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Abstract. Synthetic schlieren is a new technique that al- tioning of the mirrors, and the sensitivity to optical imper-
lows one easily and inexpensively to visualise density vari-fections on the mirror surface and test section of the exper-
ations, such as those caused by internal waves propagaiment. Furthermore, because mirrors are prone to damage
ing in a density stratified fluid. In the special case of two- traditional schlieren is prohibitively difficult to employ out-
dimensional internal waves (for example, those created byside controlled laboratory conditions. In contrast, “synthetic
an oscillating cylinder), synthetic schlieren allows one to schlieren” is much less expensive and easier to implement:
measure non-intrusively the wave amplitudes everywhere irthe field of view can be as large as required to visualise the
space and time. The technique works by measuring the apdensity fluctuations and the positioning does not need to be
parent displacement of points in a digitised image (such as grecise. In addition, digital enhancement provides greater
grid of horizontal lines), which is observed by a CCD camerasensitivity and the ability in some geometries to measure the
through the experimental test section. Synthetic schlieren immplitude of internal waves.
sufficiently sensitive that it can measure sub-pixel-scale dis- The typical setup to visualise density changes using syn-
turbances. thetic schlieren is shown in Fig. 1. We place an “object-
In this work, we report on the first step toward measuringimage” on the opposite side of the test-section of a tank from
fully three-dimensional disturbances. We perform laboratorya CCD or video camera. In this work, the object-image is
experiments in which internal waves are generated in a unicomposed of equally spaced horizontal black and white lines.
formly salt-stratified fluid by a vertically oscillating sphere. The camera is hooked up to a computer so that synthetic
Theory predicts that the resulting wave-field is in the form schlieren (which reveals the spatial structure of disturbances)
of two cones emanating above and below the sphere. Using used in real-time, and at later times recorded images are
inverse tomographic techniques, we exploit the axisymmetryprocessed to compute the amplitudes of disturbances.
of the wave-field to relate the apparent displacement of pix- Synthetic schlieren works by comparing an object-image
els in an image to the wave amplitudes. during an experiment with a snap shot taken at an earlier
time. This is done by subtracting the intensities of one im-
age by the other on a pixel-by-pixel basis. If there is no
change, subtracting the digitised images produces a uniform
(e.g. black) schlieren image. If, for example, heat fluctua-
éions cause the real-time object-image to differ from the ini-
ial object-image, then subtracting the two images will reveal
where the differences occur, and so show the spatial extent

1 Introduction

Schlieren methods have often been employed to visualis
density changes due to internal waves in salt-stratified flui
(Mowbray, 1967; Stevenson, 1969). Density changes are vi ) : L
sualised by making use of the way light is bent as it passe ft_he fluctuations. The difference can be muItlphed by an
though a medium with varying salinity and, hence, varying arbltr_ar_y constant to further enha_nce the fluctu_atl_ons.

index of refraction. Traditional schlieren systems, which re-  11iS iS the use of synthetic schlieren in *qualitative mode”.
quire two parabolic mirrors (or a pair of masks in the Moir In special circumstances, synthetic schlieren can be also be

method (Sakai, 1990; Dalziel et al., 2000)), are limited by used in “quantitative mode”, meaning that the strength of the

several factors including the size of the region being exam-ﬂUCtu"’1t|0ns can themselves be measured.

ined (typically less than 1 m), the necessarily accurate posi- Until recently the quantitative mode could be applied only
for fluctuations that were uniform along the line-of-sight of
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Fig. 2. Close-up of pixels and their corresponding intensities.
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.
object- ! 2.1 Digitization
test section image

Digitisation is done by a DCR-VX1000 Sony camera which
continually passes signals of the object image to a Data
Translation (DT2861) 16 buffer frame-grabber card.

Figure 2 schematically illustrates the process of digitisa-
] ] ) _ tion. In the example, it is supposed that the camera records
and Linden, 2002) or flow over a spanwise-uniform barrier 5 grey-scale picture of an object-image of horizontal black
(Sutherland and Linden, 1998). lines. (The object-image can be colour, but the computer

