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Smagorinsky-Clark mixed model + friction

Fluid mechanics streamfunction

Calculation are done in terms of U

Here we modify the scaling to have a temporal term at
order 3

U is supposed NOT to have the Sinl symmetry

Settings

Last use

in21:= | DateList[]

ouf12l= | {2009, 1, 22, 16, 55, 12. 800087}

General

= | OFf [General::spell 1]

Laplacian
nE= | A =- (e axxm+dy yH) &
Oout[3]= - (62 Ox, x#l + Oy,yﬁl) &

Definition of the turbulent viscosity, Smagorinsky-Clark mixed model

Standard version with a heuristic component accounting for the vertical shear
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2
= | S = \/4 (e0xy#)? + (€ oxxtt- By, y®) + u (e0x#)’ +u (By®)* &

2
outf4l= J4 (€ Ox,ytil) % + (€2 Ox, xHl — By,y11) " + u (e Oxuil)® + u (0yu1)? &

Dissipation: C in front of the Smagorinsky component, D in front of the Clark component
In standard notations C=A2/12 and D = C gA?

ns= | DS =C (8y,y (S[#] (-0y,y # +€*dx x #)) -
€? GX,X(S[n] (— 6y,y ft o+ €2 Ox x 11)) -4 €? ax'y (S[ﬂ] ax,y #)) +
D(Gaxyy#(€4axyxyxvx#—ayyy'yyy#) + (Gaxyy'y'y# +636X,X,X,y#) (ayyy#—ezaxvxﬂ)) &

outs= | C (y,y (S[#1] (-0y,y#l +€® ox xHl) ) -
€? Ox x (S[H1] (-0y,yHl +€® Ox xHl)) -4 €? Oxy (S[H1] Oy yHl)) +
D (6 Ox,y H#1 (64 @x,xvx’xﬁl—@y'y'y'ytﬂ) + <€ @x,y,y,yﬁl-#es GX,X,X,ynl) <6y’y111—€2 Gx’xttl)) &

Reference
Pope, S.B. Turbulent flows, C.U.P., 2000

Definition of the modified Kolmogorov Flow

Velocity and streamfunction

Uly_1:=A Sin[6 [y]]

nel= | ®@[y_]1:=Integrate[U[s], {s, 0., y}]

Exemples of flows

Standard Kolmogorov flow in Flowl, "flat" flow in Flow2, intermediate case in Flow3

1
inps0)= | Fl ow2 = U- Eval uate[Si n[tt + 5 Sin[ 21:]] &];
Flowl =U- Eval uate[Sin[#] &];

Fl ow3 = U~ Eval uate[Sin[tt + -1-Si n[2n]] &];
4
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Plots of the flow

pl =Pl ot [Uy] /. {Flowl, A-1}, {y, -2x, 2x}, DisplayFunction-Ildentity];
p2 =Plot [U[y] /. {Flow2, A-1}, {y, -2x, 2x}, DisplayFunction-ldentity];
p3 =Plot [Uy] /. {Flow3, A-1}, {y, -2x, 2x}, DisplayFunction-Ildentity];
Show[G aphi csRow[ {pl, p2, p3}1]
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Plots of the streamfunction
Plots of the forcing (or dissipation)

Forcing is calculated to equilibrate the dissipation since there is no advection for aflow that dependsonly ony
Some arbitrary values are assumed for the parameters

Forci ng = Assum ng[A>0 & e’[y] >0, Sinplify[DS[ &[y]]]1]

1

3/2
(nUry12+ U y12)”

C(uUly)®+3uUlyI2 Uyl U'ly] (uUly] + W y]) +U [y U [y] (uUly] +2U [y]) +
K2 ULY1*UR [y] +3 ULy 12U [y]2 U [y] + 2 U [y]* UR [y])

Setting u -> 0. showsthat Flow1 requires a forcing with discontinuitiesthat disappear in Flow2 and Flow3.

