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Smagorinsky-Clark mixed model + friction
U=ASin[y]and u =1
Streamfunction defined as u=d, ¢, v =-0x ¢
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= General

O f [General ::spell 1]

m | aplacian

A = - (ezaxyxﬂ+ay'yﬂ) &

- (€% ox xH1l + 6y, yHl) &
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= Definition of the turbulent viscosity, Smagorinsky-Clark mixed model
Standard version

5= \/4 (edxyt)® + (€ ox x#- ay,yn)2+ (edx®)® + (aym)° &

\/4 (e Ox,y L)% + (€2 6x,xn1—ay,yn1)2 + (eoxml)?+ (8ynl)? &

Dissipation: C in front of the Smagorinsky component, D in front of the Clark component
In standard notations C=I'2/12 and D = C g[*?
Note that K=-DS in the paper

DS =
C (0y,y (SI#] (-08y,y #t +€® dx x #)) - €® dx x (S[#] (- dy,y # + e® oxx #)) -
4 €% axy (Sl oxy #)) +
D(edxy#( € dxxxx® - 0yyyyH) +
(€dxy,yyt +e>dxxxy#H) (8y,y# - e®axxt)) &

C (Oy,y (S[HL] (-0y,y#l +€? Ox xt11) ) - €® Ox x (S[#H1] (-0y,yHl + e? O xHl)) -
4% 0xy (S[H1] Ox yul)) + D (€ ox ynl (€* Ox x x xHL - By, y,y,yHl) +
<6 @x,yyy'yﬂl+63 OX,X,X,yH]-) <@y'y111—62 @x»(ﬂl)) &

Definition of the modified Kolmogorov Flow

m Velocity and streamfunction

Uly_1 :=ASin[y]

s[y_]:=Integrate[U[s], {s, O, y}1]

m Plotsof theflow

Plot [Ulyl /. {A-1}, {y, -2x, 2mx}];
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m Forcing (or dissipation)

Forcing = Sinplify[Assuming[A>0, Sinplify[DS[ &[y]11]]

A2 CCos[y]

Definition of the pertubation problem

m 2D Navier-Stokes with scaling
We havetaken u =0y yandv = — dy ¢ (mechanical definition)

NS =e?or A[Y[T, X, y11- edx [T, X, y10y A[¥[T, X, y1] +
€dy Y[T, X yloxAl¥[T, X yl1 - DS[¥[T, X, y11 + DS[2[y1];

m Expansion

lIf[T_| X y_1 := 2[y]+ wO[T! X, yl +

eyl[T, X, y1 + €2 42[T, X, y1 +€3y3[T, X yl] +e* ¢4[T, X y]

NS2 = Col | ect [Normal [Series[NS, {e, 0, 4}1]1, €1;

Order O

a0 = Coefficient [NS2, e, 0];

m Symbolic solution

Rul e0 = y0 » (O[#1, #2] &)

Y0 - (081, 2] &)

m Solvability condition

Assumi ng[{A>0 3}, FullSinplify[a0 /. {Rule0}]]

0
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Solvability condition

Sol va[expr ] : =

Sinplify[((expr /. y - 2x)-(expr /. y->0)) /. ¢ [27] - g[0]]

Useful rules for simplifications

RuIea:(AZSin[y]2+AZOos[y]2)n'—>A2n ‘

(AZCOS[y]2+AZSin[yjz)n_eAZ” ‘

I mprove = Sinplify[Toget her [#1], A>0, Trig > True] & |

Sinplify[Together [#1], A>0, Trig > True] & |

Sinplify[Sinplify[expr /. u-»1, Trig->True] /. 6~ (# &)]

Treat [expr_]:= ‘

Order 1

al =
Assumi ng[A>0 , Sinplify[Expand[Coefficient [NS2, €, 1]1] /. Rule0]] ‘

1
_EA (2Sinty] 0@ (T, X]+C(4Sin[2y] 2 @OV (T, X y]+

3sin[2y] y1 %3 T, X, y] - (3+Cos[2y]) ¥y1 @ " (T, X yI))

m Extraction of thelinear operator and verification

alFl = Ful | Sinplify[Coefficient[al, 1@ %" [T, X y1], Trig-True] ‘

-2ACSin[2y] |




CH-eff1-nu-9b_compact.m6.nb

alF2 = Ful | Si rrplify[Coeffici ent [al, 1@ %2 1 X y]], Trig-»True]

