc
is smaller than that betweenDm2 and Dc. This is mainly
because the thickness weighted average grade is closer to
the average grade in the number-average size model than the
grade derived from the GBM.

6 Conclusions

In this paper, a generalized number-size model is con-
structed, and a number-average size model is derived. If a
number-size model is given, the fractal relationship between
the accumulative number of the objects beyond a certain size

rc and the average size of the objects can be obtained in the
condition of that therc is much less than the maximum size of
the objects. The fractal dimensionDm of the number-average
size model is approximately equal to that of the number-size
modelDs whenDs > 1; and the relationshipDm ≈ 1 exists
whenDs < 1. Same as the number-size model, the number-
average size model proposed in this paper can be applied
widely in various disciplines. Based on the number-average
size model, the tonnage-grade model for a single deposit is
established. The tonnage-grade model reveals that the ore
tonnage and its grade display fractal behaviour.
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