pl=Plot[Forcing //. {Flowl, A-1, C-1, u-0.},
{y, -2x, 2nxn}, PlotRange-» All, D splayFunction-ldentity];
p2=Plot[Forcing //. {Flow2, A-1, C-1, u-0.}, {y, -2x, 2},
Pl ot Range » Al |, Di spl ayFunction-ldentity];
p3=Plot[Forcing //. {Flow3, A-1, C-»1, u-0.}, {y, -2nxn, 2mn},
Pl ot Range » Al |, Di spl ayFunction- ldentity];
Show[G aphi csRow[ {pl, p2, p3}1]

Setting u -> 0.5 shows that the discontinuities disappear in Flow1, while the forcingsin Flow2 and Flow3 are hardly modified
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pl=Plot[Forcing //. {Flowl, A-1, C-1, u-0.5},
{y, -2x, 2nxn}, PlotRange > All, DisplayFunction-ldentity];
p2=Plot[Forcing //. {Flow2, A-1, C-1, u-0.5}, {y, -2xn, 2mn},
Pl ot Range » Al |, Di spl ayFunction- Identity];
p3=Plot[Forcing //. {Flow3, A-1, C-1, u-0.5}, {y, -2x, 2},
Pl ot Range » Al |, Di spl ayFunction-ldentity];
Show[Gr aphi csRow[ {pl, p2, p3}1]

Definition of the pertubation problem

2D Navier-Stokes with scaling

We havetakenu = dy ¢ andv = — dx ¥ (definition used in fluid mechanics, opposite to the convention in GFD)
The temporal term has its order lowered with respect to the standard cal cul ation.

In[7]:= NS=€6TA[![I[T, X, y]] = eaX !I’[Tl X, y] ayA[ll’[T| Xr y]] +
eay W[Tv X, y] aXA[w[Tv Xv y]] - DS[II’[T| X, y]] + IB[i[y]]«

Expansion

The streamfunction is expanded up to the fourth order in e

= | ¥IT_, X_, y_1 =
Byl + YOIT, X, y1 + e¥l[T, X y1 + €2 u2[T, X y1 +&3 3T, X y1 +e&* v4[T, X y]

= | NS2 = Col | ect [Normal [Series[NS, {e, 0, 4}1]1, €l;

Order O

Extract order 0 terms from the general expansion and perform algebraic simplication.
Fairly lengthy expression anyway.

3= | a0 =Sinplify[Coefficient[NS2, e 0] ]

Symbolic solution

The 0 th order solution satisfiesal = 0 as soon asit does not depend on the fast variabley
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In[32]:= ‘ Rul e0 = y0 - (O[#l, #2] &)

out[32]= ‘ Y0 — (0 [H1, £#2] &)

Verification

Check that ¢ O[XT] satisfiesthe O th order solution

npsi= | Full Sinplify[a0 /. {Rule0}]

out[15]= ‘ 0

Useful rules for simplifications

In[16]:= ‘ I mprove = Si nplify[Toget her [#1]] &

out[16]= ‘ Sinplify[Together [#1]] &

Periodicity in space

In[17]:= ‘ Sol vafexpr_] := ((expr /. y » 2x) - (expr /. y »0)) /. ¢ [27] »g[0]

Order 1

Extract order 1 termsfrom the general expansion, use formal solution to order O equation and perform algebraic simplication.
Need to be put under theform L 1 [T, X, y]] = second member

o= | al = Sinplify[Expand[Coefficient [NS2, €, 1]] /. Rule0];

Extraction of the linear operator and verification

First derivativeof ¢ liny

1= | alFl=Ful | Sinplify[Coefficient [al, 10D T X y1]. Trig- True]

1

out[21]= o

(uUly12+Uy1?)
Cu (-3uUyIU[y)®+7uUly12Ulyl® Uiyl +Uly
HUlY1P ULyl (-3Uy1%+ Uyl U® [y]))

$ 1°W Lyl + 12Uy 15U [y] +

Second derivativeof ¢ liny
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2= | alF2 = Ful | Sinplify[Coefficient[al, y1©%? [T, X y1], Trig-True]

1

Out[22]=
5/2

(nULy12+ U [y1?)
C(3u3UlyI° Uyl -3 AUy Uyl U [y] +5uUlyI?U(y]” (uU[y] +U® [y]) +
2Uy1° (U Tyl +U® [y]) +32U[y1* (U Iy1? + Uyl U® [y]))

2 3

Third derivativeof ¢ liny

3= | alF3 = Factor [Sinplify[Coefficient[al, 1% [T, X, y1]]]

CULy] (312Uly)® +uUly] U[y1?+6uUlyI2 U [y] +4U[y1> U [y])

3/2

Out[23]=
(1ULy12 + U y)?)