0

alF3 = Factor [Sinplify[Coefficient [al, y1* % [T, X y1]]]

-3ACCos[y] Sin[y]

alF4 = Factor [Sinplify[Coefficient [al, p1 @O T Xy 111

1
5 AC(3+Cos2y])

1
LIf 1:= S AC(3yy ((3+C0s[2y]) dyyf ) +0yy (Sin[2y] oyf))

Sinmplify[£[f[y]] - alF1 f P [y] -
alF2 f @ [y] - alF3 f @ [y] - alF4f @ [y], Trig->True]

Asareference : complete operator for the full problem

(usinfely]1*+2Cos(oly])? e [y)?)
L[f _]1:=ACoy,y Oy, yf | +

uSinfe[y]]®+Cos[oly]]12o [y]?

Sinf2ely]] e'ly]
AC udy.y Oy f

2+/usin(ery11? « Cos [o1y112 &' [y1?

Operator to solve problem after two integrations

1
£2f 1:= 2 AC ((3+@s(2y1) 0y + Sin(2y] oyf)

1
£22[h_]: = é-AC ((3+Cos[2y]) 8yh + Sin[2y]h)
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m Extraction of second member

ala=-Sinplify[Coefficient [al, 90" [T, X1]]

ASin[y]

m Reconstruction of thefirst order equation

alN= £[¥1[T, X, y11 - ala0® V[T, X];

Sinplify[alN - al]

0

m Solvability condition
The solvability condition is obviously satisfied

m Symbolic solution

Rulel = g1 - (f1[#3] 0" [#1, u2] &)

¥l - (F1(13] 00 Y [n1, m2] &)

f1 has Sinl symmetry

m Solution of the problem

1
solfl="f1 e((—:Sin[n] &)

Sin[al]
PR LI

Sinmplify[£[fl[y]]l -ala /. solf1l]

0
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Order 2

a2 = Assunmi ng[A> 0,
Sinplify[Coefficient [NS2, €, 2] //. {RuleO, Rulel}, Trig- True] ]

m Extraction of second member and solvability

2
= terminfactor of 0%V [T, X1 : a2a

a2a = Col l ect [-Sinplify[Coefficient [a2, 0@ [T, X1, 2] ], {A D C}] ‘

4Cos[y] +3 (Cos[y] +3Cos[3y])f1’[y]2+

1
f1® ~c
[yl + 8

(-9 Cos[y] + Cos[3y]) f1”[y] +2 (-9 Cos[y] + Cos [3y]) F1¥ [y]’
2f17[y] (12Sin(y1®f1® [y] + (-9 Cos[y] +Cos[3y]) F1¥ [y]) +
2f1[y] (12sin(y)®f1"[y] +

B

(-9 Cos[y] +5Cos[3y]) f1® [y] -4Sin[y]®f1 [y]))

a2aF = Ful | Sinplify[a2a /. sol f1] |

(3+C?) Cosly]
2C

Solution of the perturbation problem
(- sign because the problem is already integrated twice)

ss2a =Fl atten [DSoI ve[

T
{L2[f2a[y]] == —a2aF, fZa[E] =0, f2a’ [0] == } f2a[y], y]];
sol f2a = f2a -» Function[y, Eval uate[f2a[y] /. ss2a]]

(3+C?) Cosly] ]
4 AC?

f 2a -» Functi on [y,
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s terminfactor of <p0(°’2) [T, X] : a2b

a2b = -Col l ect [Sinplify[Coefficient [a2 , 90®? [T, X], 1]]. {A D C}] ‘

-A(2CCos[2y] -fl[y]Sin[y] -
Sin(y] f1”[y] +D (-Cos[y] f1'[y] -Cos[y] f1® [y]))

a2bF =a2b /. solfl
a2bFl 2 = I ntegrat e[l nt egrat e[a2bF, y]1, y]

