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m General

Of [General ::spell 1]

= L aplacian

A = - (ezaxyxﬂ+6y'yﬂ) &

- (€2 ox, x11 + Oy, y1l) &

Beware of the sign in the definition

m Definition of the dissipation
Standard viscosity

DS=-vA[A[#]] &

~vA[A[HL]] &

Definition of the modified Kolmogorov Flow

m Velocity and streamfunction

s[y_]:=Int egrate[U[s], {s,

v}

m Exemplesof flows
Standard Kolmogorov flow in Flowl

1
Flom2=u->Eva|uate[Sin[n+ ESin[zm]]&];
Flowl =U- Eval uate[Si n[#] &];

Fl ow3 = U - Eval uate[Sin[u + zll-Sin[Zn]] &];




CH-lin1-nu-12.m6.nb

m Plotsof theflow

{Pl ot [U[y]
Pl ot [U[y]
Pl ot [U[y]

/.
/.
/.

{(Flowl, A->1}, {y, -2x, 2mn}],
{Flow2, A»1}, {y, -2mx, 2mn}],
{(Flow3, A>1}, {y, -2x, 2n}]}
1.0t
0.5¢
2 \4
1.0 1.0
0.5 0.5
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m Plotsof the streamfunction

81 = NI ntegrate[EvaI uate[Uly] /. {Flowl, A-1}], {y, g n}] &
82 = NI ntegrate[EvaI uate[Uly] /. {Flow2, A-1}], {y, g n}] &;
33 = NI ntegrate[EvaI uate[Uly] /. {Flow3, A-1}], {y, g n}] &
{Plot [81[u], {u, -2x 2m}],
Pl ot [82[u], {u, -2x 2m}],
Pl ot [83[u], {u, -2xw, 2mw}]}
1.0¢
0.5}
{_'6 4 2 2 4\ 6
-0O\5¢+
-1.
1.0} 1.
0.5¢ 0.
6 /-4 2 2 4\ 6 6/-4a -2 2 4\ 6 J
-0O\5¢} _0
-1.0¢ 1.

m Plotsof theforcing

Forcing =Sinplify[ DS][ &[y]1]]

-V U [y]
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{Plot [Forcing //. {Flowl, A-1, v-1},
{y, -2rx, 2}, PlotRange - Al ],

Plot [ Forcing //. {Flow2, A-1, v-1},
{y, -2rx, 2}, PlotRange - Al ],

Plot [ Forcing //. {Flow3, A-1, v-1},
{y, -2x, 2nxn}, PlotRange »>All ]}

AW

AN T AA

R TRIETATEY vz\/ 7

AW
4\/6

Definition of the pertubation problem

m 2D Navier-Stokes with scaling
We havetaken u=dy yandv = — dy ¢ (mechanical definition)
alinear friction term has been included

NS =e?or A[Y[T, X, y11- edx [T, X, yl0y A[¥[T, X y1] +
€dy ¥[T, X, Y1 0x A[YI[T, X yl11 + €r A[¥[T, X, y11 -
DS[#[T, X, y11 + DS[&[y]1] -€*r A[8[y]];

m Expansion

YIT_, X, y_1 := &[y]+ O[T, X y] +
eYl[T, X, y] + €2 y2[T, X, y] +€3y3[T, X y] +€* ¢4[T, X y]
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NS2 = Col | ect [Nornmal [Series[NS, {e, 0, 4}11, €1;

Order O

a0 =Sinplify[Coefficient [NS2, €, 0] ]

vy @O T X y]

m Symbolic solution

Rul €0 = y0 —» (@0[#l, #2] &);

m Check solution

Sinplify[ad /. {Rule0}]

0

Solvability condition

Sol va[expr , Rules__ 1 : =
Integratef[expr //. Flatten[ {Rules}], {y, O, 2x}] /. g___[2xn] »g[0]

Order 1

al = Sinplify[Expand[Coefficient [NS2, €, 1]1] /. RuleO]

