Instability of the Kolmogorov flow with
modified viscosity
Numerical solution of the perturbation at orders

1 and 2 for f1 and f2b, and determination of the
threshold A ¢

Various initializations

m Suppression of ennoying messages

Cener al : : spel I%
General : : spel | 1]
Uni on: : heads]
NDSol ve: : ndi nn]
NDSol ve: : berr]
MessageOpt i ons]

Of
O f
O f
O f
O f
O f

Fl owl = 6 » Eval uat e [# &];

Flow2 =6 » Evaluate[&#+1/2Sin[2#] &];
Flowd =6 s Evaluate[#+1/4Sin[2#] &];

I Solution of the 1st order perturbation
Numerical solution is now performed using NDSolve
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Standard problem with presence of u term

m Thetwo piecesof thelinear operator

(uSine[y]1® +2 Cos[o[y]]* & [y]?)

Trafu_]: =

\uSintery11? + Cos [o[y112 &' [y]?

Sin[2e[y]]le'ly]

Trb[[.l_] L=

2+/uSiniery11? + Cos [ely112 &' [y]?

m Theformsof thelinear operator

LO: standard linear operator

L1 : linear operator integrated once outside

L1d : linear operator integrated once outside and inside
L2 : linear operator integrated twice outside

L2d : linear operator integrated twice outside and onc inside

LO[f _, dy.y (Traful 8y yf ) +udyy (Trb[u] o,f)
L1[f _, u_]:= 8y, (Tra[u] 8y, yf ) +umd, (Trb[u] a,f)
Lid[f_, u_1:= 8y (Traf[u] oyf ) +udy (Trb[u] f)
L2[f_, u_1:= (Tra[u] 8y,yf ) +p (Trb[u] 6yf)
L2d[f_, u_1:= (Tra[u] 8,f ) +u (Trb[u]f)

u_]:
H_]:

Solution for h1 and g1

1
Fi nd sol utionfor hlwhere Ehl: oyfl

Sinceflhas Sin[y] symmetry, hlhas Cos[y] synmetry
hilpisaninterpol atingfunctionobtainedfor aval ueof yandagivenflow.

1
Defi ne al so gl sucht hat Egl:fl

hip =
Part [NDSol ve [{L2d[h1[y], #1] == -Sin[elyl] /. #2, hl[g] == 0},

hi, {y, O, 7r}], 1, 1] &

Obsolete versions to obtain gl as a second step after getting hl
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ngl[s_?NunmberQ u_, Flow ] : =
NI ntegrate[hl[y] /. hlp[u, Flow], {y, 0, s}]
nmggl =
Par t [NDSO| ve[{gl’ [y] ==h1l[y] /. hlp[#l, #2], g1[0] == 0}, g1,

b0 21 1 1]

New version, obtaining gl directly since NDSolveis now able to handle boundary value problems

Notice that no integration constant appear in this problem

nmggl =
T
Par t [NDSOI ve[{de[gl' [yl, #1] == -Sin[e[y]] /. #2, g1’ [E] == 0,

91101 =0}, g1, {y, 0, -275}] 1 1] &

Plot of the solution for Flow1, Flow2 and Flow3

Plothl[u_]:=Mdul e[{Rl, R2, R3},
Rl =hlp[u, Flowl];
R2 = hlp[u, Flow2];
R3 = hlp[u, Flowd],
{(Plot [h1[x] /. Rl, {x, 0, n}], Plot [h1[x] /. R2, {x, 0, n}],
Pl ot [h1[x] /. R3, {x, 0, n}1}]

Following line produces dynamic plot of h1[y] (slow)

Dynami cModul e [{z = 0. },
{slider [Dynamic[z], {-2, 2}], Dynanic[10?], Dynanic [Pl oth1[10%]]}]

m plot cell for printing
m Plotsthefunctionshl and gl for thethree selected flows and as a function of u

Plot hl
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Graphi csGid[{Plothl1[0.01]}]
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h10[u_, Flow_]:= h1[0] /. hlp[u, Fl ow];

Noticethat h1[0] increasesas- Log[u Jpour Flowl et Flow3 et en puissance de u pour Flow2

Plot now h1[0Q] asafunction of u

{LogLi near Pl ot [h10[m Flowl], {m 0.0001, 1.}],
LogLogPl ot [h10[m Fl ow2], {m 0.0001, 1.}],
LogLi near Pl ot [h10[m Fl ow3], {m 0.0001, 1.}1}