-2ACCos[2y]

1
5 ACCos[2y]

Solving for h2b = f2b’ introducing an integration constant K2b

ss2b = Fl atten[DSol ve [{£22[h2b[y]] == a2bFIl 2 + K2b [y],
K2b’ [y] =0, h2b[0] == 0, h2b[x] == 0}, {h2b[y], K2b[y1}, Y11

1
AEllipticE[]]
o 1 o 1
(2«/3+Oos[2y] ElllptlcE[E]EIHpUcF[y, E]—2#3+C0s[2y]

EIIipticE[y, _21_] EIIipticKS—] +EIIipticK[%]Sin[2y]),

{hzb y] -

3ACE lipticE[5] -2ACHE lipticK[]]

K2b[y] - 1 }
2EllipticE[5]
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p21 = Pl ot [h2b[y] /. ss2b, {y, 0, 2x}, DisplayFunction-ldentity];
p22 = Plot [h2b[y]/Sin[2y] /. ss2b,

{y, 0, 2}, D splayFunction-ldentity];
Show[Gr aphi csArray [{p21, p22}]]

0.15¢ 0.185¢
0.10} 0.180¢
0.05 0.175¢
oazl L2 4 \5 6 g-i;g‘
~0.10 ' N
-0.15¢ 1 2 8/ 4 5

m Reconstruction and check of the second order equation

2
a2N = L[Y2[T, X, y11 - a2b ¢0®? [T, X] - a2a0®V [T, X1

Sinplify[a2N - a2 ]

0

m Symbolic solution

2
Rule2 = 42 - (f 2a[#3] 00 1, 8271 + f2b[#3] 00* 2 [#1, #2] &)

2
V2 (f 2a[a3] 00 @Y (51, #2]° +f2b[a3] 002 (11, 12 &)

f2ahas Cosl symmetry
f2b has CosP symmetry
f2¢ has Sinl symmetry

solf2 =Flatten[{sol f2a}]

(3+C?) Cosly]
4 AC? H

{f 2a - Functi on [y,
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Order 3

a3 = Coefficient [NS2, €, 3] //. {RuleO, Rulel, Rul e2};

m Extraction of second member and solvability

a31 = Col | ect [Expand[a3],
{00 DT, X1, @0V [T, X1, 002 [T, X1, 003 [T, X1}];

3
s Termin 0@ Y [T, X]7: a3a

i (0,1) 3 :
a3a = Col | ect [Coeffl ci ent [—a31 , @0 [T, X] ] , {C A}] ;
a3aF = Assunming[A>0, Sinplify[a3a /. Flatten[{solf1, solf2}]1]

(1+C) Sinly]

2AC

ss3a =Fl atten [DSoI ve[

T
{1:2[f3a[y]] = -a3aF, f3a’ [E] =0, f3a[0] = } f3a[yl, y”;
sol f3a = f3a - Function[y, Evaluate[f3a[y] /. ss3a]]

(1+C) Sinfy]

f 3a -» Functi on [y, - ]
2 A2 C3

m Ternsin factor of (pO(O’l) [T, X]

a33 = Coef fi ci ent [Expand[a31], 0™ Y [T, X]];

s Terming0® P [T, X1 0@ 2 [T, X] : a3b

a3b = Assumi ng[A> 0,
Col | ect [Coefficient [-a33, ¢0*? [T, X1], (D, C A}]];

Solvability is satisfied since all contributions can be integrated twice
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a3bF = Assuming[A>0, Sinplify[a3b /. solfl /. solf2]]

1
a3bl 2 = -5 (2Cos[2y]1f2b [yl +Sin[2y] (3-2f2b"[y]))-f2b’ [y];
Sinplify[D[a3bl 2, {y, 2}] - a3bF]