Uiyl 00 @M (T, X1+ vyl @oY (T, X y]

m Definelinear operator
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m Extraction and integration of second member

ala=-Sinplify[Coefficient [al, 90" [T, X1]] ‘

-U’y]

alal2 =Integrate[lntegrate[ala, y], Y] |

-Uly]

m Reconstruction and check of thefirst order equation

alN= £[¥1[T, X, y11 - ala0® V[T, X];
Sinplify[alN - al]

0

m Solvability condition
The solvability condition is obviously satisfied with this second member since it has a primitive (even two primitives)

Solva[alal /. g___[2x] -»g[O0] |

0

m Symbolic solution

Rulel = g1 - (f1[#3] 0@ w1, w2] &); ‘

Order 2

a2 =Sinplify[Coefficient [NS2, €, 2] //. {RuleO, Rulel}, Trig - True] |

£19 [y] 00 @Y [T, X]° - Uy] F17[y] 902 [T, X] +
fLly] Uyl 00?2 [T, X] +vy2 @2 [T, X y]
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Extraction of second member and solvability

2
= terminfactor of 0 [T, X]

a2a = -Factor [Sinplify[Coefficient[a2, w0 @Y T X7, 2] 1]
Sol va[a2a]

~£1® [y

= terminfactor of 02 [T, X]

a2b = -Sinplify[Coefficient[a2 , 90 [T, X], 1] ]
I nt egrat ef[a2b, y]
Sol va[a2b]

Uly] f17[y] -fl[y] U'[y]

Uly] f1l[y] -flly] U[y]

m Reconstruction and check of the second order equation

(0,2) (0, 1) )
azN = L[Y2[T, X, y]1 - a2b ¢0 [T, X] - a2a ¢0 [T, X];
Sinplify[a2N - a2]

0

m Symbolic solution

0, 1) 2 0, 2) .
Rul e2 = y2 - [f2a[#3] ¢0 [#1, #2] + f2b[#3] 0 [#1, #2] &|;
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Order 3

a3 = Full Sinplify[
Coefficient [NS2, €, 3] //. {RuleO, Rulel, Rule2}, Trig- True]

3
f2a® [y] 0@V [T, X7+

(-2Ury)f2a”[y] +2f2a[y] U [y] +f1[y] f1® [y] +f20® [y]) 00 ™Y [T, X]
0 ®* [T, X] - (Uly] (1+f2b"[y]) ~f2b[y] U'1y]) w0 [T, X] -f1"1y]
(00 [T, X] (r +f2[1y] 0 @2 [T, X1) -2v 0 ®¥ [T, X] + 0" [T, X]) +

vy3 @O T, X y)

m Extraction of second member and solvability

a31 = Col | ect [Expand[a3],
{e0® 1T, X1, 0@V T, X1, 002 [T, X1, 00 [T, X]1}]

f2a® [y] 00V [T, X]3 +
00OV [T, X] (-r f17[y] + (-f1'[y] f17[y] -2U[y] f2a" [y] +
2f2alyl Wyl +f11y1 f1® [y1+f20® [y]) 00 @2 [T, X]) «
(-Uly] +2vf1”[y] -Uly] f2b”[y] +f2b[y] U’ [y]) 0@ [T, X] -
f171y] 0P [T, X] +vy3 @0 T, X y]

s Termin

3
00 @Y [T, X1 : a3a

3
a3a = -Coef fi ci ent [a31, w0V T, X ]
Sol va[a3a]

-f2a® [y]
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s Termineo @Y [T, X]00®2 [T, X]: a3b

a3b =
~Coef fici ent [Coef ficient [Expand[a31], ¢0™ Y [T, X], 1], 0@ [T, X]]

I nt egrat e[a3b, y]
Sol va[a3b]

fUy]f17(y] +2Uly) f2a"[y] -2f2a[y] U [y] -f1[y] f1® [y] -f2b [y]

f1'[y1®+2Uly]f2a'[y] -2f2a[y] Uly] -fi[y] f1"[y] -f2b"[y]

s Termineo®® [T, X]: a3d

a3d = -Coef fi ci ent [a31, ¢0* [T, X]]

I ntegratef[a3d -U[y], VY]
Sol va[a3d - U[y]]

Uly] -2vf1”[y] +U[y] f2b"[y] -f2b[y] U"[y]

-2vil' [yl +Uly] f2b'[y] -f2b[y] U[y]

