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Abstract. Shell models of turbulence have been employedtensively investigated, and some aspects of the chaotic at-
as toy models which, in their chaotic states, show statisti-tractors have been studied in detail both analytically and nu-
cal properties similar to real fluid turbulence, including Kol- merically. However, most of the theoretical and numerical
mogorov energy spectrum and intermittency. These modiechniques employed in these studies cannot be applied to
els are interesting because, at the present stage, it is stiligh-dimensional chaotic attractors because their procedures
quite difficult or almost impossible to study relations be- become rapidly complicated as the dimension of the attrac-
tween those traditional statistical properties and the structuréor increases. At the present stage, therefore, it is still quite
of the chaos underlying the real fluid turbulence because offifficult to study the structure of a chaotic attractor of which
huge dimension of the chaotic attractor. In this paper we willthe dimension exceeds some tens.

give a brief review on the chaotic properties of a shell model  Along the line of chaos research, the Navier-Stokes tur-
(GOY model), with emphasis on its Lyapunov spectrum andbulence has come to be considered as a typical and impor-
unstable periodic orbits, in relation to the Kolmogorov scal- tant dynamical phenomenon which is due to a chaotic attrac-
ing law of the turbulence. tor with, however, a huge dimension estimated to be more
than at least some millions by using Kolmogorov scaling ar-
gument (Kida et al., 1989). Therefore, although it is now
widely accepted that the Navier-Stokes turbulence is an ex-
ample of chaos phenomena, and high-performance comput-
The three-dimensional Navier-Stokes turbulence has long'S have become available recently, the computing power is
been a subject of research, where very unstable fluid moStil! far from sufficient and properties of the underlying huge
tion is observed together with its robust statistical propertiesdimensional chaotic attractor are not well-understood yet,
including the Kolmogorov energy spectrum and the intermit-2nd eéspecially we do not have an idea of what chaos prop-

tency. Several theories have been proposed to explain therties correspond to the well-known robust statistical prop-

statistical properties of turbulence, where attention was fo-erties of fluid turbulence as the Kolmogorov scaling and the

cused into the Kolmogorov spectrum itself in the early stage/Ntermittency. _ _
of turbulence study while higher-order correlations of veloc- T he present status of numerical calculation may allow two

ity later attracted researchers’ attention in relation to the in-different ways of approach; one is to study only a few pa-

ing law observed in experiments. is to deal with a model turbulence of a small dimension to

From 1970s. on the other hand. it has been recognize&tUdy a set of chaos parameters in detail. Shell models or
that seemingly stochastic complex motions can be gener‘-ﬁscade models of turbulence, one of which we discuss "_1
ated even in a deterministic dynamical system. The originthiS Paper, belong to the latter approach (Bohr et al., 1998;
of the complex motion is irregular attracting sets in a phaseBiferale, 2003). The shell model is a toy model of turbu-
space, which are called strange or chaotic attractors. Th&nce, which has a chaotic attractor of a low dimension usu-

chaotic attractors in low-dimensional systems have been in@lly less than some tens, but shares similar statistical prop-
erties to real turbulence. The shell model is not intended to

Correspondence td¥l. Yamada approximate the real turbulence, and we do not try to justify
(yamada@kurims.kyoto-u.ac.jp) the model equation by, for example, an asymptotic analysis.

1 Introduction
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The model equation is simply given by imitating the Navier- periodic orbits (UPOSs) is described in Sect. 4. Conclusion is
Stokes equation in Fourier space, and therefore is not uniqugiven in Sect. 5.

in any sense. Our aim of the shell model research in this pa-

per is to find a possible connection between the chaos prop-

erties and the turbulence statistics, although the connectiord A Shell model

even if any, remains only a candidate at best for what is ex- .
. The energy cascade in fully developed turbulence has been
pected to take place in real turbulence.

modeled in several ways by low-dimensional systems of or-
In this paper we discuss the type of the shell model, whichginary equations, in which dependent variables stand for dy-

is sometimes called GOY (Gledzer-Ohkitani-Yamada) shellnamical variables associated with wavenumber band. These

model. However, we here remark that this choice does noknodels, which are called cascade models or shell models,

mean that the shell model is unique in some sense, but onlyaye heen devised in the hope that they give an insight of the

that some amount of data has been accumulated with respeghergy cascade process or more specifically the intermittency

to its attractor and statistical properties. observed in the homogeneous isotropic turbulence. An early
We focus our attention first on Lyapunov spectrum of the example of these models may be given by a cascade model

turbulence. Lyapunov spectrum is known to be one of theproposed and studied by Desnyansky and Novikov (1974a,

most fundamental quantity describing the dynamical prop-b) and Bell and Nelkin (1977, 1978);

erties of chaotic motion. Lyapunov spectrum characterizes,

the instability of the chaotic orbit in phase space, and also is—~ = ark; (u?_1 —2ujujq1) + azki(uj_qu;j — 2u§+l)