4Cos[2y]f2b'[y] + (-1+3Cos[2y])f2b® [y]+Sin2y] (6+f20“ [y])

s Termi n<p0(0’3) [T, X] : a3d

a3d = Col | ect [Coef ficient [-a31, 0 ® [T, X1], {D, A C}];

a3dF = Assumi ng[A>0, Sinplify[a3d /. solfl /. solf2]]

1
ZA(118in[y] +4f2b[y] Sin[y] -9Sin[3y] +

4DCos[y]f2b'[y] +4Sin[y] f2b”[y] +4DCos[y] f2b® [y])

Check thefirst integral

11 3
a3dl = --Z—AOos [yl + -4—AOos[3 y] -ACos[y] f2b[y] +

ASin[y]f2b'[y] + AD(Sin[y]f2b'[y]+Cos[y]f2b”[y]);
Sinplify[D[a3dl, y] - a3dF]

0

s Termin (pO(l’l) [T, X]: a3g

a3g = Coef ficient [-a31, 0™V [T, X]]

f17[y]

a3gF = a3g /. solfl

Sinfy]
- C
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ss3g =Flatten [DSoI ve[

, Tt
{£21f391y1] = -a3gF, f3g [5] =0, 13g[0] =0}, f3glyl, v]]:
sol f3g = f3g » Function[y, Eval uate[f3g[y] /. ss3g]]

f3g » Function|y, -

Sinly] ]
AC?

m Verification

a3N=-a3g o0V [T, X] - a3d 0@ ¥ [T, X] -

3
a3b @0 @V [T, X1 90?2 [T, X] - a3a 0™ M [T, X] + £[¥3[T, X, y11;
Assumi ng[A >0, Sinplify[Toget her [Expand[a3N-a3 1] 1]

0

m Solution

Rul 3 = ¥3 » (f 3g[#3] @0 [T, X1 + £3d[#3] 00 © 2 [T, X] +
3
f3b[#3] 00OV [T, X] 00©2 [T, X] + f3a[#3] 00V [T, X] &);

f3ahas Sinl symmetry
f3b has SinP symmetry
f3c has Cosl symmetry
f3d has Sinl symmetry
f3e has CosP symmetry
f3f has Sinl symmetry
f3g has Sinl symmetry
f3h has Sinl symmetry

solf3 =Flatten[{sol f3a, sol f3g}]

(1+C) Sin[y]
2A2C

Sinfy] H

{f 3a - Functi on [y, - =

], f3g » Function|y, -
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Order 4

s Termin

a4 = Assunmi ng[A> 0,
Coefficient [NS2, €, 4] //. {RuleO, Rulel, Rule2, Rule3} 1;
a4l = Col | ect [Expand[a4], {¢0™ Y [T, X], 902 [T, X],

00D T, X1, 02 [T, X1, 0¥ T, X1, , 60*“ [T, X1}];

4
@0 @[T, X1 : ada

. (0,1) 4 .
ada = Col | ect [Ooefflm ent [-a41, 00D [T, X ] (A D C}],
Assumi ng[A>0, Sinplify[ad4a /. solfl /. solf2 /. solf3]]

(9+14C+C) Cos[y]
16 A2 C3

Solvability is satisfied for thisterm

2
w Termsin 0@ [T, X]

s Termin

2
a42 = Coef fici ent [a41, 00V T X ];

2
@0 OV T X717 0@ [T, X] : a4dc

a4c = Col | ect [Coef ficient [-a42, 90®? [T, X]] /. Rulea, {D, A C}];
a4cF = Assumi ng[A>0, Sinplify[a4c /. solfl /. solf2 /. solf3]]
3+ C?