Fourth derivativeof ¢ liny

n2a)= | alF4 = Factor [Sinplify[Coefficient[al, y1® %% [T, X, y1]]]

C(uUlyl2+2U(y]?)

Out[24]=

2

Juuty1? + Uty

Complete form of £ and verification against the terms extracted from al

uUly12+2U [y1? Ury] U
( )ay‘yf . yl1U [y] -

N rUIYI? + U [y]2 N uUIYyI2+ U [y]2

I
)
=
I
O
o))
<
<

In[25]

neel= | Sinplify[£[f[yl] - alFl f @ [y] -alF2 f @ [y] - alF3 f @ [y] - alF4f @ [y], Trig->True]

out[26]= ‘ 0

Extraction of second member: ala

The second member contains only thefirst derivativein X of the Oth order solution

n27= | ala = -Sinplify[Coefficient[al, 90" [T, X]]]

out[27]= ‘ -U’[y]

Reconstruction of the first order equation

Ve check herethat thefirst order equationis £[yl[T, X, y]] = -U"[y] 0%V [T, X]
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neei= | alN= Z[¥L1[T, X, y]] - alaeo @Y [T, X];

inpo= | Sinplify[alN - al]

out[29]= ‘ 0

Symbolic solution

This solutionis meant to replacey lin further formal steps of the perturbative expansion

nszi= | Rulel =yl » (f1[#3] 0™V (w1, #2] &);

Noticethat f1 has Sinl symmetry

Numerical solution [TO BE ADAPTED]

Order 2

Extract order 2 terms from the general expansion, use formal solution to order O and 1 equations and perform algebraic
simplication.
Need to be put under theform L 2 [T, X, y]] = second member

nBa= | a2 =Sinplify[Coefficient[NS2, e 2] //. {RuleO, Rulel}];

Extraction of second member and solvability

Here we extract the terms of the second member, factor per factor, and we test the solvability condition

terminfactor of 0@ [T, X1°: a2a

inesi= | a2a = Col | ect [-Sinplify[Coefficient[a2, 0%V T, X1, 2]]. {A D O];

Check that this simplification can be somewhat improved for the term which isnot in factor of C

nEel= | Sinplify[a2a /. C-0]

out[36]= ‘ 1.6 ly]

Thisterm integratestwice in y and satisfies the solvability condition

n371:= | a2al = Coefficient [a2a, C];

a2all = Integrate[a2al, y];
a2all2 = Integrate[a2al, y]
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In[

8]

Out[39]=

t

In[40]:=
Split it

In[41]:=

Out[42]=

Then isolate the factor of C and checksit integratestwice

In[43]:=

azb212

In[44]:=

CH-eff1-nu-11.m6.nb

1
azall 2 = -5 ( (2,,¢2 Ury13f1'[y]f17[y] + Uy1® (u+uf1’[y]2 +2f1"[y]2) +

IJU[y]2 Uyl (“+3f1”[y]2))/(u U[y]z +U’[y]2)3/2);
Sinplify[D[a2all 2, {y, 2}] -a2al]

‘ 0

erminfactor of 902 [T, X]: a2b

a2b = -Col | ect [Sinplify[Coefficient[a2 , ¢0®? [T, X], 1]]. {A D, C}]

in several part for integration. First isolate the part that does not depend on C and D and integrateit once.

a2b0 = a2b /. {D»0, C-0};
a2bll =Integrate[a2b0, y]

Uyl f1'[y] -fi1[y] U[y]

a2bl = Coefficient [a2b, C];

= Integrate] Integrate[a2bl, y], y]

Ury12+2 Uyg?
o nULyI® + [yl :

VU2 + ULy1?
Sinplify[D[a2b2l 2, {y, 2}] -a2bl]