3.0
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0.001 0.01 0.1 1

20+t
10+

N W Hh 01 O N

0.001 0.01 0.1 1 0.001 0.01 0.1 1

Following line produces dynamic plot of g1[y] (slow)

Dynami cMbdul e[{z = 0. },
{slider [Dynamic[z], {-2, 2}], Dynanic[10”], Dynanic [Pl otgl[10%]]}]
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| Pl ot g1 [0. 000001]
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m Produceprinting plots

I Solution to the second order perturbation problem for f2b

Generation of the source functions

(4Sinfe[y11? +2 Cos[o[y]1* &' [y]?)
Src2bl = .
VusSin[ery11® +« Cos[ely11% & [y]?
Src2b2 =Sin[e[y]]gl’ [y] - Cos[e[y]l] e [y]lglly]l;
Src2b3 =Sin[e[y]] gl [y] e'[y]®+
Cos[olyl] (' [ylgl ' [yl - &' [ylgl' [yl);

The probl emt o be sol ved at t hi s order i s

1 D
LO (f2b) = 6,2 Src2bl + 5 oy Src2b2 + = dy Src2b3

Notice that Src2b2 and Src2b3 vanish for Flowl and i = 1, when 6 [y]=yand gl[y]=Sin[y]
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m Plot of the sourceterm

Solution using NDSolve

The sol utionis

1 D
f2b = g2bl + — g2b2 + — g2b3
g + c g + c g

Sinceonlythederivativeof f2bis

neededt o get the anplitude equati on, we define
and cal cul ate

h2bl = g2bl’, h2b2 = g2b2’, h2b3 = g2b3’

m Solution of the problem for h2b1 and g2b1

Solution for h2b1 with an auxilliary integration constant K such that the solvability condition and the boundary condi-
tions are satisfied

Theintegration constant appears here because h2bl has Sin 2 y symmetry resulting in a constant contribution by the
product with Trb

h2blp =
Par t [NDSoI ve[{LZd[thl[y], #1] == Src2bl - K[y] /. {#2, u-#l},

K’ [y] =0, h2b1[0] == 0, h2b1[g] =0}, (h2bt, Ky, {y, 0, g}]
1, 1] &

This provides directly g2bl with the trick that g2bl is the derivative of afunction with same symmetriesas h2blin
order to impose the solvability condition in away that NDSolve understands

nmyg2bl =
Par t [NDSOI ve[{LZd[gal‘ [yl, #1] == Src2bl - K[y] /. {#2, u-#1},

K’ [y] =0, g2bl’ [0] == 0, g2bl’ [g] =0, 1G [y] == g2bl[y],

| G[0] = O, |G[-7zf] =0}, (g2b1, K 16}, {y, o, g}] 1, 1] &




SolvePerturbationAndThreshold.nb

m Plot of the solution for h2b1 and g2bl

Pl ot h2b1 [0 _] : = Modul e[{Rl, R2, R3},

R1 = h2blp [u0, Fl owl];
R2 = h2b1p [u0, Fl ow2];
R3 = h2blp [u0, Fl ow3];

{Prot[n2biry1 7. R, {y, o, g}] Plot [n2biry] /. R2, {y. O, g}]

Plot [h2bityl 7. R3, {y, O, g}]}

Pl ot g2b1[u0_] : = Modul e[{Rl, R2, R3},

Rl = ngg2b1 [0, Fl owl];
R2 = ngg2bl1 [p0, Fl ow2];
R3 = ngg2b1 [0, Fl ow37];

[Prot [gabiry1 /. R1, {y, 0, g}] Plot [g2b1ly] /. R2, {y. O, g}]

Pl ot [gal[y] /. R3, {y' 0, g}]}

]

Following line produces dynamic plot of the solution (very slow)

Dynami cMobdul e [{z = 0. },
{Slider [Dynamic[z], {-2, 2}], Dynamic[10”], Dynamic [Pl otg2b1[10%]]}]
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| Pl ot h2b1[0. 001]
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m Verification against thecaseu=1,60 [YEY
m Solution for h2b2 and g2b2

Because thereis only only derivative in front of Scr2b2, we solve the linear operator L1d and we do not need to
introduce an integration constant here
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h2b2p =