27

The sol vability conditionissatisfiedduetothehypothesisthat J Uly] dy =0,
0

no ot her contri bution

s Termineo™ Y [T, X]: a3g

a3g = -Coef ficient [a31, 0™ [T, X]]
Sol va[a3g]

f17[y]
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Termsdueto friction

a3r = -Coefficient [a31, r 0" [T, X]]
Sol va[a3r ]

f17[y]

m Reconstruction and check of thethird order equation

a3N =
~a3g 0P [T, X] - a3d 0¥ [T, X] - 00V [T, X] (a3b 0™ [T, X] ) -

(0,1) 3 (0,1) .
a3a ¢0 [T, X] -r a3r 0 [T, X]+ £[Y3I[T, X, y11;
Sinplify[a3N-a3 ]

0

m Symbolic solution

Rul e3 = 3 -> (f 3g[#3] 00" V) (w1, #2] + £3d[#3] 00 [#1, u2] +
90 P w1, =21 (f3b[#3] 0@ w1, ®2] ) +

3
f3a[#3] 00 @Y [#1, #2] + r £3r [#3] 00O P 1, #2] &);
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Order 4

a4 = Sinplify[Coefficient [NS2, €, 4] //.

{Rul e0, Rulel, Rule2, Rule3}, Trig - True]

-r 0@ ? [T, X] -

£171y] 002 [T, X] (f 2a'[y] 0@ Y [T, X]° +F2b'[y] 00 @2 [T, XJ) -
2
r (f 2a” [y] 0@V [T, X1 +f2b" [y] 00‘* 2 [T, X]) +

f1ry] 902 [T, X] (f2a‘3> y] 0@ [T, X1° + 120 [y] 0©2) [T, X]) +

£11y] 00 @M [T, X3 0@ [T, X] +f1% [y] 00 @ [T, X]
(2f2a[y] 00 @M [T, X] 90 ? [T, X] +f2b[y] 0% [T, X]) 1" [y] 0@ Y [
T, X] (2f2a"[y] 0 Y [T, X] 00 @ [T, X] + (1+f20"[y]) ¢0'* [T, X]) +

v(p0<0’4> [T, X] +2v

2f2a"[y] (wo<°'2> (T, X]°+ 00 @Y [T, X] 03 [T, XJ) .
f2b" [y] 004 [T, X]) _2f2a’[y] @0V [T, X] 00D [T, X] +

3
00 @[T, X] (r £3r ¥ 1y] 0 @M [T, X7 +£3a [y] 00 M [T, X]”

1303 [y] 00 @Y [T, X] 00 %2 [T, X] +f3d® [y] 0@ [T, X] +
£3g® 1y 0™ (T, X]) ~ o0 M2 [T, X] 207 [y] 002 [T, X] +

2
U’ Iy] (r £3r 1y] 00 %2 [T, X] +3f3a[y] o0 @Y [T, X]" 002 [T, X] +

£3b[y] 02 [T, X" +£3b[y] 0V [T, X] 903 [T, X] +
£3dy] 0% [T, X] +f3g[y] 0>2 [T, XJ) -

2
Uly] (r f3r”[y] 0% [T, X] +3f3a”[y] 00 %V [T, X1 00 @2 [T, X] +f3b"[y]

2
00 @2 T, X174 1307 [y] 00 @Y [T, X] 00 @ [T, X] +f1[y] 00 @ [T, X] +

£3d7[y] 00 [T, X] +f3g7[y] 02 [T, X]| +vya @O [T, X y]
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m Terns containing 0%V [T, X]

4
s Termsine0 @Y [T, X] : ada

o (©, 1) 4
ada = -Coef fi ci ent [Expand[a4], 90 [T, X] ]
Sol va[ada]

—£3a® [y]

3
s Termsin 0@V [T, X]

3
Coef fi ci ent [Expand[a4], 00 @D T X ]

0

2
s Termsin 0@ Y [T, X]