known to give, for example, an upper bound of the Hausdorff 2

dimension of the chaotic attractor. However, Lyapunov spec- —vkjuj 4 F;(1) 1)

trum consists of as many exponents as the system dimension ; . .
. . . L . Wherek;=2/ko stands for a discretized scalar wavenumber
and is actually impossible to obtain in a huge system like th 5—1/2 +1/2 ) .
. ; and (shell), 27/“kg<|k|<2/ ko, which real velocity
Navier-Stokes turbulence, except for the first few Lyapunov__ . . . :
variablesu ; are associated with, and, a, are respectively

exponents. Itis still unknown how the Lyapunov spectrum is ositive and negative constants. The energy spectrum is then
in real fluid turbulence, and how it is related to the ClaSSicaIgefined asE(k-)g—uz/Z Desn aﬁsky and Ngcxik%v and Bell
properties of the turbulence. In this paper we show that Lya- SR y !

punov spectrum of the shell model can be obtained from theand Nelkin were interested in the intermittency of turbulence,

o . o and studied in detail both the steady and the time-dependent
traditional Kolmogorov scaling law by taking into account . . ) .
- : solutions of this cascade model, finding a relation between
the localization of Lyapunov vectors in phase space.

the ratio of the backward to the forward energy cascades and
We are also interested in the scaling exponents of strucyp, intermittency exponent appearing in the energy spectrum.
ture functions of velocity. The scaling exponents are one ofye remark that dependent variables in most of these mod-
the most fundamental quantities characterizing the statisticab|s were interpreted as some statistical quantities like the en-
properties of a turbulent velocity field, and have been studieqErgy spectrum, and the intermittency were discussed with
in most detail in turbulence research. The scaling exponenkon-chaotic solutions. A similar cascade model was also
of the lowest order structure function, which is directly re- proposed by Gledzer (1973) for the 2-D Navier-Stokes tur-
lated to the energy spectrum, is known to agree well with thepjence. The velocity variables are real in the model, and he
Kolmogorov's scaling theory (K41) (Kolmogorov, 1941), but gptained two kinds of solutions wittt3-spectrum in the for-
the higher order structure functions are now known to haveygrg enstrophy cascading range, and witf/3-spectrum in
a deviation from the K41 theory, which is often called inter- {he packward energy cascading range, respectively.
mittency. Many phenomenological models of intermittency | ater in 1980s, Gloaguen et al. (1985) and Grappin et
have been proposed so far to account for the qualitative og (1986) studied a different type of cascade model of MHD
quantitative behavior of the scaling exponents (Kolmogorov,iyrphulence, in which the dependent variables representing the
1962; Parisi and Frisch, 1985; Meneveau and SreenivasaRye|ocity and magnetic fields behave in a chaotic manner with
1987; She and Leveque, 1994). However, no dynamical orithe time-averaged energy spectrum obeying the Kolmogorov
gin of the intermittency has yet been identified in view of scaling law. In this chaotic cascade model they numeri-
dynamical system theory. In this paper we show that in theca)ly obtained the Lyapunov spectrum and verified that the
shell model turbulence, there are three kinds of unstable PeRaplan-Yorke dimension of the underlying strange attractor
riodic solutions; the first one is the fixed point solution, the i5 consistent with the Kolmogorov scaling law.
second one has a simple time-dependence with K41 scaling A chaotic cascade model, corresponding to the 2-D homo-
property with no intermittency, and the third one has a rathefgeneous isotropic Navier-Stokes turbulence, was studied by
complicated orbit corresponding to the intermittency. Yamada and Ohkitani (1988). They showed that there are
In the next section we briefly summarize the basic prop-chaotic solutions in which the time-averaged energy spec-
erties of the shell model. Lyapunov spectrum of the shelltrum has thec—2 form in the enstrophy cascading range, in
model is discussed in Sect. 3, and the analysis of unstabl&ledzer’s cascade model with a modification of the forcing
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and dissipation terms. They obtained the Lyapunov spectrumwvhere * denotes the complex conjugatef is a
of its chaotic attractor, and showed that the energy spectruntime-independent force, v the kinematic viscosity,
obeys the Batchelor-Kraichnan-Leith (BKL) scaling law of §;; Kronecker's delta /eN), and ¢ is time. The
2-D Navier-Stokes turbulence, and that there are many Lyareg| COﬂStantSC(.l),C(.z),C;g) (1<j<N) are given as
punov exponents close to zero, resulting in a divergence of (1 2 3
the density distribution functiorf (1) of the Lyapunov expo- Cﬁ' =kj, C; '=—k; 1, CE' '=(6-Dkj2  except for
nents at.=0. cgz)=c§3)=c§3)=c§\}11=c§&)=c§$)=0, where § is a real
A chaotic cascade model for 3-D homogeneous isotropigdarameter. These nonlinear terms conserve the engrgy
Navier-Stokes turbulence was then proposed by Yamada an#/e note that ifs is larger than unity, the nonlinear terms
Ohkitani (1987), who modified the Gledzer model by com- conservet|*'= 3", k%u ;|2 together with the energ§;,
plexifying the dependent variables and requiring the en-whereq is given by§=1+1/¢g%. This property was made
ergy conservation. They did this modification because pre-use of to study the relation between the cascade process
liminary computation showed a statistically unstable behav-and conserved quantities. We now choose the valuetof
ior of the solution when the dependent variables was kepbe 1/2, where we have another inviscid conserved quantity
real. Another reason for this modification is that the model lezyzl(—l)fkﬂuﬂz. This quantity is considered to
is expected to have a similar form to the Fourier trans-correspond to the helicity, which is also conserved in the
formed Navier-Stokes equation, which has complex veloc-Navier-Stokes equations without viscosity. The number
ity variables with effectively two degrees of freedom for of N is usually taken to be 10-30, with the forcing term
each wavenumber because of the incompressible conditiorf ~10~3~10~° and the viscosity~103-10"",
for fluid. The complexified model also has two degrees of Numerical calculation of this shell model shows that un-
freedom for each wavenumber shell, in contrast with thesteady solutions are obtained from arbitrary chosen initial
original Gledzer model which has one degree of freedom forconditions with smooth and not too large energy spectra.
each wavenumber. Hereafter we focus our attention to thisThe unsteady solution is found to be a chaotic solution in
complexified Gledzer's model, which is often called GOY the sense that it is a bounded solution with at least one pos-
(Gledzer-Ohkitani-Yamada) model. itive Lyapunov number. Long time average of a dynamical
This shell model is constructed in a discrete wavenum-quantity is observed to converge to a constant value, sug-
ber space, defined &$=kog’ (=2, 1<j<N). The depen-  gesting that the motion is governed by an attractor with an
dent variable: ;, which is associated with the wavenumber invariant measure in phase space. Especially the time aver-
kj, is considered to stand for the velocity component whoseage of the energy spectrufxk)=<Ej (k)> shows ak—>/3
wavenumbetr lies in the wavenumber shell; <|k|<k; 1. spectral form of Kolmogorov (Fig. 1), which can be observed
We then define the innerproduct of velocit'{egzueriuj.} over about 10 decades of wavenumber in the case of smaller
and {v;=vR+ivl} 1<j<N) as YN @RvR+ulv!) and viscosity (\_(amada and Ohlqtam, 1987). We note that the
the supersjcriptée and denote the] real and the imaginary slope—5/3 is also observed in real turbule.nce but over about
parts, respectively. Note that the phase space of the system fs© 3 decades usually. Moreover, the time average of the
areal 2v-dimensional space, and the inner product is not the®N€rgy spectrum is found to obey the Kolmogorov scaling
Hermitian one. The energy;, the enstrophy; and the en- law in which the time average of the energy dissipation rate