Part [NDSoI ve[{le[h2b2 [yl, #1] == Src2b2 /. nggl[#l, #2] /. #2,

h2b2[0] == O, h2b2[g] =0}, n2b2, {y, o, g}] 1 1] &

ngg2b2 =
Part [NDSoI ve[{le[gaZ' [yl, #1] == Src2b2 /. nggl[#l, #2] /. #2,
g2b2’ [0] == 0, g2b2’ [125] =0, |G [y] == g2b2[y], | G[O] = O,

|G[g] =0}, (g2b2, 16}, {y, 0, g}] 1 1] &

m Plot of the solution for h2b2 and g2b2
m Solution for h2b3 and g2b3

Again, because thereis only only derivative in front of Scr2b2, we solve the linear operator L1d and we do not need to
introduce an integration constant here

h2b3p =

Par t [NDSOI ve[{le[thB[y], #1] == Src2b3 /. mygl[sl, #2] /. #2,

h2b3[0] == O, h2b3[§] =0}, n2v3, {y, o, g}] 1, 1] &

ngyg2b3 =

Par t [NDSOI ve[{le[gzbs' [yl, #1] == Src2b3 /. mygl[#l, #2] /. #2,

g2b3’ [0] == 0, g2b3’ [g] =0, 1G [y] == g2b3[y], | G[O] = O,

|G[§] =0}, (g2b3, 16}, {y, o, g}] 1 1] &

m Plot of the solution for h2b3 and g2b3
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I Contributions to the turbulent viscosity

Contribution of the zero and first order terms

_ (uSinfe[y]]1®+2Cos[e[y]l? e [y]1?)
Termin < >, infactor of AC

VuSin[ely11% + Cos [e[y112 &' [y]2

2 7T
|1[pu_, Flow_] : = — N nt egrate[Tra[u] /. Fl ow, {y, 0, —}]
7T 2

m How doesit look and example

Term in < gl[y] Sin[¢ [y]p, in factor of - =

| 2[u_, Flow_] : =

2 ) 7T
— NI nt egr ate[ glryl] Sin[fe[y]l] /. mggl[u, Flow] /. Fl ow, {y, o, —}]
7 2

m How doesit look and example

Termin<gl[y] Codé [y]p '[yb,in factor of - AC—D

| 3[u_, Flow_ ] : =

2
=N ntegrate[gl' [y] Cos[e[yl]l e’ [yl /. mygliu, Flow] /. Flow,
JT

0. 2))

m How doesit look and example



SolvePerturbationAndThreshold.nb 11

Definition : the famous function G

G[y_, H_, Fl OW_] =
2e’'[y] Cos[e[y]]

-Sin[e[y]] e'[y]?

+

\uSiniely11® + Cos[o[y11? & [y12
1

2 (uSin[ery11% + Cos[ely112 & [y1?)*’
(3u e’[ylSin[elyl]1? Cos[e[y]]l - ne’' [yl®Sin[e[y]] +

20’ [yl?e”[y] Cos[oly]1®)| /. Flow

One can easily check that this expression isidentical to the following one,

1
Cos[e[yl] e'[y]

3/2 (
)

(uSin[e[y]1? + Cos[6[y]]1% &' [y]?
(-Sinfelyll1 e [yl* (u+2uSin[e[y]]1*+2Cos[e[y]]* e [y]?) +
Cos[e[y]] (3uSin[el[yl]1*+2Cos[e[yl]1*e'[y]*) e”[yl))

or thisone taken from CH - eff1- nu- 8. m6.nb

(Cosrelyl] e[yl
(-2Cos[elyl1?Sin[e[y]l] e [yl*+3uCos[e[y]] Sin[e[y]]*e”[y] -

o[yl (u (Sin[elyll +2Sin[e[y]]®) —ZOos[e[y]Pe"[y])))/

(uSinfery11? + Cosely112 &' [y12) "

or thisonein the paper

1

2 (uSingely11? + Cos[ely112 & [y1?)*"

(D[DrSintery1l, y1* y] + uD[Sin[ely1]? Y]
(3Sinrelyl1DISin[elyl], {y, 2}]1 -D[Sin[e[yll, y1?))

m Plots
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Contribution of the terms in f2b

m Contribution < h2bl]y] G[y] >, in factor of 2 %

Ibl[u_, Flow_] : =

T

— NI nt egrate[thl[y] Gly, u, Flow] /. Evaluate[h2blp[u, Fl ow]],

0. 2))

m How doesit look and example
m Contribution < h2b2[y] G[y] >, in factor of 2 AC

| b2[u_, Flow_ ] : =

7T

— NI nt egrate[h2b2[y] Gly, u, Flow] /. Eval uate[h2b2p[u, Fl ow]],

)

m How doesit look and example
m Contribution < h2b3[y] G[y] >, in factor of 2 AD

| b3[u_, Flow_ ] : =

— NI nt egrate[h2b3[y] Gly, u, Flow] /. Eval uate[h2b3p[u, Fl ow]],
T

0. 2))

m How dosit look and example

I Large-scale instability
The turbulent viscosity v T's such that

1 1 )
—vT= 2 (=12 +1b2)+ C(I1 + Ibl) + — (13 +1Db3)
A c C

= A2 Cs (Cs (I1 + Ibl)) +

1
(I1b3-13) +
Cs Cs A?