. ©0,1) 2
a42 = Coeffi ci ent [Expand [a4], 0 [T, X] ]

rf2a’[y] +r f3r® [y) —f2a[y] f17[y] 00?2 [T, X] -
2f1[y]f2a"[y] 0% [T, X] -3U[y] f3a”[y] 00 %2 [T, X] +
3f3a[y] U/ [y] 00 %2 [T, X] +2f2a1y] f1® [y] 00 @2 [T, X] +
f1ry)1f2a® [y] 002 [T, X] +f30® [y] 00 %2 [T, X]

2
m Termsinr (pO(O’l) [T, X] : adu

adu = -Coef fi ci ent [Expand[a42], r]
Sol va[adu]

f2a”[y] -f3r ® [y]
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2
w Termsin 0@ Y [T, X]7 002 [T, X]: adc

adc = -Coef fi ci ent [Expand[a42], 90 ? [T, X]]
I ntegratef[adc, y]
Sol va[a4c]

faa'[y]1 f1"[y] +2f1'[y]f2a”[y] +3U[y] f3a”[y] -
3f3aly] U'[y] -2f2a[y] 1% [y] -f1[y] f2a® [y] -f3b" y]

3f1'[y]f2a’[y] +3U[y] f3a’[y] -
3f3aly]U(y] -2f2a[y] f1"[y] -fl[y]f2a”"[y] -f3b"[y]

m Termsin 0@V [T, X]

a43 = Coef fi ci ent [ Expand[ad], ¢0 " [T, X]]

4vf2a”[y] @0 @3 [T, X] -f1 [y] f2b"[y] 00 @ ¥ [T, X] -
Uly] f3b" [y] 0@ % [T, X] +f3b[y] U’ [y] 00 ™% [T, X] +
f2b[y] F1 [y] 00 @3 [T, X7 +£3d® [y] 00 %3 [T, X] -
2f2a”1y] @0V [T, X] +£3g® [y] 00"V ([T, X]

a Termin 0@ [T, X7 00 [T, X]: a4dg

a4g = -Coef fi ci ent [ Expand[a43], 90 [T, X]]
I ntegratefadg, Y]
Sol va[adg]

~4vf2a’[y] +f1[y]f2b"[y] + Uly] f3b"[y] -
f3b[y] U [y] -f2b[y] f1® [y] -£3d® [y]

-4vfa'[y] +f1l[y]f2b'[y] +
Uly] f3b'[y] -f3b[y] U[y] -f2b[y] f1"[y] -f3d" [y]
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w Termin 0@ Y [T, X1 0P [T, X1 : adh

a4h = -Coef fi ci ent [ Expand[a43], 0™V [T, X]]
Sol va[adh]

2f2a”[y] -f3g® [y]

m Sel ect ternms that donot contain 0@V [T, X]

a45 = a4 /. 0%V [T, X] - 0

1 @0 %P T, X] —r f2b"[y] 0 %2 [T, X] -
2 2
20" [y] f17[y] @0 @2 [T, X1" +f11y] f2b® [y] 00 *? [T, X]" +
2
v @M [T, X]+2v (222" [y] 00 *? [T, X]” +f2b" [y] 00 ** [T, X]

902 [T, X] - 207 [y] 00" % [T, X] + U [y] (r f3r[y] 00 *? [T, X] +
2
f3b[y] 902 [T, X1~ +f3d[y] 0@ [T, X] +3g[y] 00" ? [T, X]) )
Uly] [r £3r71y] 00©? [T, X] +£3b"[y] 02 [T, X]° +f1[y] 0 @¥ [T, X] +

£3d"[y] 00 ®* [T, X] +f3g"[y] 00™? [T, XJ) sy yd @O T Xy
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s Termin @0 # [T, X] : a4l : contributiontotheanplitudeequation

a4l = -Coef ficient [a45, 90N [T, X1]

Integratef[ad4l +v - f1[y] Uly], VI
Solva[adl +v-f1[y] Uly]l]
Integrate[-v+f1[y] Ulyl, {y, 0, 2m}]

-v+flly]Uly] -2vf2b”[y] +U[y] f3d"[y] -f3d[y] U'[y]

-2vfi2b'[y] +U[y] f3d[y] -f3d[y] U[y]

27
Jo (-v+fl[y] Uly]) dy

Thelast lineisthe contribution to the amplitude equation

m Termin @02 [T, X] : a4n : Contributestotheanplitudeequation

a4n = -Coef fi ci ent [Expand[a45], @0 [T, X]]