ergy spectrunk; (k) at an instance are then defined respec-ezz‘fé Qs >h and the v:sfcosity; e;]re the only parameters de-
tively as E;= Z;_v:l u;2/2, Q= Z;V:l kj2.|u,-|2/2, E;(k)) termining the spectral form, where the bracket denotes the

time average (Yamada and Ohkitani, 1987). The energy

=l 2/ (2;). . . . . spectrum is then expressed as
We assume that each evolution equationdpis quadrati-
cally nonlinear, and consists of nonlinear interactions amongt (k) = €YY 4E, (k/ ky) (3)

uj_2,uj_1,Uj, uj+1,uj+2. The conservation of the phase : . . _
j=2 Uj—1 Ajs j+ls 142 P whereE, is a non-dimensional function arig=e¢%/4y—3/4

N * R R - Iy__ i
volume, > ;_ (9 /du j+dii; /du;)=0, is also assumed {0 g yhq Kolmogorov dissipation wavenumber. Actually in the
hold in the inviscid case, where the dot denotes the timg 4 tial range, where the energy spectrififk) has the Kol-
derivative. These requwements do not determine t.he fom]nogorov scaling form, the energy flux is fairly constant and
of the shell model uniquely, of course. Remembering thate 5| to the energy dissipation rate (Yamada and Ohkitani,
our aim is to see what kind of chaotic attractor can be re—1989). Thus the K41 scaling law holds for the energy spec-
lated to the scaling law of the Kolmogorov type, we adopt ., in the shell model.