(-12 + 1b2)
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Verifications with respect to the analytical case for Flowl and u =1
Definitions

Bl[u_, Flow_]:
B2[u_, Flow_]:

| 1[p, Flow] +1bl[u, Flow]
-12[u, Flow] +1b2[u, Flow]

-13[u, Flow] +1b3[u, Flow]
12

B3[u_, Flow_ ] : =

DD[u_, Flow ]:=B3[u, Flow]?-4Cs?Bl[u, Flow] B2[u, Flow] /. Cs - 0.008;

-B3[u, Fl ow] + /DD[u, Flow]

Tc[u_, Flow ] : = /. Cs - 0.008;
2 Cs? Bl[u, Flow]

Plots

m Plotswith lists

Make alogatithmic sample of u values

fac = 10%/5;
uranp = Tabl e[0. 001 fac' !, {i, 1, 31}];

Plotintegrals |1, 12 and 13 as afunction of u and Flow
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GraphicsGid[
{{Li st LogLi near Pl ot [Tr anspose [ {uranp, Map[l 1[#, Flowl] & uranp]}],

Joi ned -» True],

Li st LogLi near Pl ot [Tr anspose [ {uranp, Map[l 1[#, Fl ow2] & uranp]}],
Joi ned -» True],

Li st LogLi near Pl ot [Tr anspose [ {uranp, Map[l 1[#, Fl ow3] & pranp]}],
Joi ned -» True]},

{Li st LogLi near Pl ot [Transpose[{uranp, Map[l 2[#, Flowl] & uranp]}l,
Joi ned -» True],

Li st LogLi near Pl ot [Tr anspose [ {uranp, Map[l 2[#, Fl ow2] & wuranp]}],
Joi ned -» True],

Li st LogLi near Pl ot [Tr anspose [ {uranp, Map[l 2[#, Fl ow3] & wuranp]}],
Joi ned -» True]},

{Li st LogLi near Pl ot [Transpose[{uranp, Map[l 3[#, Flowl] & uranp]}l,
Joi ned -» True],

Li st LogLi near Pl ot [Tr anspose [ {uranp, Map[l 3[#, Fl ow2] & uranp]l}],
Joi ned -» True],

Li st LogLi near Pl ot [Tr anspose [ {uranp, Map[l 3[#, Fl ow3] & wuranp]}],
Joi ned » True]}}]

12 151 14
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1.0¢F 2.t
0.8} 2. (
0.6F 1.t
0.4} 1.(
0.2} 0.t

0.010.1 1 10 100 1000 00lL01 1 10 100 1000

Plot integrals Ibl, Ib2 and 1b3 as a function of i and Flow
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{{Li st LogLi near Pl ot [Tr anspose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True]},

{Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True]},

{Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Tr anspose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True]}}

Map [I bl [#,
Map [| b1 [#,
Map [| b1 [#,
Map [ b2 [#,
Map [| b2 [#,
Map [| b2 [#,
Map [| b3 [#,
Map [ b3 [#,

Map [l b3 [#,

Fl owl] &
Fl ow2] &,
Fl ow2] &,
Fl owl] &
Fl ow2] &
Fl ow3] &,
Fl owl] &,
Fl ow2] &

Fl ow3] &,

uranp]ill,
uranp]ili,
uranp]ili,
uranp]ili,
uranp]ill,
uranp]ili,
uranp]ili,
uranp]ili,

uranp]ill,
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0.0 0.0}
0.2 0.2}
-0.4 ~0.4}
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0.0L0.1 1 10 100 1000 0.010.1 1 10 100 1000

Plot integrals B1, B2 and B3 as afunction of u and Flow
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{{Li st LogLi near Pl ot [Tr anspose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True]},
{Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True]},
{Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Tr anspose [ {ur anp,
Joi ned -» True],
Li st LogLi near Pl ot [Transpose [ {ur anp,
Joi ned -» True]}}

