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Smagorinsky-Clark mixed model + friction

U=ASin[d [ylihere 6 [y = 6,Sin[2 p Y]
Streamfunction defined as u=0y ¥, v = -dy ¢
Calculation are done in terms of U, not expanding in 6 [y

Settings

Last use

3= | DateList[]

oupz- | (2009, 1, 14, 16, 32, 21.058743)

General

2= | OFf [General::spell 1]

Laplacian
In[3]:= A=—(€26x’xﬂ+ayyyﬂ)&
oua= | - (€2 Ox xHl + Oy, yHl) &

Definition of the turbulent viscosity, Smagorinsky-Clark mixed model

Standard version with a heuristic component accounting for the vertical shear
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nap= | S= A4 (eoxy#)? & (e2oxxit- 0y y#) w pu (eaxi)? +u (3,%)2 &

2
Outf4]= \/4 (e OxyH#1)? + (€2 Ox xtil - Oy, y#1)" + pu (e Ox#1l)? + pu (8yH1)? &

Dissipation: C in front of the Smagorinsky component, D in front of the Clark component
In standard notations D=I'?/12 and C = C g['2
Note that K=-DS in the paper

= | DS =C (ay'y (S[ﬂ] (—ay,y o+ €? Ox x tf-)) -
€? 0x x (S[#] (-08y,y# + e?oxx#)) - 4 €?dxy (Sl oxy #)) +
D(eax,y 11( e’ Ox x x xH - ay,y,y,yn) + (Gax’y‘y,yﬂ +e° ax’x’x‘y#) (ay,y #t - &2 ax,xﬂ) ) &

outs= | C (y,y (S[#1] (-0y,ynl +e? ox xul)) -
€? Ox x (S[H1] (-0y,yul +€? Ox xHl)) -4 €% Oy y (S[H1] Ox y#l)) +
D (6 Ox’yﬂl (64 Oxvx’x’xnl—éy,y,y,yﬂl) + (E axyy’y,yt{l+63 ax’x,x,yﬂl) (ay'yﬁl—Gz ax’xttl)) &

Reference
Pope, S.B. Turbulent flows, C.U.P., 2000

Definition of the generalized Kolmogorov Flow

Velocity and streamfunction

Uly_1:=A Sin[6 [y]]

ne= | ®[y_1:=IntegratefU[s], {s, 0., Y}]

Exemples of flows

Standard Kolmogorov flow in Flow1, "flat" flow in Flow2, intermediate case in Flow3

1
in[140;:= | Fl ow2 = U- Eval uate[Si n[n + E Sin 211]] &];
Flowl =U- Eval uate[Sin[#] &];

Fl ow3 = U- Eval uate[Sin[u + iSi n[2n]] &];
4
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Plots of the flow

pl =Pl ot [Uy] /. {Flowl, A-1}, {y, -2x, 2x}, DisplayFunction-Ildentity];
p2 =Plot [U[y] /. {Flow2, A-1}, {y, -2x, 2x}, DisplayFunction-ldentity];
p3 =Plot [Uy] /. {Flow3, A-1}, {y, -2x, 2x}, DisplayFunction-Ildentity];
Show[G aphi csRow[ {pl, p2, p3}1]
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Plots of the streamfunction
Plots of the forcing (or dissipation)

Forcing is calculated to equilibrate the dissipation since there is no advection for aflow that dependsonly ony
Some arbitrary values are assumed for the parameters

Forci ng = Assum ng[A>0 & e’[y] >0, Sinplify[DS[ &[y]]1]

1

(nUry12+ U y1?)*”

C(uUlyl®+3uUlyl2U [yl Uiyl (uUly] +U [y]) +Uy1® U [y] (uUly] +2 U [y]) +
K2 ULy 14U [y] +3uULy12 U y12 U [y] +2U [y]* U [y])

Setting u -> 0. showsthat Flow1 requires a forcing with discontinuitiesthat disappear in Flow2 and Flow3.

pl=Plot[Forcing //. {Flowl, A-1, C-1, u-0.},
{y, -2x, 2nxn}, PlotRange-» All, D splayFunction-ldentity];
p2=Plot[Forcing //. {Flow2, A-1, C-1, u-0.}, {y, -2x, 2},
Pl ot Range » Al |, Di spl ayFunction- ldentity];
p3=Plot[Forcing //. {Flow3, A-1, C-»1, u-0.}, {y, -2xn, 2mn},
Pl ot Range » Al |, Di spl ayFunction-ldentity];
Show[G aphi csRow[ {pl, p2, p3}1]