8AC

((12f2b"[y1+9f2b® [y]) Sin[2y] - (1+ 3Cos[2y]) f2b® [y]) +

4Cos[2y]f3b [y] - (1-3Cos[2y]) f3b® [y] + Sin[2y]f3b™ [y];
Si npl i fy[a4cF - a4cFFinal /. {solf2a, solfl}]

a4cFFi nal = +

1c (19+5C%) Cos[2y] -

8AC(76003[2y] +20C* Cos[2y] -12 (3+C?)Sin[2y] f2b'[y] +

32ACCos[2y] f3b'[y] -27Sin[2y]f2b® [y] —9CSin[2y]f2b® [y] -
8ACf3b® [y] +24ACCos[2y] f30® [y] +3f2b™@ [y] + B f2b™ [y] +
9Cos(2y] f2b™ [y] +3C*Cos[2y] f2b™ [y] +8ACSIn[2y]f3b* [y])
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Check that the contribution can be integrated twice

1
adcl2 = - —— (19 +5C%) Cos[2V] -
8AC( +5C) [2y]

2 Cos[y] (Cos[y]lf3b'[y] - Sin[y]f3b”[y]) +
3+

8AC
Sinplify[Dradcl 2, {y, 2}] -a4c /. {solf2a, solfl}]

(3sin[2y]f2b'[y] + (3Cos[2y] +1) f2b"[y]);

0

No contributionfromthis part

Hence, thereisnotermlike (pO(O’1> [T, X]2 (p0<0’2> [T, X]in
t he anpl i t ude equati on. Findi ngthisterminprevious versions of
t hi s cal cul ati onwas a spuri ous consequence of thesingularities
i nduced by vani shingvi scosity at thecenter of thejet.

m Ternsin (pO(O’l) [T, X]

a43 = Coef ficient [a41, 0™ Y [T, X]];

w Termin 0@ P [T, X] 003 [T, X] : adg

a4g = Col | ect [Coef fici ent [-a43, 003 [T, X]] /. Rulea, {A D, C}];
adgF =Sinplify[ad4g /. solfl /. solf2 /. solf3]

1
— (15 Cos 9 C? Cos -
8C( [y] + [y]

63 Cos[3y] -9C* Cos[3y] +8 (1+C?) Cos[y] f2bly] +

8 (2C°-D) Sin[y]f2b'[y] +32CCos[2y] f3d [y] +

8 Cos[y] f2b”[y] ~-8C*Cos[y] f2b”[y] -8DSin[y] f20® [y] -
8Cf3d® [y] +24CCos[2y] f3d® [y]+8CSin[2y] f3d™ [y])
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1
a4g|2=+R (-15Cos[y] -9 C* Cos[y] +7 Cos[3y] +C* Cos[3y]) -
(1+Cos[2y]) f3d[y]+Sin[2y]f3d”[y] -CCos[y]f2b[y];
D
adgll = - (-Cos[y]f2b'[y] +Sin[y]f2b"[y]) +
1
c (f2b[y] Sin[y] +Cos[y]f2b'[y]);

Si npl i fy[a4gF - D[a4gl 2, {y, 2}] - D[a4gl 1, y]]

0

s Termin 0@V [T, X700 [T, X] : adh

a4h = Col | ect [Coef ficient [-a43, 0™V [T, X]] /. Rulea, {A D C}];
Sinplify[adh /. solfl /. solf2 /. solf3]

(7 +C?) Cosly]
2AC

s Termin (p0(0’4) [T, X] : adl

a4l = Col | ect [Coefficient [-a41, 0¥ [T, X]] /. Rulea, {A D, C}];
a4l F=Sinplify[a4l /. solfl /. solf2 /. solf3]

1 1
EA DOos[y]2+Sin[y12—EC2 (3+Cos[2y] +4Cos[2y] f2bly] +

3Sin[2y]f2b [y] +2f2b"[y] —2Cos[2y]f2b”[y])]

Eliminate the termsthat can be integrated and keep only the contributing terms

Expand[Si n‘plify[Expand[a4I F o+ D[ATC Sin[2y] +AC f2b'[y], y]]]]

3AC ADCos[y]?
= 4
2 C

ASi n[y]2

~-2ACCos[2y]f2b[y] +

-3ACCos[y]Sin[y]f2b'[y] +ACCos[2y] f2b"[y]
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s Termin 14 ?® [T, X] : a4m

a4ms= Coefficient [-ad4l, 1™ [T, X]]

0

adm /. sol f2

s Termin <p0(1’2) [T, X] : a4n

a4n = Col | ect [Coef ficient [-a41, @0™? [T, X]1], {A D}]