Isolate the factor of D and integrateit once

In[46]:=

Out[47]=

a2b2 = Coefficient [a2b , Dj;
a2b0l =Integrate[a2b2, y]

‘ ULyl f17[y] -f1[y] U [y]

Complete the solvability proof for a2b by check that nothing has been forgotten in a2b

In[48]:= ‘ Sinplify[a2b - a2b0 - Ca2bl - Da2b2]

Out[48]=

‘ 0
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terminfactor of 0& Y [T, X]: a2d

nsel= | a2d = -Sinplify[Coefficient[a2, 0™ [T, X1, 1]]

out[56]= ‘ f17[y]

Reconstruction of the second order equation

Check that nothing has been forgotten in the extraction of the components of a2

2
nop= | @2N = L[¥2[T, X, y11 - a2b @0 @2 [T, X] - a2a 0@ [T, X1 - a2d 0™V [T, XI;
Sinmplify[a2N - a2 ]

out[71]= ‘ 0

Symbolic solution

2
In[59].= ‘ Rule2 = 42 - (f 2a[#3] 00V (11, #2] + f2b[#3] 00© 2 [#1, #2] +f2d wO“ Y [T, X] &)

2
outso= | 42 = (f 2a[13] 90 (11, #2]° +f2b[H3] 0 ®? [11, #2] +f2d 0OV [T, X] &)

f2ahas Cosl symmetry
f2b has CosP symmetry
f2d has Sinl symmetry

Order 3

Extract order 3 terms from the general expansion, use formal solution to order 0, 1 and 2 equations and perform algebraic
simplication.
Need to be put under theform £ 3 [T, X, y]] = second member

No attempsto simplify here

neo)= | a3 = Coefficient [NS2, €, 3] //. {RuleO, Rulel, Rule2};

Extraction of second member and solvability

First reorganize a3 in order to make further extraction easier

ne1= | a3l = Col | ect [Expand[a3], {0 [T, X1, 00V [T, X1, 00 @2 [T, X1, 00 [T, X1}1;
[61]

Termin 0D [T, X]3: a3a
Ternsin factor of 0@V [T, X]

Termin 0@ Y [T, X] 902 [T, X] : a3b
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Termin 0@ [T, X] : a3d [S]
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1= | a3d = Col | ect [Coef fi ci ent [a31, 003 [T, X1]. (D, C}];

Extract the contribution that does not contain C

ing2)= | a3d0=a3d /. C-0

out[s2)= ‘ ~Uly] -Uly] f2b”"[y] +f2bly] U'[y] +D (-U[y] f2b® [y] +f2b'[y] U® [y])

In[83]:= ‘ I ntegrate[a3d0 + U[y], Y]

out[83]= ‘ -Uly]f2b'[y] +U[y] (f2b[y] -Df2b"[y]) + Df2b"[y] U’ [y]

Coefficientin front of C in a3d

ing4):= | a3d2 =1 nprove[ Coefficient [a3d, C] ];

M athematica does not integrate this expression but after a few manipulations we get an expression for a3d2 as the sum of two

derivativesplus aresidual term.
Theresidual term does not vanish in general in the absence of symmetry but we notice that it
isin factor of u and hence disappearsin theu— Gmit

2
2u (1ULy1°® +ULy1 UIy1?)
niss)- | a3d2P = D 11y, ] -

(uUIy12+ U 1y12)™"”

2

of pUY12 +2U[y] pULYT L [yT U Ly]

Ly, 23] f1iy] -
VuULy12 + U y1? \VuULy12 + U y1°
Sinpli fy[a3d2P - a3d2]

out[86]= ‘ 0

Termin0 @D [T, X] 0@V [T, X]: a3g

ingo:= | a3g = Coeffici ent [a33, po®D o, X]]

out[89]= ‘ -2f2a"[y]

Termin 0™ 2 [T, X]: a3h

In[92]:=

a3h = Coef fici ent [a31, 02 [T, X]]

out[92]= ‘ -1-f2b"[y]

Thisterm generates a contribution to the amplitude equation
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Amplitude equation

The amplitude equation at this stageis

U f1 U
o0 s MUY YIVDYY
JuUry12 < uy?