Setting u -> 0.5 shows that the discontinuities disappear in Flow1, while the forcingsin Flow2 and Flow3 are hardly modified
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pl=Plot[Forcing //. {Flowl, A-1, C-1, u-0.5},
{y, -2x, 2nxn}, PlotRange > All, DisplayFunction-ldentity];
p2=Plot[Forcing //. {Flow2, A-1, C-1, u-0.5}, {y, -2xn, 2mn},
Pl ot Range » Al |, Di spl ayFunction- Identity];
p3=Plot[Forcing //. {Flow3, A-1, C-1, u-0.5}, {y, -2x, 2},
Pl ot Range » Al |, Di spl ayFunction-ldentity];
Show[Gr aphi csRow[ {pl, p2, p3}1]

Definition of the pertubation problem

2D Navier-Stokes with scaling

We havetakenu =dy y andv = — dx y (definition used in fluid mechanics, opposite to the conventionin GFD)

n7= | NS=e?ar A[¥[T, X, y11- edx ¥[T, X, y]dy A[Y[T, X, y11 +
€0y ¥[T, X ylox Al¥[T, X yl1 - DS[¥[T, X yl] + DS[&[y]];

Expansion

The streamfunction is expanded up to the fourth order in e

nel= | ¥I[T_, X, y_1 :=
[y] + YO[T, X, y1 + eyl[T, X y] + €2¢2[T, X, y] +e3y3[T, X, y] +e* ¢4[T, X V]

= | NS2 = Col | ect [Nor mal [Series[NS, {e, 0, 4}11, €];

Order O

Extract order 0 terms from the general expansion and perform algebraic simplication.
Fairly lengthy expression anyway.

in14)= | a0 = Sinplify[Coefficient[NS2, € 0]]

Symbolic solution

The O th order solution satisfiesa0 = 0 as soon as it does not depend on the fast variabley
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In[16]:= ‘ Rul e0 = y0 - (O[#l, #2] &)

Out[16]= ‘ Y0 — (0 [H1, £#2] &)

Verification

Check that ¢ O[XT] satisfiesthe O th order solution

7= | Full Sinplify[a0 /. {Rule0}]

out[17]= ‘ 0

Useful rules for simplifications

In[10]:= ‘ Rul ea = (A% uSi n[e[y]]? + A2 Cos[e[y]]"’e’[y]z)n‘->A2n (usi n[e;[y]]z+Gos[e[y]]29'[y]2)n

n

ouf10}= ‘ (R usiniery]1?+ A2 Coslely]12e y12)" > A" (uSinfely]]?+ Cos[oly]12 e [y1?)

In[11]:= ‘ | nprove = Si npl i fy[Toget her [#1]] &

out[11]= ‘ Sinplify[Together [0l]] &

Periodicity in space

In[12]:= ‘ Sol vafexpr _] := ((expr /. y » 2x) - (expr /. y -»0)) /. @ [27] »g[0]

Order 1

Extract order 1 termsfrom the general expansion, use formal solution to order 0 equation and perform algebraic simplication.
Need to be put under theform L 1 [T, X, y]] = second member

npel= | al = Sinplify[Expand[Coefficient [NS2, €, 1]1] /. RuleO]

Extraction of the linear operator and verification

First derivativeof  liny
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niop= | alFl = Ful | Sinplify[Coefficient[al, 1@V [T, X y1], Trig- True]

1

Out[19]= 5z

(nUly12 + U y1?)
Cu (-3uUlylUly1®+7uUly12Uy]® Uyl +U[yI° U [y] + 12 U[y]° U® [y] +
HUlYIPULy] (-3U[y]1% +Uy] U® [y]))

3

Second derivativeof ¢ liny

nzoj= | alF2 = Ful | Sinplify[Coefficient[al, 1 @2 [T, X y1], Trig-True]

1

Out[20]= 52

(nUlY12 + U y]?)
C(32Uly1° Uyl -3 2U[y13U[y1® U [y] +5uU[y12Uly]® (uU[y] +U® [y]) +
2U1y1° (LU Tyl +U® [y]) +32ULy1* (U Iy12 + U1yl UR [y]))

Third derivativeof ¢ liny

nzip= | alF3 = Factor [Sinplify[Coefficient[al, ¥1@%¥ [T, X y1]]]

CUI[y] (312U[y1® +uUlyl Uly1®+6uUly]2 U [y] +4U[y]* U [y])

out[21]= ; Y
(LULy12+ULy]7)

Fourth derivativeof  liny

nzz)= | alF4 = Factor [Sinplify[Coefficient[al, 1% [T, X y1]]]

C(uUry1?+2U[y)?)

Out[22]=

iUy 12 + U y)?