Here we describe how the quantitative mode can be usethakes practical use only of the intensity information). The
to measure the amplitude of axisymmetric internal wavesdigitised image subdivides the object-image into a regular
such as those generated by an oscillating sphere. This wordrid of pixels. The incident light is averaged over the area
complements the results of two other papers that first dis-of the pixel so that, for example, a pixel centred on the edge
cussed measuring axisymmetric internal waves using synef a black line, will be gray — the average of the black and
thetic schlieren. Onu et al. (2002) describes in detail thewhite regions which each span half the pixel area. If a larger
derivation of equations for a light ray passing through a strat-area of the black line spans the pixel then the pixel will be a
ified medium and also describes the inversion process used arker shade of gray.
measure wave amplitudes from recorded deflections of light The effective area of the pixel depends upon the area of the
rays. Flynn et al. (2002) compares the results of synthetidield of view and the pixel resolution. Optimally, the vertical
schlieren with the theoretical prediction for the amplitude of distance between adjacent black lines should be spanned by
waves generated by an oscillating sphere. Here we illustratg to 6 pixels. This can be used as a guide to the thickness
the range of analyses that can be performed using synthetiof lines in the object-image. For example, suppose the cam-
schlieren to measure axisymmetric disturbances, using thera is focussed on a 1 metre square area of the object-image
case of waves generated by an oscillating sphere as an exarand suppose the digitised image has a resolution of 512 by
ple. In particular, we describe in detail how displacements 0f512 pixels, the resolution of the DT2861 frame-grabber card.
the object image are calculated and we compare analyses dfhen, for optimal use of synthetic schlieren, the horizontal
the change in the squared buoyancy frequency with its timdines on the object-image should be spaced vertically apart

derivative. by a distance of approximately6 75 ~ 1cm. Each line

Section 2 describes how the internal wave amplitudes aréhould be approximately.2cm thick.
measured using synthetic schlieren. Section 3 presents some In the digitised image, each pixel is assigned an 8-bit inte-
experimental results and conclusions are given in Sect. 4. ger (0—255), representing the average intensity of light over
the pixel. A black pixel has value zero, a white pixel has
value 255, and gray values lie in between. Thus a digitised
image may be stored on a computer as a’512 matrix of
integers.

Fig. 1. Path of light ray(a) through tank angb) from object image
to camera.

2 Schlieren method

2.2 Computing apparent line displacements
The process of measuring axisymmetric wave amplitudes in-
volves three steps: digitizing the object image as it is dis-To compute the apparent displacement of horizontal black
torted by density fluctuations, computing apparent displacedines in the object image, the digital camera first takes a snap-
ments of components of the image and from these computinghot of a mesh of horizontal and vertical lines with known
wave amplitudes. Each step is described below. spacing. Typically a “world co-ordinate map” is determined
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by using this snapshot to identify the position of four pixels _
near the corners of the mesh image. By interpolation, the [em] D:I:I:I.]]]

position of the remaining pixels is then determined. Keep- Az -0.01 0 0.01

ing the camera stationary, the same world co-ordinate map 15 [Ty T T[T LT [T T 'u_
is used to determine the position of the pixels in the object- B -
image of horizontal lines. 10 B -

During the course of an experiment, the lines in the object- E
image appear to move vertically up and down due to light ©,

rays passing through regions of spatio-temporally varying 5 = - >

density in the test-section of the tank. The displacement can -

be measured provided it is small compared with the spacing . /

between adjacent horizontal lines. To illustrate the computa- oL = SO I K
tion, we consider the pixel with intensityy = 131 situated 0 5 10 15 20

above the centre pixel in the right-most schematic in Fig. 2. y [em]
The intensity of the pixels above and below dje= 209
and/_; = 39, respectively. When the black line appears 10 g 3. vertical pixel displacementsz, measured in an oscillating
be displaced upward the middle pixel will decrease in inten-gphere experiment.
sity, for example to a value afy = 101.

We perform a quadratic interpolation to estimate the re-
sulting apparent vertical displacement of the line. In thethe y-direction.) Assuming the light ray is close to the hor-
above example, we suppose the upper, middle and lower pixizontal, we find that(x) satisfies the nonlinear differential
els are situated at relative vertical positians= 0.05cm,  equation (Onu et al., 2002)
zo = 0cm andz_; = —0.05 cm, respectively. Then the ver-

tical displacement of the middle line is given by S 1 1 1
(O e + = (2)
(Io" — lo)(Io' — I1) Az
Az = (z—1— z0) ] AY7; 7
( /*1 o 0)(/ -1— 1) wheren(x, z) is the refractive index of salt water. Its value is
(21— 20) (o' —Io) o' — 1-1) (1) related to the density, by n = ngg+ (An/Ap)(p — poo) in

