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Abstract. In the second half of the 90s interest grew on
the complex features of the magnetospheric dynamics in response to solar wind changes. An important series of papers were published on the occurrence of chaos, turbulence
and complexity. Among them, particularly interesting was
the study of the bursty and fractal/multifractal character of
the high latitude energy release during geomagnetic storms,
which was evidenced by analyzing the features of the Auroral
Electrojet (AE) indices. Recently, the multifractal features of
the small time-scale increments of AE-indices have been criticized in favor of a more simple fractal behavior. This is particularly true for the scaling features of the probability density functions (PDFs) of the AE index increments. Here, after
a brief review of the nature of the fractal/multifractal features
of the magnetospheric response to solar wind changes, we investigate the multifractal nature of the scaling features of the
AE index increments PDFs using the Rank Ordering Multifractal Analysis (ROMA) technique. The ROMA results
clearly demonstrate the existence of a hierarchy of scaling
indices, depending on the increment amplitude, for the data
collapsing of PDFs relative to increments at different time
scales. Our results confirm the previous results by Consolini
et al. (1996) and the more recent results by Rypdal and Rypdal (2010).

1

Introduction

Over the last two decades there has been a steady increase
in the investigation of the nonlinear response of the Earth’s
magnetosphere to solar wind changes. Mainly, these studies
have been focused on the magnetospheric response during
magnetic storms and substorms, and have been essentially
carried out analyzing time series of some geomagnetic indices, for example the auroral electrojet AE indices or the Dst

index. These indices can be indeed considered as proxies of
magnetospheric processes related to the occurrence of storms
and substorms, and allow us to monitor some of the most relevant current systems, which are activated during magnetic
storms and substorms.
Among them the AE-indices (AU, AL, AO, and AE), introduced by Davis and Sugiura (1966), are certainly a convenient proxy of the magnetospheric substorm activity. In particular, the AE index describes the total intensity of two electrojets (eastward and westward), which are almost permanently observed in the auroral ionosphere and are enhanced
during magnetic auroral substorms. For this reason, this index has been usefully employed both qualitatively and quantitatively as a correlative index in studies of substorm morphology and of coupling between the interplanetary magnetic
field and the Earth’s magnetosphere.
In this framework, a first study was done by Tsurutani et
al. (1990) at the beginning of 90s. The authors compared the
power spectra of the AE index and of the southward component Bz of the Interplanetary Magnetic Field (IMF) for the
same time interval, demonstrating that the Earth’s magnetosphere response to the solar wind energy input was neither
periodic nor quasiperiodic, and that the magnetosphere acted
essentially as a low pass filter on the IMF spectrum. This result suggested that the magnetospheric response to the solar
wind might be nonlinear.
Successively, the analyses of the AE index seemed to indicate that the magnetospheric disturbance data had a low
correlation dimension in the range between 2.4 and 4.2 (Vassiliadis et al., 1990; Sharma et al., 1993; Takalo et al., 1993)
suggesting that the dissipative organized response of the
magnetosphere to the solar wind input might be described
by a low-order system of equations. It was proposed that the
global geomagnetic system was a low dimensional, possibly
chaotic, nonlinear system.
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In the same period, it was also investigated if the dynamics
of the magnetosphere could be described in terms of stochastic colored or bicolored noise (Shan et al., 1991; Roberts,
1991; Pavlos et al., 1992). Takalo and coauthors, in an important series of works (Takalo et al., 1993, 1994; Takalo and
Timonen, 1994), studied this hypothesis extensively, concluding that a stochastic process, not a chaotic one, generated AE data. A primary motivation in the careful search for
low-dimensional features in the magnetospheric activity was
the hope of becoming capable of constructing physically relevant low-dimensional models for magnetospheric dynamics. These models could be of great value for understanding
the solar wind-magnetosphere-ionosphere interaction and for
forecasting the magnetosphere response to changing solar
wind conditions. However, soon after the first estimates of
the correlation dimension of the magnetosphere, Prichard
and Price (1992, 1993) showed that the estimates of low dimension of the magnetosphere were caused by the long autocorrelation times of the system rather than by the low dimensional magnetospheric dynamics. Consequently, there was
no evidence for the presence of a low-dimensional attractor
in the AE data that they had studied.
Later on, Consolini et al. (1996) investigated the possible
multifractal nature of the AE index and recognized the necessity of introducing a hierarchy of dimensions (the Renyi
dimensions Dq ) to characterize the intermittent character of
the small-scale increments (sometime named as fluctuations)
of this index. This result suggested that turbulence had to be
considered as a much more relevant phenomenon than lowdimensional chaos in the magnetospheric dynamics. Consequently, the magnetospheric dynamics seemed to be characterized by many degrees of freedom and/or by stochastic
fluctuations. Furthermore, the multifractal character of the
AE index increments indicated that intermittency might play
a relevant role in dissipation mechanisms related to the auroral electrojet. The occurrence of intermittency was successively confirmed by the departures of the probability distribution functions (PDFs) of the AE index small time-scale
increments from the Gaussian shape both in quiet and disturbed periods (Consolini and De Michelis, 1998). We note
that nowadays the crucial role of turbulence in several magnetospheric/ionospheric phenomena/processes is well documented (e.g., Zimbardo et al., 2010).
Approximately in the same period, the near-criticality dynamics of magnetospheric response during magnetic substorms, as early hypothesized by Chang (1992), was evidenced by investigating the power-law distribution for the
AE index activity bursts (Consolini, 1997, 2002) and its
low frequency stochastic variations of the 1/f β power spectrum (Uritsky and Pudovkin, 1998). Successively, several
attempts were made to model such a near-criticality behavior
by means of Self-Organized Criticality models (e.g., Chapman et al., 1998; Consolini and De Michelis, 2001). Based
on the assumption that the observed scaling invariant distribution of the AE index burst sizes might be the counterpart
Nonlin. Processes Geophys., 18, 277–285, 2011