Complete form of £ and verification against the terms extracted from al

uUly1?+2U [y1° Uyl U’
n23)= | LIF_1:= Coy,y ( ) 8. f v Cuoy, [yl [yl o,f

N rULYI2 + U [y]? N rULYI2 + U [y]?

neap= | Sinplify[£rf[yl]l - alFl f @[yl -alF2 f @ [y] - alF3 f @ [y] - alF4f @ [y], Trig-»>True]

oute4= | O

Extraction of second member: ala

The second member contains only thefirst derivativein X of the Oth order solution
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nzsi= | ala=-Sinplify[Coefficient[al, 90V [T, X1]]

out[25]= ‘ -U'[y]

Reconstruction of the first order equation

Ve check herethat thefirst order equationis £[y1[T, X y]] = -U"[y] 0@V [T, X]

neei= | alN= £[¥Ll[T, X y1] - alae0® Y [T, X];

in71= | Sinplify[alN - al]

out[27]= ‘ 0

Solvability condition

The solvability condition is that theintegral iny from 0 to 2 of the second member vanishes. It is obviously satisfied with
the second member of the first order equation which is proportional to the second derivative of Sin[6 [y]] as checked here

In[28]:= ‘ Sinplify[ala+AD[Sin[e[y]], {Y, 2}11]

2

Out[28]= ‘ -ASin[e[y]] e'[y]l”-U’[y] +ACos[o[y]] 6"[Y]

Symbolic solution

This solution is meant to replacey 1in further formal steps of the perturbative expansion

In[29]:= ‘ Rulel =yl - (f1[#3] 0@ [#1, u2] &)

out[29]= ‘ Ul - (fl[n3] wO(O’l) [H#1, #2] &)

Noticethat f1 has Sinl symmetry

Order 2

Extract order 2 terms from the general expansion, use formal solution to order O and 1 equations and perform algebraic
simplication.
Need to be put under theform L 2 [T, X, y 1] = second member

o= | a2 =Sinplify[Coefficient[NS2, e 2] //. {RuleO, Rulel}];

Extraction of second member and solvability

Here we extract the terms of the second member, factor per factor, and we test the solvability condition
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terminfactor of 0@V [T, X]°: a2a

In[31]:=

a2a = Col | ect [-Sinpl i fy[Coefficient[a2, 0@ [T, X1, 2] ], (A D C}];

Check that this simplification can be somewhat improved for the term which is not in factor of C

In[32]:= ‘ Sinmplify[a2a /. C- 0]

out[32]= ‘ f1® [yl

Thisterm integratestwice in y and satisfies the solvability condition

a2al = Coef fi ci ent [a2a, C];

In[33]:=

a2all = Integrate[a2al, y];
a2all2 = Integrate[a2al, y]

1
o= | 828112 = - ( (2,42 Uly13 £ 1y1 f17 1yl + UIy1® (u+uf1'[y]2 +2f1”[y]2) o

3/2
WU Uy (ue31171%)) / (WU« uyn®));
Si nplify[D[a2all 2, {y, 2}] -a2al]

out[35]= ‘ 0

terminfactor of 902 [T, X]: a2b

inzgl= | a2b = -Col l ect [Sinplify[Coefficient[a2, ¢0®? [T, X], 1]], (A D C}];

Splititin severa part for integration. First isolate the part that does not depend on C and D and integrateit once.

o= | a2b0 = a2b /. {D-0, C->0};
a2bll =Integrate[a2b0, y]

out[40)= ‘ Uly] f1[y] -fl[y] Uly]

Then isolate the factor of C and checksit integratestwice

1= | a2bl = Coeffici ent [a2b, C];

a2b212 = Integrate] Integrate[a2bl, y], y]

uULy1%2+2 Uly1?
in42)= | a2b212 = :

VuUry12+ Uy1?
Sinpl i fy[D[a2b2l 2, {y, 2}] -a2bl]

outaz= | O




CH-eff1-nu-12.m6.nb

Isolate the factor of D and integrateit once

a2b2 = Coefficient [a2b , Dj;
a2b0l =Integrate[a2b2, y]

In[44]:=

out[45)= ‘ Uyl f17[y] -f1 [y] U’ [y]

Complete the solvability proof for a2b by check that nothing has been forgottenin a2b

In[46]:= ‘ Sinplify[a2b - a2b0 - Ca2bl - Da2b2]

out[46]= ‘ 0

Reconstruction and verification of the second order equation

Check that nothing has been forgotten in the extraction of the components of a2

(0,2) (0,1) 2
7= | @a2N = £[¥2[T, X, y11 - a2b @0 [T, X] - a2a g0 T, X1°;
Sinmplify[a2N - a2 ]

out[48]= ‘ 0

Symbolic solution

2
nuo= | Rule2 = y2 - (f 2a[#3] 00OV (81, #2]" + f2b[#3] 00©? [#1, #2] &)

ouas)- | ¥2 - (f2a[m3] 00 ™Y [, 12]° +f2b[13] 02 [51, 12] &

f2ahas Cosl symmetry
f2b has CosP symmetry

Order 3

Extract order 3 terms from the general expansion, use formal solution to order O, 1 and 2 equations and perform algebraic
simplication.