(It — Ip)(Iy — I_1) whichngg ~ 1.3330 andogg =~ 0.99823 g'cn® are the index

Equation (1) is used to determine apparent vertical dis-0f refraction and density of fresh water at room temperature,
placement only if two conditions are satisfied. First, the pixel respectively.An/Ap =~ 0.2457 cni/g is the rate of change
must correspond to the “edge” of a line as characterised by the index of refraction with salt water density. o
the following conditions_; < Io < 71 (on the upper-edge Equation (2) is further simplified by assuming the rise in
of a black line) orl_1 > Iy > I; (on the lower-edge of the path of the light ray across the tank is so small that locally

a black line). Second, in order to reduce sensitivity to sig-"* Varies approximately linearly with, so that
nal noise, the intensity differences must exceed a threshold:; - 2
|[I_1 — Io| > Imin and|I1 — Ip| > Imin- Typically, we set n(x, 2) = nolx) = ynooN*(x)z, &)
Imin = 10. whereN? is the squared buoyancy frequency. This is propor-
For pixel intensities that do not meet these two conditions.tional to the vertical gradient in the index of refraction by a
the quadratic interpolation is not performed in this first pass.constant factoryngg, in which
Their values are instead determined in the second pass by
finding the weighted average of the surrounding valuesof _ lpooAn 1.878x 1074s2/cm
that were found in the first pass. We use a Gaussian weighted g noo Ap ~ '
average with largest weight given to pixels within= 2
pixels of the centre pixel.
The result of this calculation is a matrix of data (y, z),
wherey andz are the along-tank and vertical co-ordinates,
respectively. An example is shown in Fig. 3.

Owing to the small value of, perturbation theory allows us
to find approximate analytic solutions to Eq. (2).

In particular, if the distortion of isopycnals is uniform
across the tank, so thag and N2 are independent of, we
find (Sutherland and Linden, 1998)

2.3 Computing wave amplitudes from image distortion 1 5,
z(x) = z; + xtang; — EVN x°, (4)
The relationship betweenz and the amplitude of distur-
bances in the tank is found by using Snell's Law to deter-wherez; is the vertical position ang; is the (small) angle
mine an equation far(x), the vertical position of the path of to the horizontal at which the light ray enters the tank (see
a light beam as it passes in tkedirection across the tank. Fig. 1a).

(Because the object-image is composed of horizontal lines, It follows immediately from Eq. (4) that the path of the
with negligible horizontal variation, we ignore deflections in light ray is bent to a greater degree if the density gradient is
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larger and it is bent to a lesser degree if the density gradientn time-scales much longer than those generated by the os-
is smaller. cillating sphere. The sphere is initially at its equilibrium po-
For axisymmetric disturbances and N2 are, more gen-  sition centred at the origin and then moves periodically ver-
erally, functions ofx. Assuming that the scald,,, of hor- tically downward then upward. Analyses are performed be-
izontal spatial variations in the wave-field is on the order of tween the second and third period of oscillation, long enough
one to ten times larger than the scale of vertical variationsto establish periodic waves in the field of view but not so long

we find (Onu et al., 2002) that waves have time to reflect from the tank boundaries back
Lot 2R into.the field of view. _ _
72z +xtang; — yno/ N EX) didz. (5) Figure 3 shows the calculated displacemex, of lines
0 Jo n(x) in an object image at a time when the sphere has undergone

) ) ] two full oscillations (as it moves downward through its equi-
This reduces to Eq. (4) in the special case wheéfeandno  |ibrium position with oscillation phasé = 0°). Clearly the

are x-independent. _ ~distortion of the object-image is small: the apparent displace-
Equation (5) gives the path of the light ray as a function ment of lines is less than@L cm. Nonetheless, a coherent

of N2, which is a combination of its backgrountfo®, and  pattern along the diagonal from the bottom left to the top
perturbationAN<, value. The changez, inthe path of the  (jght-hand side of the image is evident.

light ray is given by sgmm.ing the total rise in the IighF ray  FromtheAz(y, z) field, one can computa N2(R, z). For
from the camera to object-image and then by subtracting th@yample, Fig. 4 shows theN? field at four different phases

background contribution. Thus we find of the sphere’s oscillation. The images clearly show the
no (L ) downward propagation of lines of constant phase associated

Az = —yng {Lg—_/ AN“(x)dx with internal waves as time (or, equivalently, the phase of the
"air Jo sphere’s oscillation) increases. This is consistent with the