the following simple set of equations, The original K41 theory is not restricted to the energy

du; ) spectrum but describes scaling properties of higher-order
(7 + ij> uj moments of velocity. However, it is now well-known that
Do s @« 3« for higher-order quantities the K41 theory, employing only
= i(c Uy ot yg e UG quG g HeuG quG ) the energy dissipation rateand the viscosity as govern-
+fé1, (L<j<N) (2) ing parameters, fails to give the proper scaling exponents of
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Fig. 1. The time averaged energy spectrum=at0~*. The straight ~ Fig. 2. The Lyapunov exponents.;/H: circles (V=19),

line shows the slope 6£5/3. f=0.0051+i), [=1, N=16. squares §=22), closed squaresNE=24), and closed circles
(N=27). The dashed line denotes the theoretical prediction:
Aj/H=(22/3-1)272//3. Reprinted figure with permission from

the structure function of velocity, with the disagreements be-Yamada and Ohkitani (199&ittp:/link.aps.org/abstract/PRE/N57/

ing called intermittency. It is remarkable that in the shell P6257 in Phys. Rev., E57, 6257. Copyright (1998) by the Ameri-

model the velocity shows a similar deviation of the scaling ¢an Physical Society.

exponents from K41 theory, and thus has an intermittency

property as observed in real fluid turbulence. The mtermlt-Where DN(u) denotes the linearized operator &Ehet

te_ncly irj] the shell rlnocigg?.asls_theref(l)(re beeln igugd;??( eXtec?derivative) ofN(u), operating taSu(z). The total dimension
sive Iy (1332@8? a I I. B%rjnlcg;;'ak’ d ff amalt f the phase space igV2 and thus we can take linearly inde-
et al, ; Bilerale et al, ’ » Kadanoft et al., pendent 2/ displacement vectordu, (1) (1<p<2N). Then

1995’f1997; 3|feralg, ziojg;owf will ziscuss the m:]erm;]t— the Lyapunov spectrum is a set of the Lyapunov exponents
tency from a viewpoint o s later. Also we note that the ., Az, -+, Aoy which are defined by

effect of the helicitylike invariant and the stability problem
of steady solutions have been investigated in the shell modely + A2 + - -- + A4
(Kadanoff et al., 1997; Biferale et al., 1998). [18ua(t) A Bu(t) A -+ ABUL ()]

= 125 118UL(0) A 8U2(0) A -~ A SU, (O]

Q)

3 Lyapunov spectrum for 1<¢<2N and for almost all initial conditions
su1(0), 8uz(0), - - -, 8uy (0). We compute these Lya-

Numerical simulation shows that solution orbits of the shell punov exponents by a classical method of Shimada

model are chaotic in the phase space. The Lyapunov spe@nd Nagashima(1979) using Gram-Schmidt orthogonal-

trum is often employed to characterize the chaotic propertieszation. Note that these Lyapunov exponents are
of motion. We rewrite the model equation in the following ordered as A,>X,4+1, and also that some of im-
form. portant chaos parameters are expressed by the Lya-
du punov exponents. For example, the Lyapunov (Kaplan-
— = N(u) (4)  Yorke) dimension D of the chaos attractor is given
di by D=p+3_"_1 &;/Ipsal. p=maxm| 3", >0}, and
where the Kolmogorov-Sinai (KS) entropyH is given by
H= Zj.zl Aj (hg>0, hy41<0).

u=u() We numerically calculate the Lyapunov exponents of the

= @), ul @), ul @), ube), - ul (@), uly (1)) (5) model with f=0.0051+i) and /=4, some of which are

shown in Fig. 2, where the Lyapunov exponents are nor-
andN denotes the sum of the forcing term, the dissipationmalized by the KS entropyf, for several values of the vis-
term and the linear terms. Together with the time evolutioncosity. As the viscosity decreases, the number of the Lya-
of u(r), we consider the time evolution of infinitesimal dis- punov exponents nearly equal to zero increases while the
placemensu(t) of the solutioru(z). The displacemerdiu() number of large positive Lyapunov exponents remains the
then obeys the linearized equation of motion arou(y,

IRigorously speaking gives only an upper bound of the KS

dsu entropy, but the difference is often small and is not discussed in this

7 = DNW)éu(z), (6) paper.
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same, suggesting that there is an asymptotic expression of
the Lyapunov exponents in the limit @f>0. Actually the
asymptotic expression is obtained by examining supports of
the Lyapunov vectors as follows.

We show the support of the Lyapunov vectors in Fig. 3,
plotting the squared components of the Lyapunov vectors
in its time averageF/ (k,)=<|8u;|%>, wheresu;, denotes
then-th Fourier component of thgth Lyapunov vector, the
bracket the time average and each Lyapunov vector is nor-
malized as)", |8u;|?=1 for eachy.

We can see that each Lyapunov vector has a localized _
support in wavenumber space. The center of the support /
lies around at:~D/2 for the largest Lyapunov exponent
(j=1), while it decreases ta~0 asj increases taD/2.