It is purely propagative and hence cannot produce an instability per se. It is still necessary to go to higer order. Also we see that
the propagtive effect is proportional to u that we want to be small.

Verification

Assemble al the contribution found at order 3 plusthe linear term iny 3and check the sum against a3

nosi= | a3N=a3ge0 @ [T, X] 0™ [T, X] + a3d 0@ [T, X] +

3
a3b 0@V [T, X] 0% 2 [T, X] + a3a 0@ [T, X]" + a3h 02 [T, X] + L[Y3[T, X Y11
Si npl i f y[Toget her [Expand[a3N-a3 1] ]

out[96]= ‘ 0

Symbolic solution

ne7= | Rule3 = y¢3 » (f3g[#3] 00" [T, X1 + £3d[#3] 00 @3 [T, X] +

3]
3031 @01 [T, X] 902 [T, X] + f3a[#3] 0 @M [T, X1~ + 3n 002 [T, X1 &):

f3ahas Sinl symmetry
f3b has SinP symmetry
f3d has Sinl symmetry
f3g has Sinl symmetry
f3h has CosP symmetry

Order 4

Extract order 4 terms from the general expansion, use formal solution to order 0, 1, 2 and 3 equations and perform algebraic
simplication.

Need to be put under theform £ 4 [T, X, y]] = second member

No attempsto simplify here

nes}= | a4 =
Assumi ng[A>0 & 6'[y] >0, Coefficient [NS2, €, 41 //. {RuleO, Rulel, Rul e2, Rule3} 1;

Rearrange a4 to prepair extraction

noo)= | a4l = Col | ect [Expand[ad], {0Y [T, X], 90?2 [T, X],
90 @D T, X1, 902 [T, X1, 90T, X1, , 00T, X1, 01V [T, X1}];

Termin 0@V [T, X1°: ada

Termsin 0@V [T, X1°
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Termin 0@ [T, X]° 0@ 2 [T, X] : adc

Termsin 0@V [T, X]

Termin 0@ D [T, X] 0@ 3 [T, X] : adg [S]

CH-eff1-nu-11.m6.nb

In[173]:=

a4g = Col | ect [Coef fi ci ent [a43, 003 [T, X1]. (D, Ci];

Contribution that does not contain C.
Can be integrated and satisfies the solvability condition.

In[174]:=

In[175]:=

Out[175]=

Out[176]=

a4g0 =a4g /. C-0;

a4gd = I ntegratef[a4g0, y]
Sol va[a4gd ]

f2b[y] f1”[y] -Df1"[y] f2b"[y] +f3d"[y] +f2b'[y] (-f1'[y] +Df1® [y])

Get therest of adg

In[185]:=

out[187]= ‘ 0

ad4gl = Coefficient [adg, CI;
adgl = CoefficientlList[ Coefficient[adg, C], Al;
Si nplify[a4g - a4g0 - Cadgl]

This contribution cannot be integrated but, after some manipulations, it is possible to extract an integrable part on which the
solvability condition can be tested and a non integrable part for which the solvability condition is obtained due to the
symmetries

In[188]:=

a4gl = | nprove[a4gl];
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In[189]:=

Out[193]= ‘ 0

13

uU Iyl Ulyl (3uULyl?+2U1y1?) f17[y1°
a4glPa = - - _

3/2
VuULyI2 + U 1y12 (1 ULy1? + U Iy1?)

uil y1° Uyl

— . (F2HUy 1P U1 e U 1T e 30U Uy ) +
(nULy1% + U Iy1Y)

(2Uly] (3uU[y]+4U”[y]))f 6 uUly]” +4 U’[y]zf2

2a’ [y] +
VuUy1?+ Uy)? \VuULy12 + U y1°

a' [yl

wULy1 f171y1” (3uULy1? +6 U [y12 -2 Uty] U [y1)
ad4glPb = ;

3/2
(kUry12+ Uy1?)”