Need to be put under theform £ 3 [T, X, y]] = second member

No attempsto simplify here

NOTICE THAT, FOR HISTORICAL REASONS, THE axx TERMS AT THIS ORDER AND THE NEXT ONE IN THIS
NOTEBOOK ARE DEFINED AS THE NEGATIVE OF THOSE USED IN THE PAPER AND OTHER NOTEBOOK (SEE
THE VERIFICATION STEP)

The terms marked as [S] require the symmetry assumption to satisfy the solvability condition. Only term 3d isinvolved at this
order.

Pre-defined integrals at this order and the next one in this notebook have been derived from the calculation of primitives
obtained with Mathematica with U=Sin[ 6 [y]]For some unknown reasons, Mathematica is more able to find the primitive
under this form than using U aone.

o= | a3 = Coefficient [NS2, e, 3] //. {RuleO, Rulel, Rule2};
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Extraction of second member and solvability

First reorganize a3 in order to make further extraction easier

ns1= | a3l = Col I ect [Expand[a3], {¢0™ " [T, X1, 0@ [T, X], 02 [T, X], 00 [T, X1}]; ‘

Termin 0@V [T, X1°: a3a

3
ns21= | a3a = Col | ect [Ooeffi ci ent [a31 /. Rulea, 0@ [T X] ] , C] : ‘

Term excluding factor C, which can beintegratediny

ina)= | a3a /. C-0.; ‘

Get term in factor of C and check that the combination, adding previous contribution, reconstructs a3a

inssl= | a3al = Coefficient [a3a, C];
a3a-Ca3al - (a3a /. C-0)
out[56]= ‘ 0

a3all = Integrate[a3al, y];
a3all2 = Integratefa3all, y];

7= | al3all 2 = (uz Uryl (-f2 [yl ULyl + ULyl f17y])

((1+fry1®) U1’ -2u1 Uy VI 17 y1 + U2 (uef27 1)) /

5/2
(2 (kUy12+ U 1y1?)” ) + (0f171y] (f2a' 1yl ULyl +mUly1® F2a" [y]) +

3/2
171yl (u? Uly1®f2a’'[y] + Uyl (3uUly1?+2 U[y]?) fZa"[YJ))/(u Ury12+ U ty1?)”;

Si nplify[D[a3all 2, {y, 2}] -a3al]

out[58]= ‘ 0

Solvability is satisfied since all components of a3a integrate twice in y. Notice that it would be sufficient to check that the
solvability condition is satisfied on the first integral but more compact expressions are obtained when a second primitive can be
obtained.

Ternsin factor of 0D [T, X]

Groupof al | terms containinge0®Y [T, X]infactor

nsop= | @33 = Coef fi ci ent [Expand[a31], ¢0* " [T, X]]; ‘

Termine0©@ Y [T, X] 02 [T, X] : a3b

o= | a3b = Col I ect [Coefficient [a33 /. Rulea, ¢0®? [T, X]], {D C}]; ‘
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Term not in factor of C within a3b

1= | a3b0=a3b /. C-0

ouger)- | ~f1[y1f17[y] -2U[y] f2a”[y] +2f2a[y] U [y] +f1[y] f1® [y] +f2b® y] +
D(-f1"[y] f1® [y] -2U(y]f2a® [y]+2f2a'[y] U® [y] +f1'[y] f1¥ [y])

In[62]:= ‘ a3b0l =Integrate[a3b0, y]

outez)= | -f l’[y}2 -2Ufy]fa'[y] +f1[y] f1”[y] 7Df1"[y]2 +

2U[y] (f2aly] -Df2a”[y]) +f2b”[y] +2Df2a'[y] U'[y] +Df1'[y] f1® [y]

Termin factor of C within a3b, checking that it combines with a3b0 to reconstruct a3b

3= | a3b2 = Coef ficient [a3b, C];
a3b -Ca3b2 - a3b0

out[64]= ‘ 0

Integrate twice a3b2, completing the proof of solvability for a3b

a3b2l = Integrate[a3b2, y]
a3b2I2 = Integrate[a3b2l, y]

In[65]:= a3b2l 2 =
(ufllyl ULyl (kULy1? +UTyl?) +uf1'[y] (f2b' [yl ULy1® + uULy]®