For j>D/2, the Lyapunov exponents are negative and the™
central wavenumber of the support increaseatad/2 at ~ Punov vectors<|v,|> (N=27, D=350): Contour levels are
j~D. For j= D, two Lyapunov vectors share the same cen- 50 C ) H 0 2 el L BRI MRS e
e e o 200 Ot (190 i 3 AP RENST ST

. hys. Rev., E57, 6257. Copyright (1998) by the American Physical
time scale at the wavenumber. Society.

In summary, for eaclw (O<n<D/2) there are two Lya-
punov vectors corresponding to positive and negative Lya-
pUnOV eXponentS, in harmony with the fact that there are two From the hypotheses above’ we obtain the fo”owing for-
degrees of freedom at each wavenumber in the shell modey|as for the Lyapunov exponents,

Forn>D/2, on the other hand, the wavenumber components

ig. 3. Time average of squared components of the Lya-

are considered to lie outside the attractor, obeying the simple 61/3/<,f/,3 = 1/3(2kg)%/32(P=2))/3

dissipation dynamics. The suffix of the wavenumberD /2 ! forl<j<D/2,

is, therefore, considered to correspond to the inertial subli ™~ _61/3k5/_3 — —1/3(2k)2/322i—D)/3 (8)
range in the shell model. ! for D/2+1<j<D.

This observation leads us to introduce the following set
of hypotheses regarding the Lyapunov vectors in the inertiaMWe now normalize the Lyapunov exponents by the KS en-
subrangei <D for D>>1. tropy H asx;/H to eliminate an arbitrary constant in the

. dimensional analysis. The KS entropy is obtained as
1. Lyapunov exponents are positive fox1<D/2, and

negative forj>D/2. D/2 oD/3 _ 1
_ _ H = Z)“f ~ 61/3(2k0)2/3T’ 9)
2. Each Lyapunov vector in wavenumber space is local- = 223 1

ized around a wavenumber. Let, =ko2"/ be the lo- .
calized wavenumber fo-th Lyapunov vector, then and the normalized Lyapunov exponents become
nj is given by njzp/Z—]+l for 1<j<D/2, and (2213 _ 1)22(0/2-))/3
nj=j—D/2for D/2<j=<D. A S5 1 forl<j<D/2

3. In the inertial subrange, thg-th Lyapunov exponents H (22/3 — 1)22U-D/2)/3 torD/24l<i<D (10)
(j<D) is inversely proportional to the Kolmogorov B 2D/3-1 orD/2+1=j=

time scalee=V/ Sk,sz/ 3

For D>>1, the first expression of EqLQ) reduces to

The last hypothesis is a combination of the Kolmogorov’s ,

dimensional argument and the localization of the Lyapunov—% = (22/3 — 1)272//3, (11)
vectors in wavenumber space. This hypothesis is equivalen

to the assumption that the Lyapunov exponent can be repwhich is depicted in Fig. 2 with a solid line. We can see that
resented in terms of the energy dissipation ratend the the theoretical values and the numerical results agree well
wavenumberk at which the corresponding Lyapunov vec- and a better agreement is obtained for larger attractor dimen-
tor localizes. It should be stressed that the localization of thesion D.

Lyapunov vectors is thus fundamental to bridge between the It should be remarked here that if the idea of localization
chaos dynamical description and the traditional Kolmogorovof the Lyapunov vectors in the wavenumber space is appli-
picture of turbulence. cable to the Navier-Stokes turbulence with high Reynolds
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number, a power law is obtained for the density distribu- point solution which lies inside and whose Fourier spectrum
tion function of the Lyapunov exponents. The localization is quite close to the Kolmogorow5/3 spectrum, and the
implies that the Lyapunov exponents are estimated as the reslope remains almost the same against the decreasing vis-
ciprocal of the relevant Kolmogorov time scale-/3k%/3, cosity. Numerical simulations show that in the course of the
wherek is the localization wavenumber of the Lyapunov vec- time development, a nearby solution to the fixed point does
tor. The number of Lyapunov exponents lying[in A+dA] not stay in the neighborhood of the fixed point, indicating
is then proportional to #k2 dk, and thus the density distri- that the fixed point is unstable.

bution function of the Lyapunov exponen®g).) is given by

P(M\)dA~4mk? dk, yielding 4.2 Kolmogorov solutions

P(A) ~ 1772, 12) We find periodic solutions with a simple time dependence,

) _ which was first reported by Kato and Yamada (2002). As-
This power law is, however, beyond the reach of the preseng,ming that

ability of numerical computation and its validity is still an )
open problem, while Eq.1Q) is consistent with results of u; =aje'®/’(a; € C,w; € R) (13)
Wang and Gaspart (1992) for KS-entropy and Aurell et

al. (1996) for the maximum Lyapunov exponent. wherew;=0(j=1), —0 (j=2), ¢ (j=0) inwhich¢ is a real