Map [B1 [#,
Map [B1 [#,
Map [B1 [#,
Map [B2 [#,
Map [B2 [#,
Map [B2 [#,
Map [B3 [#,
Map [B3 [#,

Map [B3 [#,

Fl owl] &
Fl ow2] &,
Fl ow2] &,
Fl owl] &
Fl ow2] &
Fl ow3] &,
Fl owl] &,
Fl ow2] &

Fl ow3] &,

uranp]ill,
uranp]ili,
uranp]ili,
uranp]ili,
uranp]ill,
uranp]ili,
uranp]ili,
uranp]ili,

uranp]ill,
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Plot the discriminant as a function of ¢ and Flow
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{Li st LogLi near Pl ot [Transpose[{uranp, Map[DD[#, Flowl] & wuranp]}l],
Joi ned -» True],

Li st LogLi near Pl ot [Tr anspose [ {ur anp, Map[DD[#, Fl ow2] & wpranpl}l,
Joi ned -» True],

Li st LogLi near Pl ot [Transpose [ {ur anp, Map[DD[#, Fl ow3] & wpranpl}l,
Joi ned -» True]}

0.09¢
0. 08}
{007} ,
0.06¢
0. .01 0.. 1 1 1.0 160 10.00
0. 10¢ 0.10F
0.09¢ 0.09¢
0.08¢ 0. 08¢
0.07} 6. 07| J
0.06¢ 0.06¢

0.010.1 1 10 1001000 0.010.1 1 10 1001000

Plot the critical length as afunction of ¢ and Flow
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{Li st LogLi near Pl ot [Transpose[{uranp, Map[Tc[#, Flowl] & wuranp]}l],
Joi ned -» True],

Li st LogLi near Pl ot [Transpose [ {uranp, Map[Tc[#, Fl ow2] & wpranpl}l,
Joi ned -» True],

Li st LogLi near Pl ot [Transpose [ {ur anp, Map[Tc[#, Flow3] & wpranpl}l,
Joi ned -» True]}

L e =

—
SIS
o 01 O 01 O 01 O

0.010.12 1 10 100 1000

P N Wb~ 01O

0.000.1 1 10 100 1000 0.000.1 1 10 100 1000

m Produceprinting plots

gl = Map[rc[#, Flowl] & wuranp];
g2 = Map[Tc[#, Flow2] & wuranp];
g3 = Map[Trc[#, Flow3d] & wuranp];

Let us print to make plots at alater stage
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{47.2826, 45.8484, 44.3773, 42.8678, 41. 3195, 39. 7324, 38. 1069, 36. 4441,
34. 7459, 33. 0145, 31. 2519, 29.4605, 27.6419, 25. 7978, 23. 9306,

22.0449, 20.1497, 18. 2601, 16.3985, 14.593, 12.8743, 11.2715, 9. 80784,
8.49761, 7.3455, 6.34741, 5.4924, 4.7653, 4.14908, 3.62683, 3.18299}

{113. 202, 102. 06, 91. 9566, 82. 7999, 74.5048, 66.9947, 60. 1986, 54. 0523,
48. 4967, 43.4771, 38.9432, 34.8483, 31.1493, 27.8059, 24. 7811, 22. 0413,
19. 5566, 17.3013, 15. 2543, 13. 3991, 11.7234, 10. 2183, 8. 87684, 7.69208,
6. 65604, 5. 75865, 4.98769, 4.32932, 3.76902, 3.29253, 2.88669}

{75.0683, 71.4809, 67.806, 64.0572, 60.2541, 56.4218, 52.5903, 48. 7927,
45. 0629, 41.4328, 37.9308, 34.5799, 31.3964, 28.3906, 25.5667, 22. 9248,
20. 4624, 18.1758, 16. 0622, 14.1201, 12. 3494, 10. 7504, 9. 32244, 8. 06231,
6. 96328, 6.01488, 5.20341, 4.51315, 3.92768, 3.43108, 3.00886}

Li st LogLi near Pl ot [{Transpose[{uranp, ql}], Transpose[{uranp, g2}1,
Transpose[{uranp, q3}]}, Joi ned » True,
Pl ot Styl e » {{Bl ack, Thick}, {Black, Thick, Dashed},
{Bl ack, Thick, Dotted}},
AxeslLabel - {ToExpression["\mu", TeXForm,
ToExpression["\ Ganma_c", TeXForm]}]
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