(_
3/2
(W2 ULy1®f2b [y] + U y] (3uUly12+2U[y]?) (—1+f2b”[y])))/(uU[y12+U[y12) =
Si nplify[D[a3b2l 2, {y, 2}] -a3b2]

1+f2b7[y1)) +f17[y]

outeel= | O

Termin 0@ [T, X] : a3d [S]

ne71= | a3d = Col | ect [Coef ficient [a31 /. Rul ea, 903 [T, X1]. (D, C}];

Extract the contribution that does not contain C

ines)= | a3d0=a3d /. C-0

outf6s]= ‘ ~Uly] - Uly] f2b”[y] +f2b[y] U’ [y] + D (-U[y] f2b® [y] +f2b'[y] U® [y])

In[69]:= ‘ I ntegrate[a3d0 + U[y], y]

out[69]= ‘ -Uly]f2b[y] +U[y] (f2b[y] -Df2b”[y]) + Df2b'[y] U’[y]

Coefficientin front of Cin a3d

11
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in[7o):= | @a3d2 =1 nprove[ Coeffici ent [a3d, C] ];

M athematica does not integrate this expression but after a few manipulations we get an expression for a3d2 as the sum of two
derivativesplus aresidual term.

In theresidual term, f1'[y] has Cosl symmetry. Its product with U[y]U’[y] has Sinl symmetry with zero mean.

Hence the solvability condition is satisfied for al the terms contributing to a3d

2
2u (kULy1® + ULyl ULy1?)
n71= | a3d2P = D[ f1' [y1, y] -

(kUDy12+ U 1y12)”"”

wULy]f1 [yl ULyl

uUly1® +2Uy1°
D[ s 23] Pyl -

\VuULy12 + U y)? \VuULy12 + U y1?
Si npl i fy [a3d2P - a3d2]

out[72]= ‘ 0

Termin 0D [T, X]: a3g

n73= | a3g = Coefficient [a31, @0 [T, X]]

out[73]= ‘ -f17[y]

Verification

Assemble al the contribution found at order 3 plusthe linear termin ¢ 3and check the sum against a3

ni7aq= | a3N=a3g 0™V [T, X] + a3d 0 ® 3 [T, X] +

90 P [T, X] (a3b @0 [T, X] ) + a3a 0™V [T, X1°+ LIW3IT, X yIT;
Si nplify[Toget her [Expand[a3N-a3 /. Rulea]l] ]

out[75]= ‘ 0

Symbolic solution

ni7el= | Rul €3 = ¢3 » (f 3g[#3] 0V [T, X] + f3d[#3] 00 @3 [T, X] +

@0 @[T, X] (f3b[#3] @0 @ [T, X] +f3h F)+ f3a[u3] 0™V [T, x1° &);

f3ahas Sinl symmetry
f3b has SinP symmetry
f3d has Sinl symmetry
f3g has Sinl symmetry
f3h has Sinl symmetry
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Order 4

Extract order 4 terms from the general expansion, use formal solution to order O, 1, 2 and 3 equations and perform algebraic
simplication.

Need to be put under theform £ 4 [T, X, y 1] = second member

No attempsto simplify here.

Thetermsadg, a4 and adr require the symmetry assumption to satisfy the solvability condition.

Theterms adl and a4l provide the amplitude eguation.

nf77= | a4 =
Assumi ng[A>0 & 6'[y] >0, Coefficient [NS2, €, 4] //. {RuleO, Rulel, Rul e2, Rule3} 1;

Rearrange a4 to prepair extraction

nzel= | a4l = Col | ect [Expand[a4],
{0 DT, X1, 0@ 2 [T, X1, @0V [T, X1, 002 [T, X1, 90 [T, X1, 0T, X1}];

Termin 0@V [T, X1*: ada

In[79]:=

ada = Col | ect [Coeffi ci ent [a41, 0@ [T, X]4] ., {D, C}];

Contribution that does not contain C.
Can be integrated and satisfies the solvability condition.

in[goj= | a4a0=a4a /. C-0

out[8oj= ‘ f3a® y]

Get the rest of ada

adal = Coeffici ent [ada, CJ;
Sinplify[ada - Cadal - a4a0]

In[81]:=

out[82]= ‘ 0

Integrate and check

adall = Integrate[adal, y];
adall2 = Integrate[adall, y]



14

In[83]:=

out[86]=
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adall2a= - (u? ((1+f1y1*) Uy -2 Uyl F11y] U Iyl £171y] + Uly)? (w+f171y1%))
((2+f1y1’) UyI®+4uUyIP F1 Iy F17Iy] -6 Uly] F2 Iyl U Iy * £ 17 [y] +
U1 Uyl (w-4utt yi®+51171%))) /(8 (wuyi? +Uyr®) ™)

aall2b = (k2 Uly] ((1+3F21y1°) Uly1® -6 ULyl f 1 [yl ULyl F17[y] +Uly1? (u+3171y1%))