a4glPc =
(1261 U Iy] (wUDYI2+ U Ly1®) + 200 1y U IyD (wUyI% + U 1y1%) - F 1yl (w2 UDy1® £ 1y] +
ULyl (3uUly1*+2UIy1*) f171y]) +uf 11yl (F3d' Iyl ULyl + nULy1° £3d7 [y]) +
f171y] (W2 UyI* 130 1yl + U Iy (36U +2U 1y1°) £3d7 1)) /
a2 2 (uUly1? +2Uy1?)
(vuy1?+Uy?®) - f2afyl;

N uULy12 + U 1y]?

ad4glP = a4glPa + D[ad4glPb, y] + D[a4glPc, {y, 2}1;
Sinplify[a4gl - a4glP]

I ngeneral andintheabsenceof symmetri es,
thetermad4glPadoes not i ntegratetozeroover [0, 2],
henceit contributestotheanplitudeequation. Inthelimtu -0, thistermis

2Uy13f17[y)? 8f2a'[y] Uly] U’
B [yl [yl " /U[y]sza”[y]+ a’'lyl]Ulyl [yl

3/2

(Uiy1?) U y)?

Termin 0@ D [T X] 0@V [T, X] : ash

Termin 0@ 4 [T, X] : adl
(contributestotheanplitudeequation)

In[127]:=

adl = Col | ect [Coef ficient [a4l, 0¥ [T, X]], (D, C}];

Contribution independent of C.

The two terms of a4l0 are of symmetry CosP, they have no primitive and provide a contribution to the amplitude equation.

In[128]:=

adl0=a4l /. C-0

out[128]= ‘ -f1[y] Uly] -Df1'[y] U[y]

Now get the coefficient of C. It has no primitive but can be described as a sum of derivativesand residual terms.

In[129]:=

a4l 1 =1 nprove[Coefficient [a4l, C]];
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Uly12+2 Ury)?
in[130:= | a4l 1Pa = it M Ly}
VrUIyI2 + U ly1?
2uUry]?
adl 1Pb = 2o f2bry1;
VuUly12 + ULy1?
uULY] ULyl (3uUly1?+5U[yl?-2Uly] U’ [y])
a4l 1Pc = f2bLy];
2 2,372
(LUIYI? + U y17)
—pUy1UIy1d +3uUry12 Uy u” 2Uy1P U
Sl uULyl1 Uyl +3unU[y] [yl [3>:3+ [yl [y];
(nUIy1% + U Iy1?)
a4l 1P = a4l 1Pa + D[a4l 1Pb, {y, 2}] - D[adl 1Pc, y] - f2b[y] D[a4l 1Pd, y];
Sinplify[adl1-a4l 1P]

Out[135]= ‘ 0

Thefirst and the fourth term contribute as they are product of trig functions with same symmetry.

Check that nothing has been forgotten

In[136]:= ‘ Sinplify[adl - a4l0 - Ca4dl 1]

out[136]= ‘ 0

Termin 02 [T, X] : a4n

In[137]:=

a4n = Col | ect [Coefficient [a41, 0™ 2 [T, X]], {D}]

out[137]= ‘ 0

No contribution of that sort

Termin @02 [T, X]°: a40 [S]

In[138]:=

The con

2
ado = Col | ect [Ooeffi ci ent [a41, 002 [T, X] ] , (D, C}];

tribution independent of C has a primitive and satisfies the solvability condition

In[139]:=

Out[140]=

Out[141]=

a400=a40 /. C-0;
a4o00l =1Integratef[ado0, y]
Sol va[adol 0]

~f1'[y]f2b' [y] +Df1"[y] + (f1[y] -Df1”[y]) f2b"[y] + Df1'[y] f2b® [y]
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Expand the rest of ado in power of A

np421= | a4ol = Coefficient [ad0, C];

Si npl i fy[a40 - a400 - Cad4o01]

out[143]= ‘ 0

Thetermin C cannot be integrated but it can be sorted in several parts

v 2 (nUry1*+2 Uy1?
In[144]:= a401aP=D[(gfl[y]2+4f1’[y]2) Wl - ( )fZa[y]+

KUYIZ+UDYI® AV eUI? Uy
(720" ty1° Uy1® + 242 ULy1® 20" [y] (-1+120"[y]) + U Ly] (3uUly1®+2 U Iy1?)
3/2
(-2+f20"y1) f20"1y1) /(2 (wuyi2 s v ) ), w23+