constant. The detection of this type of periodic solutions is

reduced to findin@={a;}, # which satisfy the nonlinear al-

4 Unstable periodic orbits (UPOs) gebraic equations:

Infinite number of unstable periodic orbits (UPOSs) are em-F(a’ 9)=0, (14)

bedded in a chaotic attractor, and play important roles inwhere

chaotic systems (Cvitandviet al., 2005). However, it is 5 )

usually difficult to find numerically UPOs from chaotic dy- (@ 0) = v kja; —lilajkjajiiaj+2 + bjkj-1aj-1aj+1

namical systems, because UPOs cannot be found by the for- + cjkj_oaj_1a; 21" + f8; 1} (j=1) (15)

ward time integration (or iteration) of dynamical systems. .. _ . 2\ =0t pere o

So, there are few studies on UPOs of high dimensional dy-F’ @6) = (= i6 +vkjaje ™ —lilajkjaj+1a;+2

namical systems. Here we focus our attention to UPOs of + bjkj_1aj 1aj11+cjkj2aj 1a; 2)e

GOY shell model with turbulent but not fully developed + f8j1} (j=2 (16)

turbulent regime and discuss relations between UPOs an

chaotic (turbulent) solutions. In this section, the external .

force £=0.005(1+) is put into the first mode &1). + bjkj_1aj_1aj11+ cjkj_2aj_1aj_2)e ']
It should be noted here for later convenience that the GOY + £8,1) (j =0). (17)

shell model has a “translational invariance”yift)={u ; ()}

is a (steady or unsteady) solution of the GOY shell modelThe zeros of(a, #)=0 are obtained numerically also by the
with the external forcef, then Rsu(s) is also a so- Newton-Raphson method. Note that in the case-ed, this

lution, where Ryu=u; (j=1), ¢'%u; (j=2), e '%u; (j=0), solutiop coingides with the _fixed point solution. We can
with the congruence being defined under mod 3, anig ~ numerically find some solutions fd¥(a, 6)=0 with 670.

a continuous real parametefThe R, is called translational These solutions are found unstable in the same manner as
transformation because it is similar to the real-space transin the case of the fixed point solutiofs.

lation which rotates the phases of each Fourier component. Figure 4 shows projections of a periodic solution onto the
We can therefore generate a continuously infinite number ofomplex plane of:; atv=0.0001. The modulus of eaahy

191‘]*

(;'"j @6)= >0 o+ vkllz)ajemt —(il(ajkjajr1aj42

solutions by applyingky to a single solution. of this solution is constant, as seen from the assumed form
of the solution. When the number of mod¥sis not large
4.1 Fixed point solutions enough, these solutions do not have smooth energy spectra.

As the viscosity decreases andis taken larger, the energy
There are some steady solutions for the GOY shell modekpectra of these solutions is observed to have a lon&é3
with the external forcef at the first mode. These solutions slope in accordance with the celebrated Kolmogorov spec-
are captured numerically by the Newton-Raphson methodtrum. On this account, we call these the “Kolmogorov solu-
Hereafter we call these solutions fixed point solutions. Whiletions”. It should be remarked that the Kolmogorov solution
some of them lie outside the chaotic attractor, there is a fixed

3Very recently, Olesen and Jensen (2007) found interesting ex-

2This is a special case §£0) of the transformation act periodic solutions of the GOY shell model without dissipation
Rgu:eieuj(jzl), el @=9y ;(j=2),e7%u;(j=0) which is  and/or forcing terms. In their solutions the modulus of each com-
also a solution of the GOY model without forcing term (Gat et al., plex velocity variable is not constant in contrast with the above Kol-
1995). mogorov solution.
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Fig. 4. Behaviors of velocity projected onto each shgh= (left), ;=8 (middle), j=9 (right)) at N=16, y=10"%. Thin and thick lines
represent turbulent solution (Chaos) and Kolmogorov solution (KSOL), respectively.

appears to be embedded in the chaotic attractors which are vi- 100000
sualized by an orbit of a chaotic solution in Fig. 4. However,
the Kolmogorov solution shares only a small part with the
chaotic attractor, although the latter appears to spread around 10000 k ]
the Kolmogorov solution. Note that the Kolmogorov solution
is invariant under the action @.

Figure 5 shows the dependence of the period of the or- 1000 | 1
bit of the Kolmogorov solution upon the viscosity. We can
see that as the value ofapproaches up to,~1.646x103,
the period increases rapidly, suggesting that the periodic so- 100 ‘ ‘ : ‘
lution converges to the fixed point solutions which are dis- 4e-05 8e-05 0.00012 0.00016
tributed continuously as obtained under the action of the one- v
parameter transformatiaRy.