2
(-f2a’[y1 Uyl + Uty] f2a” 1y1)) / (2 (uuryr? suy1?)” )

adall 2c = (uf2a’ y1°Uy1®+2 42 ULy13f3a’ [yl F171y] + 2 2 Uy f2a'[y] f2a” [y] +

3uUly12 ULyl f2a” [yl +2Uy1®f2a”[y]” +
6uULYI2U Tyl f17[y]1f3a [yl +4 Uyl f1”[y]f3a"[y] +

3/2
2ufl’[y] (f3a'[y] U[y13+uU[y]3f3a"[y]))/(2 (nULy12 + U Iy1?) );

Si npli fy[Expand[D[ad4all 2a + ad4all 2b + ad4all 2c, {y, 2}] -adal]]

‘ 0

Termsin 0@ [T, X1°

2
Groupof al | terms containing afactor 0% [T, X]

In[87]:=

2
a42 = Coef fi ci ent [a41, 0D [T, X] ];

Termin 0@V [T, X1 00©2 [T, X] : adc

In[88]:=

adc = Col | ect [Coef fi ci ent [a42, 02 [T, X1]. D C}]:

Contribution that does not contain C.
Can beintegrated and satisfiesthe solvability condition.

In[89]:=

Out[90]=

out[91]=

ad4cO0=a4c /. C-0;
a4cOl =Integrate[ad4cO, y]
Sol va[a4cO0l ]

2f2aly] f1”[y] + (f1[y] -3Df1"[y]) f2a"[y] +
f3b”[y] +f2a’[y] (-3f1'[y] +2Df1® [y]) +Df1'[y] f2a® [y]

Get the rest of adcin powersof A

In[92]:=

out[93]=

a4cl = Coef fi ci ent [ad4c, CJ;
Si nplify[ad4c -ad4c0 - Cadcl]

‘ 0

Integrate and check

adcll =

Improve[Integrate]adcl, y];
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a4cll2 = Integratefadcll, y]

o= | adcll 2a = (uz ULy (-(2f1[y] f1[y] + (1+3f1’ [y]z) f 2b’ [y]) Uy’ -
Uly12 ULyl (2ufilly] 1oyl +f2b'1y] (k+37171y1") +611 [y1 F17[y] (-1+12b"y1)) +
Uly1® (2ufiiy] f17 1yl + (w+ 3717 1y1%) (-1 +720"1y1)) +
ULyl U tyl? (-1+2f20y] 17 [y]+6f1[y1 f2b [y] f17[y]+
311 1y1° (141267 1y1) + 1267 1v1))) / (2 (wUy1? +U1y1?) ")

adcll 2b = (u? ury1® (f3b[y1f1”[y] +f2b [y]f2a”[y] +f2a'[y] (-1+f2b"[y]) +

f1°[y]13b”[y]) +Ulyl® (2uf2aly] +uf2a’[y]f2b [yl +ufl [y]f3b [y] -
2f2a”[y]+2f2a”[y]f2b"[y] +2f1"[y]1f3b"[y]) +uU[y]* U[y]

3/2
(2uf2afy1+3 (f2a”[y] (-1+f2b"[y]) +f17[y] f3b”[y])))/((uU[y12+U[y]2) ' );
Si nplify[D[ad4cll 2a + a4cll 2b, {y, 2}] - adcl]
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out[96]= ‘ 0

Termsin 0@ Y [T, X]

Groupof all terns containing afactor 901 [T, X]

no7)= | a43 = Coef fi ci ent [a41, 00OV [T, X3 |;

Termin 0@ D [T, X] 0@ [T, X] : adg [S]

nos1= | a4g = Col | ect [Coef fi ci ent [a43, 03 [T, X1]. (D, C}];

Contribution that does not contain C.
Can beintegrated and satisfies the solvability condition.

inoo:= | a4g0 =a4g /. C-0;

a4gd =Integrate[adg0, y]
Sol va[a4gd ]

In[100]:=

oupiooj= | f2b[y] f17[y] -Df1”[y] f2b"[y] +f3d”[y] +f2b'[y] (-f1'[y] +Df1® [y])

outf101}= | O

Get therest of adg

npo2)= | a4gl = Coeffici ent [a4g, C];
adgl = CoefficientList[ Coefficient[a4g, C], Al;
Si nplify[adg - a4g0 - Cadgl]

out104= | O

This contribution cannot be integrated but, after some manipulations, it is possible to extract an integrable part on which the
solvability condition can be tested and a non integrable part for which the solvability condition is obtained due to the
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symmetries

In[105]:=

In[106]:=

Out[110]=

a4gl = | nprove[a4gl 1;

uUIy] ULyl (3uUly12+2U[y1?) 17 1y1”

ad4glPa = -

3/2
VuULyI2 + U 1y1? (ULy1? + U Iy1?)

uf1y1’ Uyl

— (-2uUly1? Ulyl? + ULyl* +3uULyI® U Ly]) +
(kULy1? + Uy1?)