of sporadic reorganization processes among multiscale magnetic coherent structures near a critical state, Chang (1999)
coined the term Forced and/or Self-Organized-Criticality.
Coming back to the multifractal features of the AE index,
in the last decade some works (Hnat et al., 2002, 2005; Chapman et al., 2005; Watkins et al., 2005) have suggested, in
contrast with previous papers, that the auroral electrojet time
series present a very weak multifractality and that the multifractal features of the AE index variations may be an artifact
of statistically poorly resolved behavior of the largest fluctuations. It has also been suggested that the AE index can
be modeled as a fractional α-stable motion (also called fractional Lévy flight) on time scales < 102 min (Watkins et al.,
2005).
Recently, the possible role that stochastic fluctuations may
play in the AE index fluctuations during magnetospheric
substorms, has been carefully investigated (Pulkkinen et al.,
2006; Anh et al., 2008). The results of these studies have
again suggested that the description of the complex nature of
AE index requires to adopt novel approaches based on fractional calculus.
In this framework, where the multifractality of the AE index variations remains an open issue, a work by Rypdal and
Rypdal (2010) has been recently introduced. In their paper,
the authors explore the implications of modeling the AE index as a smoothly truncated Lévy flight and demonstrate that
although such processes seem to capture some of the properties of the AE index, there are some inconsistencies which
lead the authors to believe that the multifractal model provides a more accurate description of the AE index variations.
In this paper we investigate the scaling collapse of the
PDFs of AE index increments at different time scales using the approach based on the Rank-Ordered Multifractal
Analysis (ROMA) introduced by Chang and Wu (2008) (see
also Chang et al., 2010, for a review). This method will allow
us to analyze and confirm the multifractal characteristics of
the auroral electrojet AE index, thus supporting all previous
findings related to the occurrence of time-intermittency, turbulence and/or criticality in the magnetospheric dynamics in
response to solar wind changes.
This paper is structured as follows: in Sect. 2, we briefly
review the concept of multifractality and introduce the
ROMA technique; in Sect. 3 we proceed to explore how test
the existence of a multifractal structure of the AE index increments applying such technique to more than 10 yr data of
the AE index; finally in Sect. 4 we discuss and summarize
our results.

2

Multifractality and ROMA: a brief introduction

The concept of multifractal set and the term multifractal measure date back more than 30 yr, and have been extensively
applied to model the anomalous scaling features, which
are responsible for intermittency in the framework of fully
www.nonlin-processes-geophys.net/18/277/2011/
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developed turbulence (see e.g. Mandelbrot, 1974; Benzi et
al., 1984; Frisch and Parisi, 1985; Halsey et al., 1986; Paladin and Vulpiani, 1987) and space plasma turbulence (see
e.g. Burlaga, 1991a,b; Carbone, 1993; Marsch et al., 1996;
Macek et al., 2005). According to the traditional representation “a multifractal measure can be thought as the union
of a continuous infinity of intertwined sets, each of which is
an infinitesimal unifractal measure, characterized by a single
value of the Hölder scaling exponent α and supported by a
fractal set of dimension f (α)”(Mandelbrot, 1989, p. 23).
A slightly different definition of multifractality was provided by Mandelbrot (1989): “In one phrase, the generalization from fractal sets to multifractal measures involves the
passage from geometric objects characterized primarily by
one number, to geometric objects characterized primarily by
a function. This function can be a probability distribution
that has been renormalized and plotted suitably. In a different single phrase, the generalization from fractal sets to multifractal measures involves the passage from a finite number
of fractal dimensions to an infinite number of dimensions”.
One of the traditional approaches to multifractal measure
(x) (see e.g. Paladin and Vulpiani, 1987) consists of introducing an appropriate partition {δx} of the measure, of defining a coarse-grained weight pi (δx), and of investigating the
scaling features of the associated partition function Zq (δx)
of moment order q (Paladin and Vulpiani, 1987). The presence of an anomalous scaling of the scaling exponents γ (q)
of the Zq (δx) as a function of q i.e., γ (q) ∼ Dq (q − 1) with
Dq a convex function of (q) is the signature of the multifractal nature of the measure (x). As a consequence of
the anomalous behavior of the scaling exponents γ (q), the
description of the measure distribution over the support requires a hierarchy of fractal dimensions.
In the framework of fully developed turbulence the characterization of the multifractal nature of the velocity field
is generally studied by analyzing the scaling features of the
structure function of order q, Sq (δr|| ), of the longitudinal velocity increments at the scale δr|| (Frisch, 1995). In general,
given a signal x(t), we can define a generalized structure
function of order q as
Sq (τ ) = h| x(t + τ ) − x(t) |q i.