There is no spatial structure in GOY shell model, but
we can define thepth order structure functionS, by Fig. 5. Period of the Kolmogorov solution at various.
Sy (kj)=<lu;|P>, and the scaling exponet} as to satisfy

S,,(kj)=ij_§” whereC is a constant. The deviation of the ) ) _
p-th order scaling exponent, from p/3, the original K41 lar but has non-uniform and complicated structures, meaning

scaling, has been considered to characterize the intermitterjfiat the behavior of the solution is quite intermittent tempo-
structure of turbulence. In the case of the Kolmogorov so-f@lly, which leads us to call the solution the "intermittency
lutions, which has the temporally constant modulusf at solution”. The orbit of the intermittency solutiamn(z) is
each wavenumbet;, the scaling exponent, is found to not invariant to the action of the transformati®y. The

J? 14 B _ i .
coincide withp/3, indicating that the Kolmogorov solution transformed orbitM={Ryuint(r)| 0=¢ <2, 0=t <Tperiod}

has no intermittency. Therefore the Kolmogorov solution re-COnstitutes a two-dimensional manifold in the phase space.
alizes the picture of the turbulence which the original theory V& S€€ from Fig. 6 that the intermittency solution appears

'_

The projections of the periodic orbits in Fig. 6 is not circu-

of K41 predicted. to be within the chaos attractor and the maniféfdmostly
covers the chaos attractor. This suggests that properties of
4.3 Intermittency solutions the chaos attractor are at least partially reflected by those of

the intermittency solution.
A different type of periodic solutions from the fixed pointand ~ We calculate the scaling exponegy along this inter-
the Kolmogorov solutions was found by Kato and Yamadamittency solution (Fig. 7). Unfortunately it is not straight-
(2003) in the shell model. The time dependence of these soforward to estimate;, numerically because the scaling
lutions is not so simple as the Kolmogorov ones, and somavavenumber range is not wide enoughvas not sufficiently
projections of an orbit are shown in Fig. 6 fo=0.00195, small and turbulence is not fully developed. Then we em-
N=12. This solution is found also by Newton-Raphson- ploy the “extended self similarity” (ESS) proposed in Benzi
Mees method (Mees 1981), but in this case the iteration proet al. (1993) to estimate the values &f, normalizing the
cess has to be performed with the full time evolution in which structure functions by that of the third order. We shoy
we have to pay much more attention to stronger instability atthus obtained in Fig. 7, where we find a remarkable coinci-
higher wavenumber on the orbit than on the orbit of the Kol- dence of;,s between the turbulent (chaos) solution and the
mogorov solutions. intermittency solution.
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Fig. 6. Behaviors of velocity of turbulent solution (upper) and intermittency solution (lower) projected onto eachjshelleft), j=8
(middle), j=9 (right) atN =12, v=1.95x10"3.

35 havior. But a further study, which will be reported elsewhere,
3l suggests that this is not so unusual.

Actually there are some studies of fluid turbulence from

25 1 viewpoints of UPOs in similar contexts. Kawahara and Kida

2t (2001) detected a UPO of Couette flow of Navier-Stokes tur-
5 151 bulence, and obtained a remarkable agreement of an aver-

aged velocity profile on the single UPO. The UPO shows a

Tr series of typical events of Couette flow as well. Van Veen

05 et al. (2005) detected UPOs of high-symmetry isotropic flow
o of Navier-Stokes turbulence and found that the energy dis-
0 1 2 3 4 6 7 e 3 10 sipation rate of one of the UPOs appears to converge to a

nonzero value as the Renolds number increases, suggesting
that the UPO corresponds to the isotropic turbulence of fluid
motion, and Kazantsez (2001) studied UPOs of geometric
Fig. 7. Scaling exponentt;, of the pth order structure function: This  fluid model. However, it should be noted that in all of these

is obtained by ESS fitting for the intermittency solution (squares) studies Reynolds number is relatively low and the number of

deviations obtained from the method of the least squares. The dotand MHD turbulence are left to the future work.

ted line corresponds to K4% 4=p/3). Reprinted figure with per-
mission from Kato and Yamada (2002).

5 Conclusions

This coincidence means that the intermittency solutionin this paper we review the shell model of fluid turbulence,
gives an essential property of the shell model turbulence. Irwhich shows statistical properties similar to real fluid tur-
addition, it is observed that the probability distribution func- bulence, from the viewpoint of the Lyapunov analysis and
tion (pdf) of the velocity componemt; of the chaos solution  unstable periodic orbits. In the shell model, the asymptotic
is well approximated by that of the intermittency solution, form of the Lyapunov spectrum in the inviscid limit is ob-
while the Kolmogorov solution fails in the approximation be- tained by Kolmogorov similarity argument using the obser-
cause of its constant modulus:of. It is surprising that only  vation that the corresponding Lyapunov vectors are local-
one UPO can give good approximation to the phase spacized in wavenumber space. Therefore the localization is the
structure and statistical property of the turbulent (chaotic) bekey to bridging between the traditional similarity arguments