D[k Uty1 (6 U 1y1® + Uyl 3wyl -2U"yD) / (wUiyi? + viyr?) e ya? v

a401bP = - (kU [y] (—2uU[Y]2U[Y]2+U’[Y]4+3uU[y]3U"[Y]))/(uU[y]2+U[y]2)5/2

5/2
1 [y1*- ULyl (3u2U[y]4+5uU[y]2U’[y]2+2U’[y]4)/((uU[Y]2+U[y]2) RESRN I

(4D[U [y1°f2a’ [y], y] +6uU[y] D[U[y] f2a’ [y], y])/[\/uU[y]2+U[y]2 ];

It is easy to check that all the termswhich are not under the derivativein a4o1bP are with Cosl symmetry and integrate to zero

in[146]:= | adolc = (—2 u U [y]7 +
3k Uly1P Uyl (-5U 1Y+ 7UlYI UTyl? U Iyl -5 Uly1° U Iy1” + Uly1° U Iyl UP [y] ) +

7/2
3UYIS e (-3U Tyl Uyl + Uyl U9 y1) -2t Uy1® U ty1) / (2 (wuyi®+ uyr?) )

The numerator is a sum of termswith Cosl symmetry, which is preserved by the division by the denominator in CosP, integrat-
ing adolc to zero. Let us check it numerically for some examples.

nps3)= | NI ntegrate[Eval uatef[ad4olc /. { Flowl, u-0.5}], {y, 0, 2x}]
NI nt egr at e[Eval uat e[a40lc /. {Flow2, u-0.5}], {y, 0, 2x}]
NI nt egr at e[Eval uat e[ad4olc /. {Flow3, u-0.5}], {y, 0, 2x}]

out153)= | 0. x ORe
out154]= | 0. x 107*°
ou1s5)= | 0. x 107*°

Chek t hat a4o0lisreconstructed
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Si npli fy[ad40l - a40laP - a401bP - a40lc]

Termin 03 [T, X] : adp

npszi= | adp = Coef fici ent [a41, 003 T, X1]

out[182]= ‘ -f1[y]

Verification

2
adNN= adp 903 [T, X] +a4000 @2 [T, X1~ +
adl g0 @V [T, X] + 01 [T, X] (ad4g 00> [T, X] +adh 0™ [T, X]) +

w0V [T, X2 (a4c 902 [T, X1 ) + ada 0@ [T, X'+ LIVALT, X y11:
Sinplify[Expand[a4NN-a4l] ]

Out[206]= ‘ 0

‘ Anal ysi s of thecontributionstotheanplitudeequation

The contributiontotheanplitudeequati onwhichhavebeenidentifiedat order 4are

(0, 2) 2 0,1) (0,3)
C< adolc +a40lbP > ¢0 [T, X] + C <a4dglPa > ¢0 [T, X] ¢0 [T, X] +<
—f1[y]U[y] -Df1'[y] U[y] + (a4l 1Pa- f2b[y] D[a4l 1Pd, y]) > @0 %% [T, X]

‘ Itisinterestingtoseehowthefirst ternsconbine. Actuallywefind:

Ulyl (3uUly1? +2U1y1?)
3/2

in20:= | Sinpli fy[—D[ . Y, 2}] - a4glPa + adolc +a4ole]

2 (uULy1? + U Iy1?)

Out[220]= ‘ 0

Thi s neans t hat < a4olc +a40lbP> = <a4glPa >
and hencet hat t he nonl i near terns are of t he formConst ant x ((6x w0)2> Y

The ful anplitudeequationisthen (after 2integrationsiny)
o1 ¥0 +POx 00 + € (Q(6x v0)? - vT 6y ¢0) =0

U f1 v
where P = <u Ly} 1Yy >, Q= <adglPa >,

Juuyi2 - uiyi?
v = - <-flly]U[y] -Dfl[y]U[y] + (a4l 1Pa- f2b[y] D[a4l 1Pd, y]) >

Dump / Recover
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