+/L’/X ANZ(;%)d)de} 6) prediction of linear theory for internal waves that the group

o Jo ’ and phase velocity are perpendicular and the sign of their

vertical components are opposite to each other.
the width of the tank and., is the distance from the tank 532’ f_mdmg the root-mean-square (_rms) average of the
AN< field computed at successive times during one pe-

to the image, as illustrated in Fig. 1b. The second term in . - :
. : riod of oscillation, we can reconstruct the amplitude enve-
parentheses represents the deflection of the beam as it passes : . )
ope of the waves. Assuming the amplitude at each point

through the tank; the first term represents the deflection du?R 2) varies sinusoidally ag sing, then the rms av
> AN?2 ) -

to the change in angle of the light ray leaving the tank on the : 172 / )
side of the object-image. erage iSA, y2/27/4. The amplitude envelope is therefore

iplvi i /
The problem of finding internal wave amplitudes then re- Z;l;r:g ?g n;tjltlpSIyg?owse trﬁsualtmatlifsgg E(r::/r:atk?)]’eécolzrgr uted
duces to inverting Eq. (6) to find N2(r) given Az(y, z), ple, Hg. b P P

where generally is vector three-dimensional space. For a by taking the rms average of 18N fields computed at

general three dimensional disturbance, this problem is iII—ggl/z= 0°,225°,...,3375°% and multiplying the result by

posed because the dimensions-a&nd (x, z) differ. How-
ever, the problem can be solved exacthpi? is an axisym-
metric disturbance. That is, if the vectocan be represente
eguwalently by(R, z), in which R is the ra(_jlallhorlzontal plitude envelope, as shown in Fig. 5.
distance from the centre of the axisymmetric disturbance. ; 2 g
: ) . . For example, across-beam slices through Avé< field
The inverse problem is solved by representing the integrals

in Eg. (6) as matrices acting on the discretely sampled rep?t two positions along the wave-cone are shown in Fig. 6.

resentation oA N2(R, z), inverting the matrices, and multi- The amplitudes are plotted agairst the across-beam co-

plying these by the discrete matrixz(y, ). The procedure ordinate with positive values on the upper-flank of the wave-

! . . . - . _beam. At = 2, the wave-beam is double peaked, as in-
Is described in detail by Onu etal. (2002). Typical ProcessiNGjicated frcr){rc: the amplitude envelope (heavy sf)olid line). The

time to determine a single matrix @ N2 values is approxi- maximum values occur close to positions where — g
mately 10 min. on a 195 MHz R10K CPU of a SGI computer. . : ) P A
The lighter lines show the amplitudes at four instantaneous

phases of oscillation. Again, these indicate that the wave
3 Results crests move downward (to smalleJ with increasing phase.

The asymmetry with respect tois due in part to noise and
Here we report on the analysis of experiments performedo interference with the downward propagating wave-cone.

wherengj, ~ 1.000 is the index of refraction of aif,; is

A detailed analysis of the structure of the wave-beam is
d performed by taking along and across-beam slices through
snhapshots of the wave-field, as shown in Fig. 4, and the am-

with a sphere of of radiuga = 1.9cm oscillating with  Farther from the sphere, ata = 10, the wave-beam enve-
frequencyw = 0.49s ! and half-peak-to-peak amplitude lope exhibits a single peak near= 0. This transition from
A = 0.49cm. The fluid is uniformly stratified witlv = bimodal to unimodal structure is a result of viscous attenua-

0.9940.05s 1. Experiments were performed at least 30 min tion and has been examined theoretically in detail by Flynn
after filling the tank so that any remnant disturbances evolvecet al. (2002). At this distance from the sphere, the amplitude
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Fig. 4. AN2 field at four different phases of the sphere’s oscillation.

= m the apparent vertical motion of the lines in the image. An ex-
ample of fields computed from the time derivative is shown
0 0.1 in Fig. 7.

Figure 7a shows thaz, field computed by taking the dif-
ference between images at phages- 0° and 225°. This
most accurately represents the pattern ofahgfield at the
average of the two phases,.2%°. In comparison with Fig. 3,
the field is more contaminated by signal noise. Nonetheless,
a coherent upward diagonal pattern resulting from the wave-
y cone is evident. Furthermore, the pattern reveals a wave-
i " / beam that is smaller in amplitude (as measured inYrhy
N I PR G approximately half that of thaz field (as measured in cm),

0 5 10 15 20 and is advanced in phase.