(2Uyl BuULlyl1+4U’[y])) , 6uULy1?+4 Ulyl? , )
fza’ [y] + f2a’’ [yl;

N uUIYIZ+ Uy]? N uULY1Z + U y]?

WUyl F11y1° (3uULy1% +6 U [y1? -2 ULyl U [y])
a4glPb = :

(nULy1% + U 1y12) ™

a4glPc =
(#f260y1 U LyT (vUYIZ+ U Ly1®) + 2127 1y1° UTy] (wULYI% + U Ty]?) =10yl (w2 UDy1*F2'Iy]
Uyl (3uUly1?+2U[y1%) f17[y]) +uf2'[y] (f3d'[y] Uly]® + ULyl £3d"[y]) +
171yl (k2 ULy]® f3d [y] + Uyl (3uUly12+2U[y]?) f3d”[y]))/
32 2 (MULy12 +2Uy1?)
(kUy12+ U y1?)"" - f2a[y];

N uULy12 + U 1y]?

a491P = a4glPa + D[a4glPb, y] + D[a4glPc, {y, 2}1;
Sinmplify[adgl - a4glP]

{0}

Al'l thenonintegratedternsina4glPa have Cosl symetry and hence sumt o zer o.

f2a’'’ [y] has symetry Cosl, its product witha CosPtermis Cosl andintegratestozero.

f2a’

[yl has Sinl symmetry, and U’ [y] U[y] has Si nPsynmetry,

hencet here aretwo products Cosl Sinl Sinl and Cosl
Cosl Si nP Si nl whi ch have Cosl symetry andintegrateto zero.

Termin 0@V [T, X] 0%V [T, X] : adh

In[111]:=

adh = Col | ect [Coef fi ci ent [a43, o0 [T, X1]. (D, C}];

Contribution that does not contain C.
Can be integrated and satisfies the solvability condition.

In[112]:=

out[112]= ‘ -2f2a"[y] +f3g<3) [y

a4hO =a4h /. C-0

Get contributionin C, integrateit and check solvability
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n113)= | a4hl =1 nprove[Coeffi ci ent [adh, C]];
Si nplify[adh -a4h0 - Ca4hl] 3

out[114]= ‘ 0

adhll = Improve]Integrate[adhi, y]];
adhll2 = Integrate[ adhll, y]

Integrate and check

nis= | adhll2 = (uf1[y] (f3g'[y] UIy1® +uULly13 307 [y]) +

3/2
f171y] (k2 Uly1®f3g [yl + Uyl (3uUly12+2U[y1?) f3g"[y]))/(u Uly12 + U [y1?)
Si nplify[D[adhll 2, {y, 2}] -a4hl]

out[116]= ‘ 0

Termin 0@ 4 [T, X] : a4l
(contributestotheanplitudeequation)

ni7p= | a4l = Col I ect [Coefficient [a41, 0% [T, X]], {D C}];

Contribution independent of C.
The two terms of a4l0 are of symmetry CosP, they have no primitive and provide a contribution to the amplitude equation.

npig)= | a4l0=a4l /. C-0

out[118]= ‘ -f1[y] Uly] -Df1'[y] U[y]
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Now get the coefficient of C. It has no primitive but can be described as a sum of derivativesand residual terms.

npio)= | a4l 1 =1nprove[Coefficient[ad4l, C]];

uUly12+2 Uy1®

in[1201= | a4l 1Pa =
VuUly12+ Uty)?
2 uUry]?

a4l 1Pb = L f2bry1;

VuUly12+ ULy1?

uULyl ULyl (3uULyl? +5U [yl -2ULy]l U [y])
a4l 1Pc = f2b[yl;

2 21 3/2
(HULy1%2 + U y17)

—u Uyl ULyl +3uUy12 ULyl U 2U Lyl v

aal 1pd o THUYIVIYT +34UlyI* U Iyl U7yl +2 U [y] [y];

3/2

(kULy1? + U Iy1?)

a4l 1P = a4l 1Pa + D[a4l 1Pb, {y, 2}] - D[a4l 1Pc, y] - f2b[y] D[a4l 1Pd, y];
Sinplify[adl 1-a4l 1P]

out1251= | O
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Thefirst and the fourth term contribute as they are product of trig functions with same symmetry.