1+f2b"[y]

The firxt term contributes, the second one does not

2
= Termin 0@ 2 [T, X]°: ado

o (0, 2) 2 .
a4o = Col | ect [Ooeffl ci ent [-a41, ©0 [T, X] ] /. Rul ea, {A, D, C}],
a4oF =Sinplify[ad4o /. solfl /. solf2 /. sol f3]

1
5_6(302 (Cos[y] +3Cos[3Yy]) f2b’[y]2+

C? (-9 Cos[y] +Cos[3y]) f2b"[y]° +4f2b"[y] (6CSiniy1®f2b® [y +
Cos[y] (-3C?-2D+3CCos[2y] +C? (-5+Cos[2y]) f2b™@ [y])) +
2 (2 (-2-5C+5CCos[2y]) Sinly]f2b® [y] +

G (19Cos[y] +Cos[3y]) f2b® [y]° ~2Cosy]
(-6-9C-2D+9CCos[2y] + (-5C+2D+C Cos[2y])f2b™ [y])

.
2f2b'[y] (12CSin[y]®f2b"[y] +C* (-9 Cos[y] +5Cos[3y]) f2b® [y] +
2Sinly] (-2+3C+9CCos[2y] -2CSin[y]*f2b® [y])))

Primitive for the whole expression
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9CSin 3CSin 3
+Z [Y]—Z [Sy] -
1
E(_COS [yl1f2b'[y]+ (1+D) Sin[y]f2b”[y] +

1
D (-Sin[y] +Cos[y] f2b® [y])) - Zc(-e Cos[y12Sin[y]f2b'[y]” -

2Sin[y1®f2b" [y + (-9 Cos[y] + Cos[3y]) F2b® [y] +
f2b”[y] (8Sinfy]®- (-9 Cos[y] +Cos[3y]) f2b® [y]) -
2f2b°[y] ((-3Cos[y] +Cos[3y]) f2b"[y] -

2Sinfy]® (-3Cos[y] +Sin[y] f2b® [y])));
Si nplify[D[adol, y] - ad40F]

0

Better expression

adol Fi nal =
. 1 D . 2 1 . rr ’
3Sin[y] (E (1+§)+ CSin[y] )- c (Sinfy]f2b”[y] - Cos[y] f2b'[y]) -

D, o (3)

E(Sun[y]f2b [yl +Cos[y] f2b™ [y]) -

1 3 , 2 . 3 ; ”
ZCD[ZCos[y] f2b'[y1” +4Singy1®f2b' [y] (-1+f2b"[y]) -

1
5 (-9Cosy] +Cos3y1) (-2+2b"1y]) f2b" 1y, y];
Si nmpl i fy[adol Fi nal - a4ol ]

0

m Verification

2
ad\N = -a40 0 ® 2 [T, X] ~ -a4n 90" ? [T, X] - adl 0¥ [T, X] -
90V [T, X] (a4g 00 @ [T, X] +adh 0™V [T, X]) -

(0, 1) 2 00.2) (0, 1) 4 :
a4c ¢0 [T, XI ¢0 [T, X] - ad4a¢0 [T, XI + L[¥4A[T, X yl1I;
Sinplify[adNN-a4 /. Rulea /. solfl /. solf2a]

0
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m Dump

{d obal * }

DunpSave [" CH-ef f 1-nu-9b_conpact . n6. nx", "d obal

]

<< CH-ef f 1-nu-9b_conpact . n6. nx

Amplitude equation

m Calculation of - 3 22 A 6ymbsn2ydy
31 :
I =—52—Integrate[EvaI uate[Sin[2y] h2b[y] /. ss2b], {y, 0, 2x}]
T
N[
3 4EllipticK[}]
__ |2
4 3E lipticE|]
-0. 127266

m Stability threshold

+4Cs2 (3 +211) /. Cs-0.13

1
(_..+ «/DD] /. Cs0.13
2 (3 +2I11)cs? \12

0. 192538

S

2.37203