R [cm] Likewise, we may compare th&/2, field, shown in
Fig. 7b, with theAN? field shown in Fig. 4. In particular,
we infer that the phase of thé?, field most closely matches
that of theA N2 field at phase-90°.

These results are consistent with linear theory. For a tem-

fth . imatel ter that of th é)orally periodic wave, the time dependence of the wave-field
otthe waves IS approximately one quarter that of Ine Waves,,, o represented by a factor éxpwt). Thus, we expect

— i 2
atr/a " 2, and closer FO the noise threshold C".Dg - The the complex representation of thé?, and AN? fields are
fluctuations due to noise are evident by the discrepancy be-

: . .~ “related b
tween the amplitude envelope and instantaneous amplitude y
of the waves at the four phases shown. N2, = 0AN?/3t = —1wAN2. @)

In the discussion above, we have discussed how to com-
pute Az by comparing the object image during an experi- The factor—: gives rise to the-90° phase shift between the
ment with the initial image. We can also compare the objectfields, and the amplitude difference is accounted for by the
image at one time with the image taken a short titneear-  factorw ~ 0.49s71,
lier. Dividing the resultingAz field by Ar we determine the Finally, we can compare the amplitude envelope of the
approximate time-derivative fieldz,, which is the speed of N2, and AN? fields. As anticipated, both show the transi-

<ANZ>

z [em]

(9]

Fig. 5. Amplitude envelope of the N2 field.
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(solid line), ¢ = 45° (dotted line),¢p = 90° (short-dashed line), .

¢ = 135 (long-dashed line). The amplitude envelope computed y

from the (AN2) field is also shown as the heavy solid lines. The oL A% ]
vertical dash-dotted lines indicate the extremities of the sphere. 0 5 10 15 20

R [em]

tion from bimodal to unimodal behaviour with distance from iy 7. Measured approximate time derivatives(aj Az and (b)

the sphere. AN? fields at phase 125°. The amplitude envelope of thg2;
field is shown in(c).

4 Discussion and conclusions

will shift by a small amount between the two images and
We have described the experimental setup and calculation ré=d- (1) can be used reliably.
quired to measure axisymmetric internal waves using syn- Both AN? and N?; are unusual fields to work with. As-
thetic schlieren. The techniques give measurements of theuming wave amplitudes are sufficiently small, however, lin-
change in the buoyancy frequeneyN2(R, z), and its time ~ €ar theory may be used to relate these fields to more use-
derivative,N2 (R, z). Although in this application, tha N2 ful quantities such as the velocity and perturbation density
field provides better measurements for these experiments, fSutherland et al., 1999).
is useful to measur&/?; field in circumstances where the  Axisymmetric waves and, in particular, internal waves
object-image is distorted to such a large degree that a blacgenerated by an oscillating sphere have been studied both be-
line shifts by a full line width. In this case, thez field can-  cause this geometry allows one to reconstruct the wave-field
not be determined because the interpolation given by Eq. (1jrom a single camera’s perspective and because the experi-
is no longer valid. However, if the time differencay, be- mental results may be compared with the prediction of linear
tween successive images is sufficiently small, the black linetheories (Appleby and Crighton, 1987; Voisin, 1991) Indeed,
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good agreement is found between the experimental resultslowbray, D. E.: The use of schlieren and shadowgraph techniques
and a theory that includes the effects of viscous attenuation in the study of flow patterns in density stratified liquids, J. Fluid
(Flynn et al., 2002). Mech., 27, 595-608, 1967.

Though interesting as an idealized study, the ultimate goaPnu: K., Flynn, M. R., and Sutherland, B. R.: Schlieren measure-
of this research programme is to adapt synthetic schlieren to ment of axisymmetric internal wave amplitudes, Expt. Fluids, in
measure fully three dimensional disturbances. In this casg, press, 2002.

more than one perspective would be required and more So_akai, S.: Visualisation of internal gravity waves by Moinethod,
perspective wou qui Kashika-Joho, 10, 65-68, 1990.

phisticated inverse tmeQraph'C techniques employed to r(_EStevenson, T. N.: Axisymmetric internal waves generated by a trav-
construct the wave-field. The success of the present work is g|jing oscillating body, J. Fluid Mech., 35, 219-224, 1969.
encouraging for continued progress in this direction. Sutherland, B. R. and Linden, P. F.: Internal wave generation by
flow over a thin barrier, J. Fluid Mech., 377, 223-252, 1998.
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