Check that nothing has been forgotten

nze)= | Sinplify[a4l - a4l0 - Cadl 1]

Out[126]= ‘ 0

Termin 02 [T, X] : a4n
(contributestotheanplitudeequation)

In[127]:=

a4n = Col | ect [Coef fi ci ent [a41, 02 [T, X1]. {D}]

out[127)= ‘ -1-f2b"[y]

The first term makes a contribution to the amplitude equation and the secondone satisfies the solvability condition.

Termin ¢0©2 [T, X]%: ado [S]

In[128]:=

3 AF (0, 2) 2 .
ado = Col | ect [Ooeffl ci ent [a41, 002 [T, X] ] . (D, C}],

The contribution independent of C has a primitive and satisfies the solvability condition

in[129:= | a400 =a4o0 /. C-O0;
a4o00l =1Integratef[ado00, y]
Sol va[a4ol 0]

ourzo- | ~F17[y]f2b'[y] +Df1”[y] + (f1[y] -Df1”[y]) f2b”[y] + Df1'[y] f2b® [y]

out131)= | O

Expand the rest of ado in power of A

n32):= | a4ol = Coefficient [ad40, C];
Si npl i fy[ad4o0 - a400 - Cado01]
Out[133]= ‘ 0

Thetermin C cannot be integrated but it can be sorted in several parts
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In[134]:=

Itiseasy to check that all the termswhich are not under the derivativein a4o1bP are with Cosl symmetry and integrateto zero

In[136]:=

v 2 (uUry12+2 Uy1?
a401aP=D[(gfl[y]2+4fl’[y]2) Iy - ( ) f2aly] +

VuUy12+Uy1? ywrUly12+Uiyl’
(w26 1y ULy1® + 242 Uly1® £ 267 [y] (-1 412D [y]) +UIy] (3uUlyI12+2U Iy17)

(-2+f20"y1) f20"1y1) /(2 (wuyi?+ U y1?) ) 0 23]

3/2
D[k ULy] (6 U [y1®+ ULyl (3uULy] —2U'[y1))/(uU[y12+ ury1?) f1 yi? y]:
5/2
a401bP = - (U [y] (-2uU[y]2U[y]2+U’[y]4+3uU[Y]3U"[y]))/(uU[Y]2+U’[y]2) !

5/2
f1' [y1?- Uly] (3u2U[y]4+5uU[y]2U[Y]2+2U’[y]4)/((uU[y]2+U[y]2) )fl" [y1® +

(4D[U [y1°f2a’ [y], y] +6uUly]l D[Uly]f2a’ [y], y])/[\/uU[y12+U[y12 ];

adolc = (-2uUly]’ +
3 Uly12 ULyl (-5Uy1* +7 ULyl UTy1? U [yl -5ULy12 U [y1% + Uly1? U [y] U®) [y]) +

7/2
3ULY1% 18 (-3U[y] U’ [y] + Uly] U [y]) -2u4U[y]6U’[Y])/(2 (kury12+ Uy1?)” );
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The numerator is a sum of termswith Cosl symmetry, which is preserved by the division by the denominator in CosP, integrat-
ing adolc to zero. Let us check it numerically for some examples.

In[143]:=

Out[143]=

out[144]=

Out[145]=

NI nt egr at e[Eval uat e[a40lc /. {Flowl, u-0.5}], {y, 0, 2x}]
NI nt egr at e[Eval uat e[ad4olc /. {Flow2, u-0.5}], {y, 0, 2x}]
NI nt egr at e[Eval uat e[a4olc /. {Flow3, u-0.5}], {y, 0, 2x}]

0. x10713

0. x107%°

0. x107%®

Chek that adol isreconstructed

In[146]:= ‘ Si npl i fy[a40l - a40laP - a401bP - a40lc]

out[146]= ‘ 0

Verification

In[147):= ‘ Simplify[Expand[ad4] - a4l]

out[147]= ‘ 0
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(0.2) 2 (1,2
in[153:= | a4NN = a4o ¢0 [T, X] +a4ne0 [T, X] +
adl 0@ [T, X] + 00 @M [T, X] (adg 0@ [T, X] +adh 0™V [T, X]) +

(0,1) 2 5(0,2) 0,1) 4 .
adc ¢0 [T, X] 0 [T, X] + ada 0 [T, X] + L[¥4[T, X y11;
Sinplify[Expand[a4NN-a41] /. Rul ea]

out[154]= | O

Dump / Recover

Translation tools