I ntegratefadn, y]
Sol va[a4n]

1+f2b"[y] +U[y] 39" [y] -f3g[y] U'[y]

y+f2b"[y] +U[y] 39 [y] -f3g[y] U[y]

27
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2
s Termin 0@ [T, X1 : ado

. ©.2) 2
ado = -Coeffici ent [Expand[a45], ©0 [T, X] ]

I ntegratefado, y]
Sol va[a4o0]

f2b'[y) f17[y) -4vf2a’[y] +Uly] £3b"[y] -f3by] U [y] -f1[y] f2b™ [y)

-4vf2a'[y] +f1'[y]f2b'[y] +U[y] f3b'[y] -f3b[y] U[y] -f1l[y]f2b"[y]

s Termin ¢0©? [T, X] : ad4p : Contributestotheanplitudeequation (ifr #0)

adp = -Coef fi ci ent [Expand[a45] /. 1@ [T, X] 50, 902 [T, X] ]
I ntegratef[adp, Y]
Sol va[adp]

r+r f2b”[y] +r Uly] f3r”[y] -r f3r [y] U’ [y]

ry+rf2b'[y] +r Uly] f3r'[y] -r f3r[y] Uly]

27r

m Verification

2
a4NN = -a40 0% 2 [T, X] " -a4n 0“2 [T, X] - a4l 0 ** [T, X] -
90 @M [T, X] (a4g 00 ¥ [T, X] +as4h 0™V [T, X]) -

2 4
00 @V [T, X1* (adc 0P [T, X]) - ada 0@V [T, X] -

(0,1) 2 0,2) .
adu r ¢0 [T, X] - adp 0 [T, XI +ZL[¥4[T, X y11;
Sinplify[ad -a4NN]

0
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Discussion
The amplitude equation is

1 2 7
902 [T, X] +1 002 [T, X] - [v - Ej fi[y] Ulyldy|e0®® [T, X] =0
0

0 |

After integration by part, using the fact that v f1”'=-U, theintegral is 5— foz”qﬂ dy
Hence we have again a negative viscosity effect with athreshold which requiresto calculate f1[y].
Friction appears in this equation because it has been assumed of order €2.

The amplitude agquation has been obtained independently of any symmetry hypothesis
The only hypothesisis that jOZNU[y] dy = 0.

m Solution of thefirst order problem for f1
f1issolution of

voyy fLllyl = - U[y]

A
We solvefor x[y]suchthat f1[y] = — x[Y]
Vv

x1 =N ntegrate[&1[s], {S, O, #}] &

x2 = Nintegrate[Eval uate[82[s]], {sS, 0, #}] &
x3 = Nintegrate[Eval uate[&3[s]], {sS, 0, #}] &
le =

NI ntegrate[NI ntegrate[—Sin[e[u]] /. Fl owl, {u, g s}] {s, O, n}] &;

{Plot [x1[y]l, {y, 0, 2m}]1,
Pl ot [x2[y], {Y, 0, 2nm}],
Plot [x3[y]l, {y, 0, 2x}]}

$Abort ed |
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Pl ot [81[u], {u, -2m 2n}]

As y isaasecond integral of U, its shape is mostly determined by the main periodicity of the flow. Hence, one expects
fairly small variations of the instability criterion from the standard Kolmogorov case.

m Instability criterion (with no friction)

1
NI ntegrate[z—il[s]z, {s, O, 27r}]
JT

1
NI ntegrate[2—§2[s]2, {s, 0, 27r}]
T

1
NI ntegrate[z— §3[s]2, {s, O, 27r}]
Tt

0.5

0. 699582

0. 615096

1
We recover exactly 5 for t he standar d Kol nogor ov f| ow

and 0. 6995824769200031 for Fl ow2, whichneansthat thecritical
Reynol ds nunber changes f romv2 to+/1.42942 (assum ngr =0).
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Dump the current state of this workspace and reload it

DunpSave["CH-l i n1-nu-12. n6. nx", "d obal ‘ "]

{d obal *}

<< CH-linl-nu-12. n6. nx