Nonlin. Processes Geophys., 14, 6846 2007 www.nonlin-processes-geophys.net/14/631/2007/



M. Yamada and Y. Saiki: Chaotic shell model 639

of Kolmogorov type and the chaos dynamics of turbulence.Biferale, L., Lambert, A., Lima, R., and Paladin, G.: Transition to
This localization discussion is applied to the real 3-D turbu- chaos in a shell model of turbulence, Physica D, 80, 105-119,

lence to yield the density distribution functiah(x) of the 1995.
Lyapunov exponents aB(x)~A7/2. Biferale, L., Pierotti, D., and Toschi, F.: Helicity transfer in turbu-

. . . lent models, Phys. Rev. E, 57, R2515-2518, 1998.
We also discussed UPOs embedded in the chaotic attractf ., t jensen ,\;/ Paladin, G., and Vulpiani, A.: Dynamical Sys-

of the_ shell 'T'Odel tgrbulenc_e. We found thr.ee kinds of UPOs.  {ams Approach to Turbulence, Cambridge Nonlinear Science Se-
One is the fixed point solution corresponding to a steady So- rjes 1998.
lution with Kolmogorov spectrum of~>/3. The second pe-  Cvitanovi, P., Artuso, R., Mainieri, R., Tanner, G., and Vattay, G.:
riodic solution (Kolmogorov solution) has al¢o>/3 spec- Chaos: Classical and Quantum, ChaosBook.org, Niels Bohr In-
trum with the modulus of each complex velocity variable stitute, 2005.
being constant while the phase rotates at a constant angul&esnyansky, V. N. and Novikov, E. A.: The evolution of turbulence
velocity. The scaling exponents of the structure function in ~ Spectra to the similarity regime, Izvestiya Akademii Nauk SSSR
Kolmogorov solution obey faithfully the Kolmogorov scal- _ Fizika Atmospery | Okeana, 10, 127-136, 1974a.
ing law, £,=p/3, in contrast with the turbulent solution in DeSNYansky, V. N. and Novikov, E. A.: Models of Cascade Process
. . . - . in Turbulent Flows, Prikladnaya Matematika | Mekhanika, 38,
which ¢, deviates fromp/3. In the third periodic solution 507-513. 1974b
(intermittency solution), .the solution qrb|t is _not o) S|mple Frisch, U., Sulem, P. L., and Nelkin, M.: A simple dynamical model
as the Kolmogorov solutions. The orbit consists of bursting ot jntermittent fully developed. turbulence, J. Fluid Mech., 87,
states together with laminar states, the latter of which takes 719_736, 1978.
longer time than the former. The energy spectrum of the in-Gat, O., Procaccia, I., and Zeitak, R.: Breakdown of dynamic scal-
termittency solution obeys=>/3 law, and the scaling expo- ing and intermittency in a cascade model of turbulence, Phys.
nents of the structure function show a clear deviation from Rev. E, 51, 1148-1154, 1995.
p/3 as the turbulent solution. Moreover, the scaling expo-Gledzer, E. B.: System of hydrodynamic type admitting two
nents¢, remarkably coincide with that of the turbulent solu-  quadratic integrals of motion, Sov. Phys. Dokl., 18, 216-217,
tion, suggesting that the intermittency solution is a skeleton 1973. . _
of the chaotic attractor. It should be remarked that the set of*"@PPIn. R., Leorat, J., and Pouquet, A.. Computation of the dy-
. . . . namics of a model of fully developed turbulence, J. Phys., 47(7),
the intermittency solutions generated by a continuous trans-
) A . 1127-1136, 1986.
formation due to a rotational invariance of the equation of

. : . Gloaguen, C., Leorat, J., Pouquet, A., and Grappin, R.: A scalar
motion, almost covers the chaotic attractor in phase space. . ,qdel for MHD turbulence Physica D, 51, 154-182, 1985.

It is still an open problem why a single periodic orbit, Jensen, M. H., Paladin, D., and Vulpiani, A.: Intermittency in a
corresponding to the intermittency solution, can capture the cascade model for three-dimensional turbulence, Phys. Rev. A,
chaotic properties of the chaos solutions. Research on this 43, 1991, 798-805.

subject is now on progress and will be reported elsewhere. Kadanoff, L., Lohse, D., and Sohghofer, N.: Scaling and linear
response in the GOY turbulence model, Physica D, 100, 165—

186, 1997.
Kadanoff, L., Lohse, D., Wang, J., and Benzi, R.: Scaling and dissi-
pation in the GOY shell model, Phys. Fluids, 7, 617-629, 1995.
Kato, S. and Yamada, M.: Unstable periodic solutions of a shell
model turbulence, RIMS surikaiseki kenkyujyo koukyuroku,
1285, 226-233 (in Japanese), 2002.
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