(1)

For self-similar signals the generalized structure function
Sq (τ ) is expected to scale according to a power law (Mandelbrot, 1989; Paladin and Vulpiani, 1987; Frisch, 1995),
Sq (τ ) ∼ τ ζ (q) ,

(2)

with scaling exponent ζ (q). For mono-fractal signals the
scaling exponent ζ (q) is generally a linear function of the
moment order q, so that the knowledge of a single number
H = ζ (q)/q (named Hurst exponent) is sufficient to characterize the scaling features of the signal x(t). However, there
are situations where the dependence of ζ (q) on the moment
order q is not linear. Sometimes, the dependence of ζ (q)
www.nonlin-processes-geophys.net/18/277/2011/
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on the moment order q is indeed a convex function, i.e., it
displays an anomalous scaling. In this case, one single number is no longer sufficient to characterize the scaling features
of the signal x(t), but a hierarchy of scaling exponents H is
necessary. This behavior mirrors the complex nature of the
scaling features of the signal x(t), which is related to its multifractal nature. In the framework of fully developed turbulence the emergence of an anomalous scaling of the scaling
exponents ζ (q) on the moment order q is read as a signature
of intermittency, which is also related to the departure from
a Gaussian statistics of the longitudinal velocity increments
at the smallest scale.
All the previous properties are also reflected in the statistics of the signal increments, δx(τ ) = x(t + τ ) − x(t), at different scales. Given a signal x(t), it is indeed possible to
evaluate the probability distribution function P (δx;τ ) of signal increments δx(τ ) at the time scale τ , which is generally
scale dependent. For some classes of signals it is possible to
construct a master curve by simply performing a scale transformation,

δx
−→ τ −s δx
(3)
P (δx;τ ) −→ τ s P (δx;τ ) = Ps (τ −s δx)
where s is an appropriate scaling exponent. In this case,
all the PDFs at different time scales will collapse into
an invariant scaling function, the master curve Ps (τ −s δx),
(Chang et al., 1973) and the observed behavior will be monofractal. Nevertheless, it is not always possible to get a single master curve by using one-exponent scaling. Generally,
a continuous change of the shape of the PDFs from small
scales (where PDFs are generally leptokurtotic) to large ones
(where the statistics is more or less Gaussian) occurs. The
absence of a master curve is the signature of the multifractal nature of the signal increments. What happens is that the
scaling exponents s may depend on the amplitude of the increments, so that increments of different sizes may be characterized by different scaling exponents. This idea is contained
in ROMA to study the multifractal nature of a signal (Chang
and Wu, 2008; Tam et al., 2010; Chang et al., 2010).
The core of the rank-ordered multifractal analysis resides in exploring the singular nature of the fluctuations (increments) by grouping them according to the scaled-size
(Chang and Wu, 2008). This way to proceed is equivalent
to reshuffling the problem related to the dominant population of small-amplitude increments. Indeed, the traditional
methods of investigating multifractality (based on partition
function approach, structure function scaling features, statistical moments of PDFs, etc.) are based on the statistics of
the full set of the signal increments, which naturally implies
that small size increments, being generally the most probable, largely dominate the large size ones, which are by far the
less numerous. This may affect the results and, furthermore,
it can be difficult to provide a good physical interpretation
from the simple examination of the anomalous scaling of the
exponents.
Nonlin. Processes Geophys., 18, 277–285, 2011
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τ s P (δx;τ ) = Ps (τ −s δx).

(4)

Consequently, it will be possible to find a hierarchy of scaling
indices s associated with the different ranges of Y . To find
the scaling exponent s for a given range of Y (Y ∈ [Yi ,Yi+1 ])
one has to solve the following functional equation for a
range-limited structure function Sq0 (τ ),
τ s Yi+1
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a single solution s(q), which satisfies Eq. (11), for each q
value. This solution is given by the intersection of the expected dependence of ζq0 = qs and the actual trend of ζq0 (s).
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Fig. 5. Plot of ζ 0 (q) vs q to confirm the mono-fractal scaling with scaling exponent s = 0.54
Y ∈ [45,55] nT. The dashed line is the line ζ 0 (q) = 0.54q.
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Another peculiar feature of the rank-ordered spectrum s(Y ) is the decrease of s for in

11277–285, 2011
Nonlin. Processes Geophys., 18,

www.nonlin-processes-geophys.net/18/277/2011/

suggesting a less space filling character of large scaled increments Y . In other words
285

reflects the sparse nature in time of the occurrence of large amplitude increments.
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Table 1. Scaling exponents s(0) versus Y range.
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